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Abstract

Let G = (V, E) be a simple graph. E.
Sampathkumar and L.Pushpalatha introduced the
concepts of strong and weak domination in graphs [5]. In
this paper, this concept is extended to efficient
domination. A subset S of V(G) is called a strong (weak)
efficient dominating set of G if for every v e V(G),
INSIVINS| = 1 (|Ny[VINS| = 1), where Ny(v) =
{ u € V(G): uv € E(G), deg(u) > deg(v) }and Ny (v) =
{ u e V(G) : uv € E(G), deg(v) > deg(u)}, Ns[v] =
Ns(v) U {v}, Ny[v] = Ny(v) U {v}. The minimum
cardinality of a strong (weak) efficient dominating set is
called strong (weak) efficient domination number of G
and is denoted by Y (G) (ywe(G)). A graph is strong
efficient if there exists a strong efficient dominating set.
In this paper we find classes of graphs which are strong
efficient and compare strong efficient domination
number with y¢(G), I's(G), is(G) and B¢(G).
Keywords: Strong efficient domination number, Full
degree vertex, Strong and weak neighbours.
AMS Subject Classification (2010): 05C69

1 Introduction

Throughout this paper, we consider finite,
undirected, simple graphs. Let G = (V,E) be a
graph. The degree of any vertex u in G is the
number of edges incident with u and is denoted by
deg u. The minimum and maximum degree of a
vertex is denoted by §(G) and A(G) respectively.
A vertex of degree 0 in G is called an isolated
vertex and a vertex of degree 1 is called a pendant
vertex. For all graph theoretic terminologies and
notations, we follow Harary [4]. The following
definitions are necessary for the present study.

1.1 Definition [3]: A subset M of E(G) is called a
matching in G if its elements are edges and no two
are adjacent in G; the two ends of an edge in M are
said to be matched under M. A matching M
saturates a vertex v and v is said to be M-saturated,
if some edge of M is incident with v; otherwise v is

M-unsaturated. If every vertex of G is M-saturated,
then the matching M is called perfect.

1.2 Definition[2]: Generalized Hajos graph,
denoted by [K,] having n + (7) vertices is formed
by taking K., adding () new vertices and joining
each one of them to the ends of exactly one edge of
Kn.

1.3 Definition[5] : A subset S of V(G) of a graph G
is called a dominating set if every vertex in
V(G) \ S is adjacent to a vertex in S. The
domination number y(G) is the minimum
cardinality of a dominating set of G.

1.4 Definition[6] : A subset S of V(G) is called a
strong dominating set of G if for every ve V - S
there exists ueS such that u and v are adjacent and
degu>degv.

1.5 Definition[1] : A subset S of V(G) is called an
efficient dominating set of G if for every veV(G),
INVINS | = 1.

A set of points is independent if no two points are
adjacent. A strong dominating set of G which is
also independent is called an independent strong
dominating set of G. The minimum cardinality of
the independent strong dominating set of G is
called an independent strong domination number of
G and is denoted by is(G). The maximum
cardinality of an independent strong dominating set
of G is called the upper independent strong
domination number of G and is denoted by B(G).
Motivated by these definitions, we have defined a
new type of domination called strong efficient
domination. A graph G is called a strong efficient
graph if it admits a strong efficient dominating set.
The minimum cardinality of a strong efficient
dominating set is called the strong efficient
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domination number of G and is denoted by Y4 (G).
In this paper we classify graphs which are strong
efficient and we compare strong efficient
domination number with y(G), I's(G), is(G) and
Bs(G). We have proved that there are graphs in
which several strong efficient dominating sets of
different cardinalities exist which is interesting in
the sense that all efficient dominating sets have the
same cardinality y.

2 Main Results

Definition 2.1: Let G = (V, E) be a simple graph.
A subset S of V(G) is called a strong (weak)
efficient dominating set of G if for every v €
V(G), |Ns[vINS|= 1. (|Nu[vINS|= 1), where
Ns(v) ={ u € V(G) : uv € E(G), deg(u) > deg(v) }
and Ny(v) = { u € V(G) : uv € E(G), deg(v) >
deg(u)} Ns[v] = Ng(v) U {v} and Ny[v] = Ny(v) U
{v}. The minimum cardinality of a strong (weak)
efficient dominating set of G is called the strong
(weak) efficient domination number of G and is
denoted by ys(G) (ywe(G) ). A graph G is strong
efficient if and only if there exists a strong efficient
dominating set of G. Not all graphs admit strong
efficient dominating set.

