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Abstract

A graph G =(V,E) with p vertices and q edges is said to admit cube difference labeling,if there exists a
bijectionf:v(G)—{0,1,2,...,p} such that the induced function f* : E(G) — N given by f*(uv) =| [f(u)]3 - [f(v)]3 | for everyuve
E(G) are all distinct. A graph which admits cube difference labeling is called cube difference graph. In this paper we prove that
some classes ofgraphs like Double Triangular Snake, Umbrella Graph, Pn(Qsn) graph, Cn(Qsn) graphs arecube difference
graphs.

Keywords:Cube difference labeling,Cube difference graph.
INTRODUCTION

All graphs in this paper are simple finite undirected and nontrivial graph G = (V, E) with vertex set V and the edge set
E. For graph theoretic terminology, we refer to Harary [2]. A dynamic survey on graph labeling is regularly updated by Gallian
[3] and it is published by Electronic Journal of Combinatorics. Vast amount of literature is available on different types of graph
labeling and more than 1000 research papers have been published so far in past three decades. The squaredifference labeling is
previously defined by V. Ajitha, S. Arumugam and K. A. Germina [1]. The concept of cube difference labeling was first
introduced by J. Shiama and it was proved in [7] that many standard graphs like Pn, Cn, complete graphs, ladder, lattice grids,
wheels, comb, star graphs,crown,dragon, coconut trees and shell graphs are cube difference Labeling. Andalso somereferences
[4]-[6].Some graphs like cycle cactus graph,special tree and a New Key graph[8] can also be investigated for the cube difference.

Definition:1.1: Let G = (V (G), E (G)) be a graph. G is said to be cube difference labeling if there exist a bijectionf:
V(G)—{0,1,2,....p-1} such that the induced function f*: E(G) — N given by *(u v) = [f(u)]* - [f(v)]}| is injective.

Definition:1.2:An umbrella graph U(m,n) to be a graph obtained by joining a path p, wir, the central vertex of a fan fn.

Definition:1.3: Let G = Pn (Qs,) is a graph. Let V(G) = {uy,U, . .,Un,V1,Va,...,Vimn,W1,Wa,....Wwnn}be the vertices of the graph and
E(G) ={uiUi+1/1<i<n-13IU{UiVoi.0,WiV2i.1/1<i<n} U {uvp;, Wi/ 1<i<n}. Let G1,G,,...G, be m copies of C4 and Py, : uy,U,,...u, be a
path. The P, (Qs,) is 4mn + (n-1) copies of P,.

Definition:1.4: Let G = Cn (Qs,) is a graph. let V(G) = {uy,Uy, . .,Un,V1,Va,...,.Vimn,W1,Wo,...,whnnbe the vertices of the graph and

E(G) :{UiUi+1/1SiSIl'1}U{UiV2i_l,WiV2i_1/lsisn}U{uiVZi,WiVZi/ISiSD}. Let G1,G,,...G, be m COpiES of C, and Let C, @ Ug,U,...up be

acycle.
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MAIN RESULT

Theorem:1

The Double Triangular Snake G, is a Cube difference graph.
Proof

Let G be the Double Triangular Snake and Let V(G) ={uy,Up, . . .Un,V1,Va,...,Vn1,W1,Wo,...,Wn.1 }De the vertices of the

graph and E(G) = {ujuj+1/1<i<n} U {v;u;,wiui/1<i<n-1} U{viu;.1,Wil;.1/1<i<n-1} be the edges of the graph.

Let. Let | V(G)|=2n+2 and | E(G) | = 4n-1
Define the vertex labeling f:V(G)— {0,1,2,...p-1}
f(u)=i-1 ,I<i<n
f(vi) =i+n-1, 1<i<n-3
=itk ,1<i<k
fiwi) =2k+i, 1<i<k
and the induced edge labeling function
f:E(G) —N defined by
fuv) = | [f(w)P-[f(V)]® | for every uve E(G)

are all distinct .such that f(ei)#f(ej) for every ei #ej

The edge sets are

El= {ujuj:/ 1<i<n-1}

E2 = {viu/ 1<i<n-1}

E3 = {vjujss/ 1<i<n-1}
E4 = {wjui/1<i<n-1}

E5= {WiUi+1/ 1<i< Il-l}

and the edge labeling are

In E1
P (Ulie) = Uy | F)? = fuign)? |

=Ur, |G- 1) -3
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ur, |3i2-3i+1]
= {1,7,19,...,3n2-3n+1}
In E,
frviu) = UPSH [ F@)® = fu)? |
=U! | k3 +3i(k + 1) +3i(k2 — 1) + 1]
={64,124,208,....}
In E;
Vi) = UPSE [ F @)% = f(w40)? |
= Ut k3 + 3ki(k + 1) |

={63,117,189,....}

InE,
Prwiu) = UPSE | Fw)® = £ (u)? |

= U | G+ 2603 = (i — 1)3]

=U | 8Kk3 + 3i(2k + 1) + 3i(4k2 — 1) + 1|
={343,511,721,....}
In Es
FWitier) = UPSE | FW)? = f(win)? |

= U | 8k2 + 6ki(2k + 1) |

={342,504,702,...,}
Here the edges are distinct.

