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Abstract: In this paper we introduce a new concept A*-algebras over the matrices. We give
the definition of A*-matrices, example, Proves the theorem the set of mxn matrices forms an
A*-algebra, Boolean algebras over the matrices forms an A*-algebra ,Every finite product of
a finite A*-algebras is an A*-algebra of matrices over 3= {0,1,2}.Congruence relation on A*-
matrix ,some other theorems related to congruence and finally we introduce the definition of
A*-ideal over the matrices and some other theorems.
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1. Introduction

E.G. Manes introduced the concept of Ada (Algebra of disjoint alternatives) (A, A,V,
(-)",(9)x 0, 1,2) ,where A,V are binary operations on A, (-)7, () are unary operations

and 0,1,2 are distinguished elements on A. In 1993 E.G.Manes introduced a new definition of
Ada of his later paper [9] Adas and the equational theory of if-then-else.Fernando Guzman
and Craig C Squire [4] introduced the Ada of the earlier draft seems to be based on extending
the If-Then-Else concept more on the basis of Boolean algebras and the later concept is based
on C -algebras (A,A,V,(-) ~) ),where A,V are binary operations on A,(-) ~ is a unary
operation ). In 1994, P.Koteswara Rao[6]first introduced the concept of A*-algebra (A, A, V,
* ()~ () 0,1, 2) )( where A,V,* are binary operations on A, (-) ~,(-), are unary operations
and 0,1,2 are distinguished elements on A studied the equivalence with Ada, Calgebra,Ada’s
connection with 3-Ring, Stone type representation , the concept of A*-clone, the If-Then-Else
structure over A*-algebra and Ideal of A*-algebra.

2. Main Part

2.1 Note: Every element of 3% is a sequence of elements of 0,1,2. If B is a finite order n .Then
every element of 35(=3") is an ordered n-tuple of 0,1,2 or n-vector.

A vector (or n-tuple) may be written in a column which is called column vector
or in a row which is called a row vector .Every element in 3" will be written in a row will be
called row vector ,and every element in A™, where A is an A*-algebra is written in a
column(i.e) every element of A™ is a column vector or m-vector.

2.2 Note : The A*-algebras A™ and 3" are called A*-algebras of n-tuples.
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2.3 Definition: Suppose A is an A*-algebra. A matrix M who elements are elements of A is
called a matrix over A.

0 1 2
2.4 Example:M= |2 0 1] is a matrx over 3= {0,1,2}.
0 2 1

M=[aij],1<i<m,1<j<n.

2.6 Theorem: Suppose A is an A* -algebra. M is the set of all m x n matrices over A. Then
(M A ,(-),(5)r, 1) isan A*-algebra where A ,*, (=) ,(-)=, 1 are defined by

AnB=laij]Ia[bi]=[aijA bij]
A+ B=[aij]*[biJ=[aij* bij]
A= [aij]” = [aij]
Ar=laijl-=[aij]
1=Tla;;]where a;; =1foralli,j
0= [bij] where bij; =0foralli,j
2=[cij]wherec;j =2foralli,j.
Proof:
() -A=[aij] Azx=[aijx]
Arv (Az) =[aijz]vI[aij~]1=[1i;]wherelj; =1foreveryij.
Therefore A,v (A,;) =1.
(Ax)=[aij lrx=[aijz]x =[@ijD]1=[aijx]=Ax
Therefore (A ). = A;.
(i) . AxvBz=[aij]l=Vv [bijlx
= [aija] v [bijx]
=[aijzVv bijx]
=[bij=v aijzl

=bijlzv [aj]x
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=B,V A,
Therefore A;vB,=B.vA,
(i)  A=[aij] ,B=[bij],C=[cij]

(AxvBr) vCr =([aijx vIbijlc) v [cijlx
=([aijle vIbijlz) v [Cij
=[aijx v bijz] v [Cij]
=[(aijx v bijz) v Cijx]
=[@ijx v(bijr v Cijz)]
=[@ijz]vIDbijz v Cijx]

Therefore (A, vB,) vCr = Av (B vCy)

(V) (Az ABz) v (A A(Br)7) = ([aij Jxan [bijln) v [aij ]z A [bij]7x)
=([@ij=]A [bijz])v([@ij=]A[bij=T)

[(aijz A Dbijz)Vv(aijz A bijz")]

