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Abstract

In the past decades, modal analysis has become a major
technology in the quest for determining, improving and
optimizing dynamic characteristics of engineering structures. Not
only has it been recognized in mechanical and aeronautical
engineering, but modal analysis has also been discovered in
profound applications for civil and building structures, space
structures, transportation and nuclear problems. Shortly, modal
analysis relies on mathematics to establish theoretical models for
a dynamic system and to analyze data in various forms. Since
modals are used in different branches of engineering in order to
contribute to modal analysis, we have constructed some sequence
spaces I"(gl) and A(gl) of modal intervals. Also , we have
given some new definitions and theorems about the sequence
space of modals.
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1. Introduction

Interval arithmetic was first suggested by Dwyer [2] in
1951. Development of interval arithmetic as a formal
system and evidence of its value as a computational device
was provided by Moore [9] in 1959 and Moore and Yang
[10] 1962. Furthermore, Moore and others [11] have
developed applications to differential equations.

Chiao in [5] introduced sequence of interval numbers and
defined usual convergence of sequences of interval
number. Sengdnil and Eryilmax [12] in 2010 studied
bounded and convergent sequence space of interval
numbers and showed that these spaces are complete metric
space. Recently, Zararsiz and Sengonul[13] introduced
null, bounded and convergent sequence space of modals.
Let us denote the set of all real valued closed interval by I
[the set of positive integers by N and the set of all real

numbers by$R Any element of I s called interval

number and it is denoted byX. That is
x={xeRN:x<x<x}. An interval number Xis a closed

subset of real numbers. Let X and X be respectively first

and last points of the interval number X .Therefore, when
X > X X isnot an interval number. But in modal analysis

[x,x] is a valid interval. A modal X ={[x,X]:x,X e R}

is defined by a pair of real numbers X, X. Let us denote

the set of all modals by gl .Let us suppose that X, < gl.
Then the algebraic operations between X and 37 are
defined in the Kaucher arithmetic, [7]. For a modal
X =[x,X] dual operator is defined asdualX =[X,x]
Thus, ifX < gl then X —dualx =[0,0]=0 dualX e gl - Let
us suppose that X egl, then X is called symmetric
modal if x = —X or vice-versa.
The set of all modals gl is metric space defined

as

d(x,X,) = max{jxl —Xo|,

X, %[} @)
If X,¥egland X<X,y<ythentheset gl is

reduced ordinary set of interval numbers which is
complete metric space with the metric d defined in

Eq.(1)[7].If we take X, =[a,a] and X, =[b,b],we obtain
the usual metric of R with d(X,X,)=|a—b|, where
a,beR

Let f be a function from N to gl which is
defined by k — f(k)=X,X=(X,).Then (x,) is called

sequence of modals. We will denote the set of all
sequences of modals by w(gl).

For two sequences of modals (x,)and (y,) , the

addition, scalar product and multiplication are defined as
follows

(;(-k + yk :[Kk +Xk‘xk + yk],(aik =[a5kyaik]a (24 e‘ﬁ’
(X Vi =X ¥, . XY, ] respectively.
The set w(gl) is a vector space since the vector

space rules are clearly provided. The zero element of
w(gl) is the sequence ¢ =(g,) = ([0,0]) all terms of which

are zero interval. If (X,) e w(gl) then inverse of (Xx,),
according to addition, is dual (X, ).

Let 2(gl) = w(gl) If a sequence space contains
a sequence (g, ) of modals with the property that for every
U e A(gl) there is a unique sequence of scalars (t,)such

that |imd (@48, +...+t8)—>0 then (g )is called a
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Schauder modal basis for 4(gl). The series i:{kgk which

k=1
has the sum U is then called the expansion of U with

respect to (g ), and we write § — ifkgk .
k=1

Let A(gl)and w(gl)be linear space of modals.
Then a function ~ A: A(gl) — u(gl) is called a linear
transformation if and only if, for all U,,u, € A(gl)and all
ﬁrfz eql, '&(ﬁﬁl +f;ﬁz) = ﬂ'-&al + f;'—&az .
1.1 Proposition
If (X)) (V) . (,)are sequences of symmetric modal,

then the following equality holds:
COHCARIAIEICHICARICHIH 2
1.2 Definition
A sequence X = (X,) ew(gl) of modals is said