Hence the Double triangular snake graph admits a cube difference labeling.

Theorem:2
The Umbrella graph is a cube difference labeling.
Proof:
Let U(G) be the umbrella graph and the vertex is : u, Uy ,..., u,. Let vy, v, ..., vybe the another vertex.

Let | V(G) |=nand
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| E(G)|=3n

Define the vertex labeling f:E— {0,1,2,...p-1}

fu)=i-1 ,1<i<n

f(vj) =i+2,1<i<n+l

and the induced edge labeling function f:E -N defined by
fuv) = | [fw)P-[f(V)]*| for every uv € E(G)

are all distinct .such that f(e;)=f(e;) for every e; #¢

The edge sets are

E;= {uiljs/ 1< i< n-1}

E, = {vivis/ 1< i < n}

E; ={vju/ 1< i<n+l}

And the edge labeling are

() = UPS! | F ) = fuien)? |
=Ur |2 - 3i2|
={1,7,....3n2-9n+7}

(2 = Uy | F(0)® = f(wi41)? |
=U™, | (i +2)3 - (i +3)3]
=U, | -3i2 —15i — 19|

={37,61,91,...,-(3n*+15n+19)}

f(Es) = U | () = fF(u)? |

=UM B3 4+6i(+2)—nd+3n(n—1+9)]|
={19,56,117,...,12n°+24n+28,

Here the edges are distinct.

Hence the umbrella graph admits a cube difference labeling.
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For example;
Vi 37 V» 61 V3 91 Vyu
3)
19 11708
3
7
1eu2
O. up
Theorem:3

The graph G =P, (QS;) is a cube difference labeling (n>1 , m > 1).
Proof:

Let G =P, (QSy) is a graph. let V(G) = {uy,Uy, . . .,Un,V1,Va,...,Vimn,W1,Wa,...,.wmn}be the vertices of the graph and E(G)
:{UiUi+l/1SiSH-1}U{UiVZi_l,WiVZi_l/lSiSn}U{uiVZi,WiVZi/ISiSH}.Let G,G,,.. .ane m COpieS of C, and Ph i ug,Us,...up be a path . The
P, (QS,) is 4mn + (n-1) copies of P,.

Let | V(G)|=3mn+nand |E(G)|=4mn + (n-1)
Define the vertex labeling f:E — {0,1,...p-1}
f(u)=i-1,1<i<n

f(Vankei) = (Bk+1)N+(i-1), 1<i<n-1,k=0,1,2,3,....n
f(Woke1)=30(k+1)+(i-1), 1<i<n-1,k=0,1,2,3,...,n
f(v;) =n+i-1 for k=0

f(w;)=3n+i-1 for k=0

and the induced edge labeling function

f.E — N defined by
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fluv) = | [fw)P-[f(V)]? | for every uv € E(G)

are all distinct .such that f(e;)#f(e;) for every e; #¢
The edge sets are
E;= {ujlisy/ 1< i< n-1}
E, ={uyvyi/ 1<i<n}
Ez;={uvy/ 1<i<n}
Es={W,i/ 1<i<n}
Es = {wv,/ 1<i<n}
And the edge labeling are
In E;
(i) = URS | (1= 0° = &2
=Ur | =3i -0 |
={1,7,...,1-3n(1-n)}

InE,

*(UiVaig) = Uiy | fu)? = fF(vai1)? |

U, [G=1)% = (m+2i—2)3]

Un ) [i2(=7i + 21 — 12n) + i(—21 — 6n2 + 24n) + (-n3 + 6n2 — 12n + 7) |
i=
= {8,63,...,(-26n3+51n%-33n+7)
In E,
Puiva) =UL, |f(ui)3 — f(vy)? |

=UY, |G =13 = (n+2i—1)3]

= U | —7i3++9i2 - 3i —n3 —6n2i —12ni2 + 3n2+ 12ni—3n
=UL, |i2(=7i +9 — 12n) + i(=3 — 6n2 + 12n) + (—n2 + 3n2 — 3n) |
={27,124,...(-26n°+24n%-6n)}
InE,
PeWivaia) = Uiy | Fw)? = f(02)° |

=UL, | Grn+i—1)%—m+2i—2)3]
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= Uiy | 26n3 — 7i3 — 21n2 + 21n2i — 3ni2 + 6ni + 21i2 - 3n - 21i + 7 |

=U™, |i2(=7i + 21 —3n) +i(21n2 + 6n — 21) + (26n3 — 21n2 —3n+7) |

={208,279,...,(37n*+6n°-24n+7)}

In Es
Pewiva) = Uiy | FW)® = F(w20)? |

=UL, |@Gn+i-1)3-(@n+2i-1)3]

=UL, | 26n3 + 21n2i — 3ni2 — 7i3 — 24n2 — 6ni + 9i2 + 6n — 3i|
=UL, |i2(=7i + 9 —3n) + i(21n2 — 6n — 3) + (26n3 — 24n2 + 6n) |
={189,218,...,(37n%-21n*+3n)}
Here the edges are distinct.
Hence the P,(QS,) graph admits a cube difference labeling.
For example;

The graph P, (QS;) is a cube difference labeling.