[aij=]=[2aij]l =Ax
Therefore (A, AB:) v (Ar A(B;)7) = A,.
() (AAB)= ([aij1n [bij])x = [aij A bijla
=[@ij A bij)e] = [aijx A bija]
=[aij=1A [bijz] =[aijlz A [bijls = AzABx
Therefore (A AB), = A AB, .
(A AB)'= ([laijla [biy]1)* = [aij A bijl”
=[(aij abij ) = [a%i; v b"ij]
=[ai;1"v [b]" =A%V B,
Therefore (AAB)" = A*v B¥.
W) A7z =[ai] ==[aijl= i <] = [@ij~vaij’)7]
=[aij=vai;' T =(@igviaifl)
=(aijlvaij]") = (A vA") "
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Therefore A~ = (A v A")".
AP =Tai I =[ai; 1" =[ai; ""1=[ai; 7] =[ai; I"=A".
Therefore A~ * = A",
(vii) (A*B)z=([aijl1*[bij] )==[(@ij * bij)]
=[aijz] = [aijl== Ax
Therefore (A * B), = A, .
(vii) A=B < [aij]1=[hbij] < aij= bijforevery i,j.
& aijn= bijz,ai;" = by;” foreveryi,j.
o [aijle= [bijl.. [ai; T =[bi; 1
oA =B, Af=B".
Therefore A=B< A,=B, Af=B".
Therefore by the above all conditions (M ,A ,*, (=)™, (<), 1) is an A*-algebra .

2.7 Theorem: Let (B, ,A, ()" ,0) be a Boolean algebra over the matrices, then A(B) = { (A
,B)/A=Tlaij],B=[hij] € B, AAB=0}isaA*-algebra over the matrices. Here A*-
algebra operations A v, *, (=)™, (=), are defined as follows.

ForA:[aijn,ai,—#],B:[bijn,bi,—#] Ec/l(B)

Q) AAB= [ai,-n bijn,aijnbij#+ aij#bijn + aij# bij#],wherejuxtaposition , +,
(-)" are respectively A ,v, (-)” in Boolean algebra B.

(i) AvB=1aij: bijn+aijnbij#+ aij#bijn ) a-ij# bij#]

(i)A = [aif aij]

(V) Ar=[aije, @ijz)]
V) A*B=[aijx,(@ij) bij’]
(vi)1=[L;,04;] ,0=[0ij, 14;].
Proof: clearly (A A B™)™ = (A) v (B =A v B.
B(AB))={A/AcAB)}={[aijx, @ijx)]/aijz B}

Therefore B (A(B)) = B.
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(AAB).=[aijx bije,aijubif’+ ai"bije + aif bif’ Iz

=[aijx Dijr,aijr +Dij ]

A:nBr=[aij, dijr ]A[Dijx, bijx ]

=[aijx Dijr,@ijebijr + Aijz Dijn + Aijr Dijr ]

=[aijx bijn, Aijn +0ijx ]

Therefore (A A B), = A A By

(AAB), =(A"vB),

=[aij bif +aif bije+ aifbif* , aijxbijxls

=[aije biff +ai b+ aif bif, @i +0i7) (ai +bij) (aif +bi )]
(A"AB):V(AAB) .v(A"AB)

=[aif*bijx, aif' " +bi Iv[aim bif ai +bifIviaifbif, aif” +bi"]
=[aijx bij +aibij+ aif bij, @i +bi") (aif +bi ) (aif +bi ).
Therefore (AAB); =(A"AB):V(AABY) v (A AB")

Since A"= (A, v (A))".

Therefore A" = [aij &, aij +aij 1.

Clearly A = A,

(AAB = (AAB)v(AAB) .
=(AAB):vV(ATAB) .v(AAB) v(A"ABY),

=AzA(Brv B ) VA (B:B;)

= (A vA)A(B v B;)
=A""AB"".
Therefore (A A B)Y = A* v B,
Clearly A; =[aj a1
(Axv A =[aije, i I v i@, @i+ bif")]
Therefore A" = (A v A% .
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Since A*B = [aijx ,(@ij) bij ].

Therefore (A *B), = A.

(A*B)' = [aij. , (i) bif 1.

=[aijr @i +bif), aije+ @) bif 1.
=[(@ijx) bij, aije+bif 1.

Therefore (A * B)* = [(@ijx) bij", aijx + bij].
(A) ABY =[aij ,ailAbif ™, bij']
=i bif & bl

Therefore (A" A (Bx)™ =[aijx " bif, aija + bij’ 1.
Therefore (A = B)* = (A) A (BY)™ .
A=B=A,=B, A"=B"isclear.