Example 2.2: Consider the following figure G.

t1 t2

V1 V2

Figure 1:
Clearly {v1, v,} is a strong efficient dominating set
of G. Therefore y¢ (G) = 2.
Example 2.3: Graphs without strong efficient
dominating set:
Consider the graphs G; and G, in the following
figures 2 and 3 respectively.

".}'1 "‘?2 \?3
A V3 Ve
Figure 2:
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Vi V2
. - e "3
V4 Vs V6 V7 V3 Vs
Figure 3:

In G; any dominating set (which is also a strong
dominating set) is not efficient. In G,, no strong
dominating set is efficient.

Remark 2.4: v, (G) < ye (G).

For, Let S be a minimum strong efficient
dominating set of G.

Letv € V-S. Then |Ns[vInS|=1.

i.e there exists u € S, such that u and v are adjacent
and deg u > degv.

Therefore S is a strong dominating set of G.
Thereforeys (G) < v« (G).

Theorem 2.5: For any path P,
nifm=3nn€eN
Ye(Pm)=sn+1lifm=3n+1neN
n+2ifm=3n+2,neN
Proof: Case (i): Let G = P3,, n € N. Let vy, vy,
V3... V3, be the vertices of V (P3,). {va, Vs, Vg...
V3n.1} IS the unique strong dominating set of Pg,. It
is also the strong efficient dominating set of Pj,.
Therefore y,(G) = n.
Therefore ys(P3n) = n, foralln e N.
Case (ii): Let G = P3piq, N € N. Let V(G) = {v,,
Vy, V3,...,V3n,Vane }-
S1 = {V2, Vs, Vg... Va1, Vaner} and S; = {vy, Vs,
Vg, Vg,...,Va,} are two strong efficient dominating
sets of G.
S1={V2, V5, Vg... Van1 JU{Vap1 }. [Sq| =+ 1.
Sy = {viIU{vs, Ve, Vg,...,Van}. |So| = n+ 1.
Therefore ys(Psn+1) < n + 1, for all n € N. Since
N+ 1=7y5(Pans1) < Vse(Pans1). We see that yse(Pans1)
=n+1.
Case (iii): Let G = P, N € N. Let V(G) = {vy,
V2, V3,...,.Van,Vans1, Vans2}-
S = {Vi, V3, Vs, Vg,...,Van, Vanio} IS a strong
efficient dominating set of G.
Thatis|S|=n+ 2.
Therefore ye(Pans2) < n + 2, for all n e N. Since
N+ 2 =7s(Pan+2) < Vse(Pans2). We see that yse(P3n+2)
=n+2.
Examples 2.6: Consider the path Pg

V1 W2 W3 V4 V3 Vg VT Vi Vo

Figure 4:
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{v,, Vs, Vg} is the strong efficient dominating set of
Po. Vse (PQ) =3.
Consider the path Py
*—o—0—0 0 0009
V1l Vi Vi V4Vs V& VT Vi Vo VIO
Figure 5:
{V1, V3,6, Vo}, {V2, Vs, Vg, Vio} are two strong
efficient dominating sets of Py,.

Vse (Plo) =4.
Consider the path Py,

—a—o—0 080 80 009
Vi VI W3 V4 Vs V5 VT O Wg Vo VD VIl
Figure 6:
{ Vi, V3, Vg, Vg, Vii} is the strong efficient
dominating set of Py;. yse (P11) = 5.

Theorem 2.7: y,(Csy) =n, forall n e N.

Proof: Let G = C3,, N € N. Let V(G) = {vy, Vv,
V3,...,V3n}.

S1 =4{V1, V4, V7,....Vano}, S2 = {V2, Vs, Vs,...Vano}
and Sz = {v3, Vg, Vo,...,Va, } are the strong efficient
dominating sets of G.

IS1] = [S2| = [Ss| = N. vs(Csn) < n. since n =
Vs(Can) < vse(Can). we see that ys(Csn) = n, for all
neN.

Observations 2.8:

1 ys (Kn) =1, neN.

2‘ Vse (Klnn) :1'

3. ¥seWpi) =1, n=3, neN.

Theorem 2.9: Every strong efficient dominating
set is independent.