to be convergent to the modal )~(0 if for each & > Qthere

exists a positive integer N, such that d(X,,x,) <& forall

k>n, and we denote it by writing lim¥x, :;OThus,
k

limx, =X, < limx, =x, and limX, =X,
k—o0 k—o0

k—o0

1.3 Definition

A sequence of modals, X =(X,)ew(gl), is
said to be modal fundamental sequence if for every &£ >0
there exists k, e Nsuch that d(X,,X,) <& whenever

nk>Kk, -

We define convergent series, bounded series and
P - absolute convergent series of sequences spaces of the

symmetric modals which are denoted
cs(gl),bs(gl), I, (gl) respectively, that is

cs(gl) ={i =(X,) ew(gl): Iirfn(d(zn:ik,in)j = 6},

bs(gl) = {i =(X,) e w(gl) :sup(d(zn: X, ,6)] < oo},

n - Yp
'p(gl)z{‘x”:(ik)ew(gl):(Z[d(‘x*k,O)]"j <oo,p21}

Clearly we see that the spaces cs(gl),bs(gl)and | (gl)

are sub vector spaces in accordance with scalar product
and addition on w(gl)which are metric spaces.

2. Entire Sequence space of modals.

We define the entire sequence spaces of
symmetric modals which are denoted by r(gl) and A(gl)

respectively. r(gl) = {x = (%) < w(gl): lim(D(%,.5))= 0

IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 1 Issue 4, June 2014.
www.ijiset.com

ISSN 2348 - 7968

Agh) = {7 = (%) € wigh):sup(D(R, 0) < o
- vk
Where D(xk,yk):max{gk—zk‘ \xk—yk\ﬂk}
The function d  defined by
~ v I
d(xklyk):Sl:p max{‘lk _Xk‘ ‘Xk _Yk‘w}:SL:p D(X, i) )

which satisfies the metric space axioms .
2.1.Theorem
The sequence space T(gl) is a complete metric space

with respect to the metric defined by (3)
Proof. Let (X™™) be a fundamental sequence of
generalized interval numbers in T'(gl).Then for a given

£ > (0 there exists a positive integer n, such that
dx™ %™ =sup D", % ™)< ¢ forall n,m>n,
k

This is true for all k, we have D(x ™ X ™)< for all

n,m>n,
1k 1k
max{‘xk(”) -x" %™ -x ™ }< ¢ forall nm>n,
vk o
‘gk(") —xk(m)‘ <&" and ‘xk("’ -x ™" <g* forall n,m=>n,

This leads to the fact Yk(”) is a fundamental sequence in
gl .Since gl
convergent |imx ™ = x for each keN

is a complete metric space, X, "is

This is true for all k, sup D(ik(”),ik) <&
k

s0 X, — X, asn— ooin(gl)

we have to show that X = (X,) e '(gl)

since X ™ eT'(gl), we have d (X ™ ,0)< &

Consider

d(X,,0) =supD(X,,0) <sup D(X, ", %) +sup D(X, " ,0)
k k k

<g+e=2¢
Hence (%,) e [(gl)
This completes the proof.

2.2. Theorem

A necessary and sufficient condition that IO AA ,0)
should be convergent for every (X, ) for which
“km(D(iwa))= gisthat D(¥,,0) should be bounded.
Proof. Suppose D(¥,,0) is bounded. Then we can find
M so that D(¥,,0)<M for k >1
Since D(X,,0) > 08s k — o,

We can find k,so that px 5)SL k >k
k1 oM ) 0

269


http://www.ijiset.com/

IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 1 Issue 4, June 2014.

www.ijiset.com ISSN 2348 — 7968
[DR, 7.0 <[D(X,0)'[D(F, . 0)I" 0 (G, ~ D870 = 0 (D 1D %[ 5, )

k
<(L) me=t
2M 2
So 3 [D(%,¥,.,0)]* converges

Converse:
Suppose D(¥,,0) is not bounded .Then we can find an

increasing sequence {k} of integers such that
D(Vkp,O) >pp=12,.

Thatis, [D(F, ,0)]” > p*, p=1.2,..
Take 5 — [1/p" 01if k =k,

X [0,0]if k =k,
Then lim(D(X, ,0))=0
But ~ _ .
[D(X,%,.01" 2[D(%,,0][D(¥, .0)]*

1 1k, Ky . . K 1
{[p*”] } )] TpP
fork:kp

so that Z[D(gk Ve ,6)]does not converges.