Suppose A, = B, A"=B*

Since Ar=Br =[aijz , @ijz)]=[bijr, Gijz)" 1= [aijx]= [Dij]
Since A;=B, A"=B" = A =B,".

= [aij i 1=[bi}" b ]

=aijf = b

Therefore [aijx ,ai;"1=[bijx, bij’]

= A=B.

Therefore A(B) is an A*-algebra over the matrices.

2.8 Note: Suppose A is a finite A*-algebra then thereexist a finite set X such that A is
isomorphic to a sub A*-algebra of 3" .Therefore A is isomorphic to an A*-algebra of n-tuples
of 0,1,2.Every element of A is a n-row vector of elements 0,1,2.A™ is an A*-algebra .Every
element of A™ is m-column vector of elements of A.

2.9 Theorem : Every finite product of a finite A*-algebras is an A*-algebra of matrices over
3={0,1,2}.

Proof: Suppose A is a finite A*-algebra .there exists a finite X(=B(X)) such that A is
isomorphic to a subalgebra of 3*. Suppose mod X = n.

Therefore every element of A is n-row vector of elements 0,1,2.
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Suppose m is a positive integer.
= A" is an A*-algebra.
Every element a of A™ is m-column vector, a" = [a; , @,......... ,am] of elements ay, ay,

........... ,am ( Since a; is n-row vector of elements 0,1,2.
a = [aj] , where a;;=0o0r 1 or 2, is a mxn matrix over 3= {0,1,2}.
Suppose a,b,c € A™.

= a=[a;], b =[b;], c=[ci] are mxn matrix over 3.Then a A b = [aj; A bjj] a * b = [aj*b;;] a~
= [aif] , dp = [ai,-n] 1= [1ij] 0= [Oij] , 2= [Zij], where lij =1, Oij =0, 2ij = 2 for all matices
over 3.

Therefore A is isomorphic to a sub A*-algebra of A*-algebra over 3= {0,1,2}.

2.10 Definition: A relation £ on an A*-matrix is an equivalence relation on M satisfies the
following.

()Reflexive: (AA) € £ ,forall Ae M

(ii) Symmetric: (A,B) € £ = (B,A) € £ [forall ABe M

(iii)Transitive: (AB) € £ and(B,C) e £ = (AC)e £ [foral ABCeM

(iVVA £ B= A, £B,,A"<B* A" < B foral ABe M

(VA £ B,C< D=(A+*C)L (B*D),(AAC)E (BAD),foralABCDeM
2.11 Note : We write A< Btoindicate (AB) € <.

2.12 Definition: Let M be a A*-matix. Then the set of all congruences on M is denoted by
Con(M).

2.13Theorem: Let (M, A,* ()", (-)x,0) be an A*-algebra over the matriceses and < be a
congruence relation on B= B(M ). The relation <" is a congruence relation on M. Where <’
on M is defined by A<’ B < A < B, A" < B,

Proof: Let (M, A,*,(-)7, (-)x,0) be an A*-algebra over the matricesesand < bea
congruence relation on B= B(M ).

Claim: To show that <" is a congruence relation on M.
LetAe M =A< A, A" A

= ALA.

162



\
]]Hl”l‘ IISET - International Journal of Innovative Science, Engineering & Technology, Vol. 1 Issue 4, June 2014.
www.ijiset.com

This implies A<’ A, for Ae M.

ISSN 2348 - 7968

Therefore <" is reflexive.

Suppose AS’B = A <'B,, A< B*

=B.<'A,,B" ¢ A"

= B <A,

This implies A=’ B = B <'A.

Therefore <" is a symmetric.

Suppose AS'Band B<'C= A< B,andB; £ C,, A" B*andB*¢ C*
=A< C,, A" C*

—AL'C.

ThisimpliesA<{'B,B£E'C=>A<’'C

Therefore £ is transitive.

Therefore < is an equivalence relation on M.

Suppose AS'BandC<'D= A, < Brand A< B C,<D,,C"< D
=(A:ACr)E (BraDy), (A" v C*) < (B*v D (Since £ is a congruence relation on M)
= (AAC) < (BAD), (AAC) < (BAD)

= (AAC)S"(BAD).

Therefore A<’ Band C <’ D = (AAC) £'( BAD).

Suppose A<’ B= A, < B, A" B

Therefore (Ax): < (B«

Since 0< 0= (A" £ (Bn)".