Proof: Let S be a strong efficient dominating set.
Let u, v € S. Suppose u and v are adjacent.

Let without loss of generality, d(u) = d(v).

Then |Ng[v] N S| = 2, a contradiction. Therefore
S is independent.

Theorem 2.10: If S is a strong efficient dominating
set of a connected graph G then V — S is a
dominating set of G.

Proof: Since every strong efficient dominating set
is independent and G is connected, every vertex in
S is adjacent to at least one vertex is V — S.
Therefore V — Sis a dominating set of G.

Remark 2.11: If S is a strong efficient dominating
set of G then V — S need not be a weak dominating
set of G.
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Example 2.12: For the graph G in the following

figure

Figure 7:
S= {v1,Vs5,Vg,V7} is a strong efficient dominating
set of G. Since vs,vg,v7 are strongly dominated by
the vertices of V — S, V — S is not a weak
dominating set of G.

Remark 2.13:

(i) Every weak efficient dominating set of a
graph G is a weak dominating set of G.

(i) Complement of a strong efficient dominating
set of G need not be a weak -efficient
dominating set of G.(for example, in the graph
211, S= {vy,vs,vg, vy} is strong efficient
dominating set of G and V — S is not a weak
efficient dominating set of G)

Observation 2.14: Let G be a connected graph
with at least 2 pendant vertices and ys(G)=1. Then
G has no perfect matching. (Since 7v,(G) =1
implies that G has a full degree vertex)

Theorem 2.15: Let G be a connected graph and
[V(G) |=n (nis even). If ys(G) > n/2 then G has no
perfect matching

Proof: Let S be a ye-set of a connected graph G
and |V(G)| =n.

Let |S|=t. Since y4(G) > g t> g

Suppose that G has a perfect matching M. Then
every vertex of G is M-saturated. Therefore every
vertex of S is M-saturated. Since S is independent,
every line of M has either one end in S and other
end in V=S or both ends in V-S. Since M is a

perfect matching, |M| = 2. But |S| = t> .
Therefore t — g vertices of S are M-unsaturated, a
contradiction. Therefore G has no perfect matching.

Remark 2.16: is (G) < ys (G)< Bs (G).
Remark 2.17: There exists graphs in which

Y5 (G) <7s (G).
For, LetG=D,,, r=2.
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¥se (G) =r+landy,(G) =2.

Remark 2.18: Given any positive integer Kk, there
exists a connected graph G such that

Vse (G) = Vs (G) =k

Example 2.19: Let G = Dy e, K = 1.
¥se (G) =k +2and y;(G) = 2.

Remark 2.20: It is clear that ys (G) < i5 (G) <
Yse (G) < Bs (G) < I's(G).

Example 2.21: Consider the following graph G

W1 V2 V3 V4
Vi Wi VT vg Yo WO Vi1 Vi2
Figure 8:

{ v1,vy, V3,v4 } is a strong dominating set of G.
Thereforey(G) = 4.

{ Vi,vs, Vg,vs } is an independent strong
dominating set of G.

Therefore is (G) = 4.

{ v1,vg, Vg,v4 } is a strong efficient dominating set
of G. Thereforeys (G) =4.

Bs (G) =4 and I's(G) =4.

Thereforeys(G) = is (G) = vz (G) = Bs (G) =
I's(G).

Example 2.22
The following example G shows that strict
inequalities occur in the above chain.

Vi Vo V1o Vi3

L

V14

\: a' vy
-
Ty

12

V7 VI
; :f Ve VT
C o« 2 '4\

V1o V10 Vi1 V22 V23

Vi1 ;
V1§

Vi3

Figure 9

Sy = {Vl, Vo, V3, V4, V5, Vg, V7} is a strong
dominating set of G of minimum cardinality.
Therefore ys(G) = 7.
Sy ={V1, Vs, Vs, V7, Vis, Vi, V1o, Voo, | S1 | =8.
Sz ={V1, V3, Vg, Vis, V16, V17, Va1, Va2, Va3 },
| s2] =9.
S3 = {V1, V4, V7, V11, V1, Vi3, Va7, V19, V2o },
| Ss| =9.
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S4 ={V1, V4, Ve, V11, V12, V13, V17, Va1, Va2, Va3 },
| S4| = 10.
Ss ={V2, V4, V7, Vg, Vg, V1o, V13, V17, V1o, V20 },
| Ss| = 10.
Se = { V2, V4, Vg, Vg, Vg, V1o, Vi3, V17, V21, Va2, Vo3
}
| Se| =11.

