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Abstract
Vibration control plays a very important role in the modern day
world especially in control of earthquakes & in aerospace
engineering. With reference to this, research is being carried out
in this exciting field. Control of vibrations in smart intelligent
structures for a multivariable case using periodic output feedback
method is presented in this paper. Simulation is carried out in
Matlab & the results show the effectiveness of the method
presented in this paper.
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1. Introduction
Smart materials such as sensors & actuators together
integrated or embedded into the structure are what is called
a “Smart Structure” and are often called as the intelligent
structures, which are used for control of vibrations in
structures & earthquakes. Smart materials are a subset of
the smart structure [1] [9]. Thus, a smart structure is a
distributed parameter system that employs sensors &
actuators at different finite element locations on the beam
and makes use of sophisticated feedback controllers that
analyze the responses obtained from the sensors and use
different control logics to command the actuators to apply
localized strains to the plant to respond in a desired fashion.
Smart structures have also got the capability to respond to
the changes in the environment on the plant, whether
internal or external such as load changes or temperature
changes [2]. A smart structure system comprises of 4
important sub-parts such as sensors, controller, actuators
and the plant (flexible beam), whose condition is to be
controlled [53]. Each component of this smart structure
system has a certain functionality and the entire subsystems are integrated to perform a self-controlled smart
action, similar to a living creature who can “think”, make
judgment and take actions on own at the appropriate time,
thus inducing the smart & intelligentness [3].

Smart materials and smart structures, often called as
the intelligent structures form a new rapidly growing
interdisciplinary technology in the modern day world,
especially after the world trade centre disaster [4]. This
smart structure technology enhances the structural
properties by integrating sensors, actuators, signalprocessing, electronics and control technologies into it,
thus resulting in an improved overall dynamic performance
[5]. These intelligent structures form the basis for the
nanotechnology concepts. Numerous applications of this
technology can be found in aerospace, civil, transportation,
defense, flexible manipulators, MEMS, NEMS, biotechnology, automobiles, communications, antennas and in
earthquakes [55] - [60]. One exciting and interesting
example of its applications is the active vibration control
(AVC) in structures such as in beams, plates, structures
and in shells, which is our topic of research [6].
In recent years, this active vibration control of
structural characteristics using smart materials such as
piezoelectrics, SMA, ER-Fluids, MR-Fluids, PVDF and
optic fibers, carbon nano-tubes, pyroelectrics, graphite, etc
has received considerable attention and has become an
important problem in structures [7]. One of the ways to
tackle this vibration problem is to make the structure smart,
intelligent, adaptive and self-controlling by making use of
smart intelligent materials; else they may affect its stability,
longevity and its performance [54]. These smart materials
can be used to generate a secondary vibrational response in
a mechanical system which has the potential to reduce the
overall response of the system by the destructive
interference with the original response of the system,
caused by the primary source of vibration [8], [10].
The paper is organized as follows. A brief review
about the smart structures is presented in the introductory
section. The control law used in the research work is
presented in section 2 followed by the control simulations
in section 3. Justifications of the simulation results are
presented in section 4. The section 5 presents the
conclusions of the work done. This is followed by the
references & the author biographies.
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x(k + 1) = Φτ x(k ) + Γτ u (k ) ,

2. Overview of the POF control law

y (k ) = C x(k ) ,
where x ∈ ℜ , u ∈ ℜ , y ∈ ℜ and Φτ , Γτ and C are
constant matrices of appropriate dimensions [16]. The
following control law is applied to this system. The output
y is measured at the time instants t = kτ , k = 0, 1, 2, .....
[31] – [33].
n

In this section, a brief review about the type of control
strategy used to curb the vibrations of a smart cantilever
beam along with the simulation results & justifications is
presented in this context [11] [13]. The graphical
illustration of the periodic output feedback control law is
shown in Fig. 1 as

m

p

We consider constant hold functions because they are
more suitable for implementation. An output-sampling
interval is divided into N sub-intervals of length
∆ = τ N and the hold function is assumed to be constant
on these sub-intervals as shown in the figure below [15].
Thus, the control law becomes [14]

u (t ) = K l y (kτ ),

(kτ + l∆ ) ≤ τ ≤ (kτ + (l + 1)∆ ),

Kl+N = Kl

for l = 0, 1, 2, …..(N – 1).
sequence of N gain matrices
{ K 0 , K1 , ....., K N −1 } , when substituted in the above
equation, generates a time-varying piecewise constant
output feedback gain K (t ) for 0 ≤ t ≤ τ . Consider the
following system, which is obtained by sampling the CT
system with a sampling interval of ∆ = τ N secs and
denoted by ( Φ, Γ, C ) called as the delta system
Note

Fig. 1 : POF control law (Graphical representation)