Solution:

Ifn >l and m>1

63

513

910

467



IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 1, January 2015.

www.ijiset.com

ISSN 2348 — 7968

Theorem:4
The graph G = C,, (QS,) is a cube difference labeling.
Proof:

Let G=C,(QSy)isagraph. let V(G) = {ugUy, .. .,UnV1,Va,...,.Vin,W1,Wo,...,Wwnn}be the vertices of the graph and
E(G) :{Uiui+1/lSisn'l}u{ungi_l,WiVZi_l/lSiSn}U{uiVQi,WiVQi/ISiSI’I}.

Let G4,G,,...Gnbe m copies of C, and Let Cy, : ug,Uy,...u,be a cycle . Let | V(G) | =3mn +n and | E(G) | =4mn +n
Define the vertex labeling f: E - {0,1,...p-1}
f(u)=i-1 ,1<i<n

f(Vanksi) = (Bk+L)n+(i-1), 1<i<n-1,k=0,1,2,3,...,n
f(Wnks1)=3n(k+1)+(i-1), 1<i<n-1,k=0,1,2,3,....,n
f(vi) =n+i-1 for k=0f(wi)=3n+i-1 for k=0

and the induced edge labeling function

f.E — N defined by

fluv) = | [f(w) ]2 [f(V)] | for every uv € E(G)

are all distinct .such that f(e;)=f(e;) for every e; #g;
The edge sets are

Ei={uuise/ 1< i < n-1}

E; = {uivie/ 1< i < n}

E; ={uivoi/ 1<i<n}

Es={wjvyii/ 1< 1< n}

Es = {wijvy/ 1< i< n}

and the edge labeling are

In E;

Pr(uitien) = Ul [ (1 = 0)° - &%
=U (a=3i -0

={1,7,...,1-3n(1-n)}

In E,
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Pr(uivzis) =Uy [ F)® = (v, ,)°
=U, |G- 1% = (n+ 20— 2)°|
=U%, | =73 +21i% — 21i + 7 — n® — 6n% — 12ni® + 6n® + 24ni — 12n |
=U%, |2(=7i+ 21 = 12n) + i(=21 — 6n2 + 24n) + (—n® + 6n2 — 12n + 7) |
2
={27,124,335,..,(-26n%+56n -33n+7)}

INE3
Peuva) = Uiy | F@)® = F(0,)° |
=U% |G- 1D3 —(n+2i—-1)°]
=U~, | — 7 + +9i% — 3i — n® — 6n2i — 12ni® +3n®+ 12ni—3n]|
=U™, | 2(=7i+ 9 — 12n) + i(—3 — 6n% + 12n) + (-n*> + 3n% — 3n)|
={64,215,504,...,(-26n3+24n2-6n)}
In E,
frwiva) = Uy | Fw)? = £(,)° |
=UL, |Bn+i—1)°—(n+2i-2)°]
=U™, | 26n3 — 7i3 — 21n2 + 21n2i — 3ni2 + 6ni + 21i2 — 3n — 21i + 7|
=U, |i2(=7i +9 —3n) + i(21n + 6n — 21) + (26n3 — 21n2 —3n+7) |
={702,875,988,...,37n°*+6n*24n+7}
In Eg
Pewiva) = Uiy [ fw)? = F(v,)° |
=UL, |Bn+i—1)3— m+2i—1)3]
= U™, | 26n3 + 21n2i — 3ni2 — 7i3 — 24n2 — 6ni + 9i2 + 6n — 3i|
=U%, | i2(=7i + 9 — 3n) + i(21n2 — 6n — 3) + (26n3 — 4n2 + 6n) |
={665,784,819,...,37n3-21n2+3n}

Here the edges are distinct.

Hence the C,(QS;) graph admits a square difference labeling.
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Eample;The graph C3(QSy) is a cube difference labeling. (n >3, m> 1).

Solution: Ifn>3andm>1
20
111 144
17 16
168 135
11
819
988
8 7
504 335
2
3 27 0
702 1
64
12 63 ° /
4
665 , 784
180 —
88
/ 15
18 155 13
-—
14 136
\ 165
19
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