S7 = { Va, Vs, V7, Vg, Vg, Vig, Vi3, Vis, Vi, V1o,
Voo,
| s7|=11,

S;, i=1to7 are independent dominating sets of G. S;
is a strong independent dominating set of G of
minimum cardinality. Therefore i (G) = 8.
But S, S,, S4, Ss, Sg, S7 are not strong efficient
dominating sets of G. S; is the strong efficient
dominating set of G. Therefore y, (G) = 9.
Sg ={ V2, Vs, Vg, Vg, Vg, V1o, V13, V15, V16, Va1, V22,
Vasl, | Sg| = 12. S¢, S; are minimal strong
independent dominating sets of maximum
cardinality. Therefore 85 (G) = 11. Sg is a minimal
strong dominating set of G of maximum
cardinality. Therefore I's(G) = 12. Therefore

¥s(G) < i5(G)< 7 (G) < Bs(G) < I's(G).
Definition: 2.23[4]: A regular spanning sub graph
of degree 1 is called 1-factor (1F).

Theorem 2.24: K,, —1F is strong efficient and
Yse (Knn—1F) =2, V. neN.

Proof: Let G = K, —1F.

LetV (G) ={v1, Va,..., Vy, Ug, Ug,..., U}

Since we remove 1F from K,,, degree of each
vertex is reduced to n— 1.

Each v; is not adjacent to one u;, vV i = 1 to n and
vVji=1lton.

Such {v;, u;} is a strong efficient dominating set.
Hence ys (Knn—1F) =2, V.neN.

Example 2.25: Consider the following graph
Kss—1F

Vi V2 V3 V4

u w u3 u4

Figure 10
{vi,us}, {va,us}, {vs,uz} and {v,,u,} are strong
efficient dominating sets.
Vse ( K4,4 —1F ) =2.
Theorem 2.26: [K,] is strong efficient and y

n?-3n+4

[Kal=p—A([Kn]) = —— where
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p= V(KD

Proof: Letn = 3. Let vy, V,,..., v, be the vertices
of K,. Let G = [K,]. V([K.]) ={ V1, Va,..., Vi, Uy,
Uz, Uy }. By the definition of [K,], each u; is

adjacent to exactly 2 vertices of K.
Therefore |V ( [K4] )| =p =n + () =
n(n-1) _ n?+n
2

A (G) =degv; foranyi,i=1ton.
Each v; is adjacent to the remaining (n — 1)v; s
and (n — 1u;s.
Therefore A(G)=(n— 1D+ (n—-1)=2n-2.
nn-1) _nz—n

2 2

Therefore Number of u; s which are not adjacent to

Z—n) —(Tl _ 1) - n2—2n+2 ' These n?-3n+2

uj s together with v; form a strong efficient
dominating set S of G.

n+

Total number of ujs=(7) =

n2

Vi =(

Therefore G is strong efficient. | S | = 1+
n?-3n+2 _ n?-3n+4
2 B 2

n2-3n+4

Therefore y (G) < —

Let T be any strong efficient dominating set of
[K.]. Since T is independent, T can contain at most
one vj, 1< i< n. Since for n = 3, no u; can strongly
dominate any v;, T contains at least one v;, (1< i<
n). Therefore T contains exactly one v;. Any u; can
dominate only two v; ° and all u; ° are independent.
Therefore T contains all u; ° not adjacent with the

TLZ—Tl
v; € T. therefore |T| >1+( . )-(n-1)=

W34 Therefore ye (KD an_an

Hence v ([K,]) = n2—2n+4-

Whenn =2, [K,] = Cs. ¥ (C3) = 1.

Hence y«[K,] = 2@t g Yse ([Kn]) =
Alsop — A (G) = n22+n - (2n-2) = —n2+n;4n+4
_ n?-3n+4

Vs (G)= p—A(G).

Example 2.27: Consider the following graph
G:[K4].
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. Figure 11

{ V1, U3, Uy, Us }, { V2, Uz, Ug, Us }, { V3, Uy, Us, Us
}. { v4, ug, Uy, us }, are the strong efficient
dominating sets of G and p = 10, A (G) = 6.
Therefore ys [Ks] = 4=p — A (G).