Therefore (A < (Bo)x, (Az ) < (Bo)" = A<’ B, (Since by the definition of <)
Therefore AS’'B= A, £'B .

Suppose A£'B,C<' D= A< B, A" B C. £ D,,C" ¢ D*.
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Since A" B* ,0£ 0= A", £ B, A""< B*".

= A" B,

Therefore A" ¢ B* = A" <’ B*.

Now (A.v A*)< (B vB) = (A) £ (B

= A< B

A"c B* = A" < B (Since A" = A",

ALB=(A)< (B):, (A7) £(B) =A< B,
Finally to prove thatif AS'B,C<'D= (A*C) <’ (B*D).
Suppose ASL'B,C<'D=A < B,;,C.< D, A"¢ B, C*< D*.
Clearly A £ B,=>(A*C), £ (B*D),.

Since (Ax)" A (Cx)™ £ (Bx) A(Dx) = (A*C)*£(B*D)".
Therefore (A+*C)<' (B * D).

Therefore £ ' is a congruence relation on A.

2.14 Theorem: Let M be an A*-algebra over the matriceses and < be a congruence relation
on M < <£gisacongruence on B = B(M) ,Boolean algebraand <’ g =< .

Proof: Suppose < is a congruence relation on M

= £ isaBoolean congruence on B.

Clearly £ c<'s.

AL'gsBo A LpB,, ATSg B

<AL B, AT<B?

SASB.

Therefore <'g =< .

2.15 Theorem: If (M, A ,* (=), (-)», 1) isan A*-algebra and < be a congruence relation

on M then A< B <(i) AxBr) £ 0
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Proof: (M, A *,(=)", (-)x,1) isan A*-algebra and < be a congruence relation on M.
Suppose AL B = Ar < By, A"S B AT2 B, ArL B, (Ad) < (Br)
= A:(Br) 20

This implies (i).

Interchanging A, B in (i) and (ii) we have (iii) (A;)” B, £ 0.and (iv) (A;) B, £0
Conversely assume (i) , (i), (iii) and (iv) .

Claim: To show that A< B :

First we have to prove that forany AB e B, AB "< 0« AB< A,
Suppose AB < 0.

A=AAI=AA(BVvB)=ABVvAB"

Therefore A= AB v AB".

AB S0 =ABVAB £ AB=A £ AB.

Therefore AB"< 0 = A £ AB.

Conversely suppose that A £ AB ,i.e., AB £ A.

ABB™ £ AB =0 AB"=AB £ 0.

Therefore A < AB=AB < 0.

Hence AB"< 0 < AB < A.

From A; B, < 0= A, B, £ A; (Since by above result).

By interchanging A,B we have = A; B, < B;.

Therefore A; < B, (By transitivity).

(A) Bz 0= (A7) (Ax) Bz = 0

—A"B, £0 .
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Taking v for A"B; < 0and A"B, £ 0 = A*(B,vB, )< 0
= A"B*" £ 0= A"B* £ A" (Since by above result).
Similarly A"B* < B* = A" £ B (Since by transitivity).
Therefore (A, * A" ) £ (B, = B*) .

Hence A < B.

2.16 Definition: Let J be the non empty subset of an A*-algebra over the matrices. J is said
to be M*-ideal if

B, CeJ=BvC,B*xCel.

(i) Be J=B,,B" €.
(iii)Bel,CeA=B,C,,B" C' el

2.17 Note: 5.14 is equivalent to the following:

Q) BCel=>BvC,BxCe&l
(i) Bel,CeA=B,C,, B C el

2.18 Theorem: Suppose < is a congruence relation .Then < (0) is M*-ideal.
Proof: LetA e < (0)= A< 0= [a;] = [0]

= [ailz = [Oi]= = [ail= = [04] =AzZ 0= Az e = (0).

Suppose A £ 0= [aj] £ [03] = [ay]" < [04]"

=[a;]" < [05] = A"< 0= A e 0.

LetA,Be< (0)=AL0,BLO.

=[ag] = [04] , [by] = [O] = [ay] v [by 1< [0 [ag] = [by] = [O4]

= AvBS0,A*BE 0.

—AvBet (0)and A =B < (0).

LetAe< (0),BeM=A< 0andBeM

= [a;] = [0] , [bi]le M.

=[aijlz[bil== [0i] = [ajA bilz = [04] = (A A B)z = 0 =(AAB): €(0).
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Therefore £ (0) is M*-ideal.