Hence D(J,,0) is bounded.

Hence the theorem
2.3. Theorem.
The sets 1(gl) and A(gl)sequence spaces of modal is

solid.
Proof: We consider I'(gl) Now let d(§,,0) < d (X,,0)

forall ke N
and for some X e T'(gl) .

Then we have

sup max{xk ‘w Vi \Vk }S sup maXﬁxk \Uk X, \]/k }
Y, <X and y, <X

Thatis ¥y <X

Itis clear that y e "(gl)

Therefore T"(gl)is solid.

2.4. Theorem
The sequence (g, §,....g,,..) is schauder modal base for

r'(gl), where § ={0,0.,...[11],0,..}
Proof: Let X =(X,)eI'(gl) Therefore for every &> 0
there exists a positive integer ne N such thatk >n,
d(X,,0)=supD(X,,0) < &
k
Now we should show the following statement.
Emd ((Xk _zekxk)vo) =0
From here we can write next steps

=~
I
N

— (% K1 X Ko L [0, %, 1).0)
= d (([0,0, """ [Xn+1’ Xn-v-].]' [Xn+2' Xn+—2])'0)

= sup maxﬂxk\]/k

k=n+1

— 1k =
xk\]/ }—>Oasn—>oo

Wehave 5 — S8 %, 4)
k=1
Let us show uniqueness of the representation given by

Eq.(4) for X = (X,) eT'(gl)

Suppose that there exists a representation X, = Z &9,
k=1
then for N — oo, we have

a(z (Yk - yk)gk 16) = Za((ik - yk)ék ’6)
ke P}
VK ok =
= sup max{‘yk —gk‘ V- %] }—)0 asn— oo
k>n+1 -
1k ~ ik =
‘Xk —gk‘ —0and|y -X| —>0asn—w
Thereforezk =X, and y, =X,
Thatis ¥ =X
3.a, B,y duals of sequence space of modals.
For the sequence spaces A(gl)and x(gl) we define the

set S(A(gl), u(g1)) by
S(A(gh), 19 = {(¥) € w(gh): (X Fi) € (@)}
for all %, e A(gl) ®)

with the notation of (5), the «, g, y duals of a sequence
space A(gl)which are denoted by
A%(gl), A7 (gl) and A (gl) are defined by

A7(g1) = S(4(gl).1,(a1),

A7(g1) = S(4(g1),cs(gl))

A(gl) =S(4(g1),bs(g1))
3.1.Theorem

The /3 dual of sequence space r(gl)is A(gl)

Proof: Let us suppose that and y =(y,)e A(gl) for

every X = (%) e I(gl), then sup D(¥,,0) < o0
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We can write

iimD(Y%,5,.0) =imD(Y Iy, %] %10)

n

= Iinm D(Z[Xklk: ykxk]’a)
k=1

1/k

ZXKXK

=Iimmax{
n k=1
Oy
ka"‘ ’Zykxk”k}

n
< limmax
n {Z

k=1 k=1

—limM max{zn:xk”,znlka}
n k=1 k=1
Where M = max{M,,M,}
1/k _ Uk
M, =Slip‘¥k‘ M, =Sldp\yk\
lim D(Zn:ikyk,ﬁ)s lim MD(Zn)ikﬁ)
n k=1 " k=

= MD(3 %,,0) =M D(X,,0) <
k=1 k=1
Therefore, we get X, y, e cs(gl) Hence (§,)eT”(gl)

A(gh) =T"(gl) (6)
Let§ = (¥,) eI’ (gl) then Y D(X,,,0) converges for
every X =(X,) e T'(gl)

By theorem 2.2, D(J,,0) is bounded.

sup D(¥,,0) is bounded, then y = (¥,)e A(gl)

r’(gl) < Adgl) )
From (6),(7) I/ (gl) = A(gl)

3.2. Theorem. T“(gl) =T’ (gl) =T7(gl) = A(gl)
Proof: From theorem 3.1, T/ (gl) = A(gl)

From theorem 2.3 and theorem 2.4

r(gl) =T’ (gl)=T"(gl)
Hence T“(gl) =T7(gl) =T"(gl) = A(gl)
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