Here, we are going to develop the controller strategy
for the MIMO representation of the smart structure using
the famous POF feedback control law [Werner and Furuta,
1995], [Werner, 1997] with 2 actuator inputs and 2 sensor
outputs to the plant. The problem of pole assignment by
piecewise constant output feedback was studied by
Chammas and Leondes [1979], Werner [1997] for LTI
systems with infrequent observations. They showed that by
the use of a periodically time-varying piecewise constant
output feedback gain [Levine and Athans, 1970], the poles
of the discrete time control system could be assigned
arbitrarily (within the natural restriction that they should be
located symmetrically with respect to the real axis) using
the POF technique [17]. Since the feedback gains are
piecewise constants [Werner and Furuta 1995], their
method could easily be implemented, guarantees the closed
loop stability and indicated a new possibility. Such a
control law can stabilize a larger class of systems. A brief
review follows [21] – [25].
Consider a LTI CT system given by

x = Ax + Bu , y = Cx ,

which is sampled with a sampling interval of τ secs given
by the discrete Linear Time Invariant (LTI) system (called
as the tau system) as [26] – [30].

that

a

x(k + 1) = Φ x(k ) + Γ u (k ) ,
y (k ) = C x(k ) ,
Assume

(Φτ , C )

is observable and

(Φ , Γ )

is

controllable with controllability index ν such that N ≥ ν ,
then it is possible to choose a gain sequence K l , such that

the closed-loop system, sampled over τ , takes the desired
self-conjugate set of Eigen values [18] [19] [20]. Here, we
define
 K0 
 K 
 1 
K =  K2  ,


  


 K N −1 

u (kτ )


 u (kτ + ∆) 

u(kτ ) = K y (kτ ) = 





 u (kτ + τ − ∆) 
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then, a state space representation for the system sampled
over τ is

x(kτ + τ ) = Φ N x(kτ ) + Γ u (kτ ),

allowing slight deviations from the original design and at
the same time improving the behaviour. The performance
index J (k ) is given by

y (kτ ) = C x(kτ ),
where

[

Γ= Φ

J (k ) =

∞

i =0

]

N −1

∑ [x

∑ (x
∞

Γ,........, Γ .

k =1

Applying POF, K y (kτ ) is substituted for u(kτ ) ,
the closed loop system becomes [34] – [36]

(

)

x(kτ + τ ) = Φ N + ΓKC x(kτ ) .

The problem has now taken the form of static output
feedback [Syrmos, 1997]. The above equation suggests
that an output injection matrix G be found such that [37]
ρ Φ N + GC < 1 ,
where ρ ( ) denotes the spectral radius. By observability,
one can choose an output injection gain G to achieve any
desired self-conjugate set of Eigen values for the closed-

(

(

)

)

loop matrix Φ + GC and from N ≥ ν , it follows that
one can find a POF gain which realizes the output injection
gain G by solving [38] – [40]
N

ΓK = G

for K . The controller obtained from this equation will
give the desired behaviour, but might require excessive
control action. To reduce this effect, we relax the
condition that K exactly satisfy the linear equation and
include a constraint on it. Thus, we arrive at the following
in the inequality equation [41] – [42]

K < ρ1 , Γ K − G

< ρ2 .

Using the Schurz complement, it is straight forward to
bring these conditions in the form of linear matrix
inequalities as [43] – [45]

− ρ1 2 I

T
 K
 − ρ2 2 I

 Γ K − G

(

)

T

T
l

K
 < 0,
− I

(Γ K − G ) < 0
−I



In this form, the LMI toolbox of MATLAB can be
used for the synthesis of K [Yan et.al. 1998], [Yang et.al.
1993], [Geormel, 1994], [Gahnet, 1995]. The POF
controller obtained by this method requires only constant
gains and is hence easier to implement. Werner and Furuta
[1995], Werner [1997] proposed a performance index so
that ΓK = G need not be forced exactly [46] – [47]. This
constraint is replaced by a penalty function, which makes it
possible to enhance the closed loop performance by

where R ∈ ℜ

m× m

Q
ulT 
0

0   xl 
  +
R  ul 

]

) (

)

T

kN

*
*
− xkN
P xkN − xkN
,

, Q , P ∈ ℜ n × n are positive definite

and symmetric weight matrices, xl and ul denote the states
and the inputs of the delta system respectively and
*
xkN

denotes the state that would be reached at the instant

kN , given x( k −1) N , if K is solved to satisfy [48] – [50]
ΓK = G
exactly, i.e.,
*
xkN
=

(Φ

N

)

+ G C x( k −1) N .

The first term represents the ‘averaged’ state and
control energy whereas the second term penalizes the
deviation of G . A trade-off between the closed loop
performance and closeness to the chosen design is
expressed by the above cost function [51] – [55].