2.19 Theorem: Let M be an A*-algebras over the matriceses and J be M -ideal of
M .Define £ on Mby A< B < A* (B ™, A" (B") , A" B, (A" ) B*~.Then < isa
congruence relation on M.

Proof: Let (M, A ,* (=), (-, 1) be an A*-algebra over the matrices.

Suppose A e M

Since A" A" =0, A" (A") =0.

We have that A" (A") ~, A"~ (A™)", A"~ A" (A" )Y A"~ e .
—SALA.

Therefore < is reflexive.

Suppose AS B = A" (B) " A"~ (B")" A" B* (A" ) B e J.

— B (A") ~,B* " (A")",B* A" (B" ) AT el

=B A.

Therefore < is symmetric.

Suppose A£ BandB < C.

= A" (B") " A"~ (B")" A" B" (A") B*~and B* (C*) ~,B"~(C") ,B*~C" (B") C"~.

Now A” (C*) = A” (B* v B") C*

= A"B"c* v A" B C*

= [A'B*C* v [C" A" B"] €.

Therefore A" (C*)~ e J.

Similarly A" (C*) ~ A"~ (C*)" A*C* (A*) C"~ e J.

= A:C.

Therefore < is transitive.

First we have to showthat A< B=AAC<BAC forallCeM

Suppose A = B
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= A" (B, A" (B"), A" B, (A" B el e
(A A C)*((BA C)*) ™= A*'C*(B*vC™) € J.

Therefore (A A C)* ((BA C)*) e J.

Similarly ((A A C)*)” (BA C)* € J.

Now ((A AC) ) (BAC)*) " =[(A"AC) V(AAC ) V(A AC)]

[B"AC)" v(BAC) V(B AC)T .

=[A*C* vA*C" v A"C* ][B"C" vB*C" v B C""]

=[A"C™ v AT CT v AT CT T (BY) v (CT) TV IBT) V(C)TIB ) v (€T )]

= A'C*(BYY*Z VAT CH(BT) XTZ" v ATCH(BT ) XPY, where X* = (BF)" v (C*), Y =
(B") v (C" and 2= (B") v (C™)".

= (AAC) ) (BAC)") el

Similarly (A A C)*~ (BA C)* e J.

Therefore ANC< BAC.

Suppose A< Band CED=AAC<BAaCand BACS BAD.
=AACZBAD.

Suppose A £ B = A" (B")™, (A*) B, A" (B ™, (A™)"B*~ e J.
= A" (B™)", (A") B", (A" (B") ", (A"™) "B~ e .

= A" £ B,

Secondly we have to showthat AL B=(A*C)< (B< C)and (C*A)< (C = B) forall
Ce M.

(A=C)" (B=C)"=A" (B el
Similarly [ (A = C)*] (Bx C)* e J.
[(A=C)"T[(B+C)"T =A™ C™[B") (C)T
= A" C" [B"V(C™)]
= (A" B C*"el.

= [(A*C)"][(B*CY T e J.
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Therefore (A * C) £ (B* C).
(C+Af(C=*B"=c*Cc"=0el.
Therefore (C * A)* (C *B)* e J.

Similarly [(C * A)"]” (C = B)" e J.

(C =A™ (C*B)"~=(C"y A" [(C"Y B)'T
=(Cy A" [(C") v B™]

= ATB* T Ch

Therefore (C * A)* (C = B)*~ e J.
Similarly (C * A)*~ (C * B)* e J.

Therefore (C * A) < (C = B).

Suppose that A< Band C £ D.
SinceASB=(A*xC)<(B=*C)
SinceC<D=(B=*C)<(B=*D)
Therefore A< BandC< D= (A*C)<(B=*D).
Hence < isa congruence relation on M .

2.20Lemma: Let J be M*-ideal of an A*-algebras over the matrices (M, A,v,(=)™, (=), *, |
) and < be the congruence relation on M. Then < (0) =J.

Proof: Let J be M*-ideal of an A*-algebras over the matrices and < be the congruence
relationon (M ANV(=)", (), *, 1).

Claim: To show that < (0) = J:

Let AcJ=A" A el

= Az, A vA el

= A;, (AS) €.

= A0, , A0, A0, A0 e,

= AL 0.
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Hence J < £ (0)...cccunee. (.

Suppose A € £(0).

= AL 0.

=A:0; , A0, Ay "0 A0, " €l
= A, (A) €.

=A A vA el

=>A" A el

=A el

Hence £(0)cJ.n... (i)

From (i) and (i), £(0)=1J.
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