Strong efficient dominating sets of different
cardinalities in a graph

In any graph G admitting efficient dominating sets,
all efficient dominating sets have the same
cardinality namely y(G). This is not true in the case
of strong efficient domination. The maximum
cardinality of any strong efficient dominating set of
G is called the upper strong efficient domination
number of G and is denoted by T's, (G). In fact
there are graphs in which y (G) < T (G) and for
every positive integer k with y (G) < k <T
(G), there are minimal strong efficient dominating
sets of different cardinality k . The following
examples illustrate this situation.

Let G = (V,E) be a simple graph.

V(G) = {Vlv Vo, ...Vqp, Ug, Uz, ..., Upsk, a1, Az,

clniksrs D1, Doy, Dnierss cey Wy,

W21"1Wn+k+r+s+...+ty Cl! CZ! ey Ck! dl! d21"'1dr1"'1ely

€,,..6¢}.

E(G) =
ViU, agu, biug e Wwiu 1<i<n+k
v,a,,ua,ba . wa l<i<n+k+r
v,b,,ub, ab, . Wb 1<i<n+k+r+s
VW, a Wi, bW, I<i<n+k+..+t
U Vi, gV, bV, W, 1<i<n
V,Ci,U;C;,a,C;,0,Ci e W, C; 1<i<k
v,d;,u,d;,a,d,,bd,,......... ywid, 1<i<r
V,C, UyCiy @,C e w,C; 1<i <t
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A
\ e

degv, =degu; =dega; =.... Degw; = (n+k) +
(n+k+r) + (n+k+r+s) + ...+ (n+k+r+s + .. +) =
A (G).

Therefore any strong efficient dominating set of G
must contain only one of the vertices vy, Uy, ai, by,
Cly ennen w.The sets

Sy ={vy, Vs, ..Vp 1. So={ug, Uy, .., Upug }

S3 = {81, 80, o Bnakar Jeereeeeneeenniea s

Sn = { Wi, Wy,..,\Whierss+. 4t} are strong efficient
dominating sets of G.

| S, | =n. | S, | =n+k. | S; | =n+k+r,
e | Su|=n+ktr+s + ..+t
Therefore ys (G) = n and Ty, (G) = n+k+r+s +
e

Illustration 2.28: Let G = (V,E) be a simple
graph.
V(G) = {vi, V2, Uz, Uz, Uz, W1, Wa, W3, Wy, X1, Xa,
X3i X4i X55 ali bll Cl}'
E(G) =

VU, WU, XU 1< <3

VW, U W, X W, 1< <4

Vi X, U X, WX 1<1<5
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Q) Necessary and sufficient condition for
existence  of  strong  efficient
dominating sets.

(i) Strong efficient graphs in which every
vertex is contained in a minimum
strong efficient dominating set.

References

[1] D.W Bange, A.E.Barkauskas and P.J. Slater,
Efficient dominating sets in  graphs,
Application of Discrete  Mathematics,
189 - 199, SIAM, Philadephia, 1988.

[2] D.W Bange, A.E.Barkauskas, L.H.Host and
P.J. Slater, Generalized domination and
efficient domination in graphs, Discrete
Mathematics,159 (1996), 1 — 11.

[3] J.A.Bondy and U.S.R Murty, Graph Theory
with Applications, The Macmillan Press Ltd,
1976.

[4] F.Harary, Graph Theory, Addison — Wesley,
1969.

[6] T W. Haynes, Stephen T. Hedetniemi, Peter
J.  Slater. Fundamentals of domination in
graphs.

vy, Uy, 8yWy, 8 Xy, 0V, ,0U,, bWy, by X, €)Y, , €y Uge s Vs sGedhathkumar and L. Pushpa Latha. Strong

degv; =degu; =degw; =deg x; =12 =A (G).

Figure 12:
Si={vi,va} Sy ={uy Uy Uz}, Sz ={wy, wy,
W3, W4,}, and S, = { X1, X2, X3, Xg, X5a}are
different strong efficient dominating sets of
different cardinalities. Therefore vy, (G) = 2 and
['e(G) =5.

Further areas of study:
Characterization of strong efficient dominating
sets.

weak domination and domination balance in
a graph, Discrete Math., 161: 235 — 242,
1996.

177


http://www.ijiset.com/