3 Design of the controller for MIMO system
The controller algorithm is developed in Matlab.
Apply an external force at the end of the beam which is
divided into 4 finite elements & the sensor actuator pairs
are kept at positions 2 & 4, thus giving rise to a
multivariable system with 2 inputs and 2 outputs. Once the
external force is applied check the open loop responses,
i.e., the sensor outputs & the displacement of the beam.
Consider a load matrix of unit sample in the simulations. In
order to dampen out the vibrations quickly, design a POF
controller and put in loop with the plant. First task is to
design the selection of the sampling interval τ [ 56].
Calculate the maximum bandwidth for all the sensor /
actuator locations and then by using existing empirical
rules for selecting the sampling interval based on
bandwidth select approximately 10 times of the maximum
2nd vibration mode frequency of the system. The sampling
interval used is τ = 0.03 seconds. Let Φτ , Γτ , C be the

(

)

discrete time model (tau system) of the system sampled at
a rate of 1 / τ seconds respectively [Umapathy et.al.
2000]. It is found that the tau system is controllable and
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observable The ranks of the matrices is also found out
[57].
The stabilizing output injection gains are obtained for
the tau system such that the eigenvalues of ( Φ iN + Gi Ci ) lie
inside the unit circle and the response of the system has a
good settling time. The impulse response of the system
with the output injection gain G is also observed. The CL
responses with the output injection gain are also observed.
Let (Φ, Γ, C ) be the discrete time system (delta system) of
the system sampled at the rate 1 / ∆ secs respectively. The
number of sub-intervals,

N is chosen to be 10 [58].

The periodic output feedback gain matrix K is
obtained by solving Γ K = G using the LMI optimization
method which reduces the amplitude of the control signal
u [60]. When the proposed controller is put in the loop,
the closed loop impulse responses (sensor outputs y1 and
y 2 ) with periodic output feedback gain K of the system
are observed [59].

4. Simulation results & justifications
The control algorithm is developed in Matlab. The
code is run & the results are observed. The variation of
the control signal u 1 and u 2 with time for the MIMO
model are also observed. The tip displacements are also
observed as shown in the Figures 2 & 3 respectively. The
comparisons of the quantitative results of the OL and CL
responses (with output injection gain, POF gain) and with
the magnitude of the control efforts, their settling times
required is shown in Table 2.
Physical
Parameters

Aluminum
Beam

Length
Width
Thickness
Young’s
Modulus

L b = 0.3 m
b = 0.025 m
t b = 1.2 m

Piezoelectric
sensor /
actuator
L p = 0.075 m
b = 0.025 m
t p = 1.2 m

E b = 193 GPa

E p = 68 GPa

Table 1 : Dimensions-Properties of Al Beam & PZT Sensor &
Actuator

with the dimensions of the plant as shown in Table 1 [12].

Fig. 2 : A MIMO smart beam (2 i/p & 2 o/p)

y 1 , FE 5
y 2 , FE 10
Sensor o/p V
Sensor o/p V
OL
4 × 10−4
7 × 10−4
−4
CL with K
3 × 10
3 × 10−4
Control input u 18 V for actuator at FE 5
and 39 V for actuator at FE 4

Type of control

Table 2 : Quantitative comparative results of POF simulations of
the MIMO beam
(terms inside the brackets indicate the settling values), only the +
ve magnitude values of the sensor outputs are shown here

From the Figures 2 & 3, it can be seen that the sensor
output (closed loop response) is suppressed compared to
the sensor output (open loop response) when the sensor
actuator pair is kept at finite element positions 2 & 4
respectively. From these results, it can be observed that
multivariable control is better than SISO control as the
vibrations are suppressed at a faster rate as there will be
multiple interactions of the input, this concept being used
widely in the aerospace control systems as a number of
parameters have to be controlled, i.e., wind velocity, air
pressure inside the cabin, height, speed, turbulence,
oxygen content, fuel valve control, direction, altitude,
weight mass, etc…. [61] - [62]. A multi input multi output
test provides better energy distribution and even better
actuation forces. The response takes lesser time to settle
than the SISO case and the vibrations are damped out
quickly. A overall better performance of the system is
obtained as there will be multiple interactions of the input
and the output which will cause the vibrations in the
system to be damped out quickly. The tip displacements
are also controlled (thick line) in Fig. 4. The overall
quantitative results are shown in the Table No. 2 for
justifications w.r.t. the simulation results.
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5. Conclusions

Fig. 2 : Sensor outputs at FE position 10 (Open loop &
closed loop responses)

In this paper, control of vibrations in smart intelligent
structures for a multivariable case using periodic output
sampling method was presented. The simulation results
show the effectiveness of the method developed for
vibration suppression. MIMO dynamic analysis is able to
identify pairs of modes that occur at nearly identical
frequencies. SISO experiments are not actually reliable
when it comes to accurate identification of mode pairs
because they are unable to positively decipher mode pairs
from signal noise in the measured Frequency Response
Functions (FRF). Thus, an integrated finite element model
to analyze the vibration suppression capability of a smart
cantilever beams with surface mounted piezoelectric
devices based on Timoshenko beam theory with multiinput-output interaction with 2 modes is presented in this
paper and is sufficient to characterize the vibrations [38],
Thus it is proved that SISO control is better than MIMO
control as there are multiple interactions of the input and
output. From the simulation results, it is observed that
without control, the output settles at a faster rate than
without POF control.
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