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Abstract

An orthogonal double cover (ODC) of a graph H is a collection

G =1{G, : veV(H)}of |V(H)| subgraphs (pages) of H, such that they cover every
edge of H twice and the intersection of any two of them contains exactly one edge.
An ODC g of H is cyclic (CODC) if the cyclic group of order |V (H)| is a subgroup
of the automorphism group of G. In this paper we are concerned with CODC of
circulant graphs by a special class of trees and a special class of connected graphs.
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Introduction

All graphs we deal with are undirected, finite and simple. Let H be any regular graph,
and let G = {G,, Gl,---,G|V(H)|_1} be a collection of |V (H)| subgraphs (pages) of H.
The collection G is an orthogonal double cover (ODC) of H if (i) Every edge of H is
contained in exactly two of the pages in G, and (ii) For any two distinct pages G; and
Gi € G, |E(G) n(G;)| =1, ifand only if i and j are adjacent in H.

If all pages are isomorphic to a given graph G, then G is an ODC of H by G.
According to the obvious properties of ODCs by a graph G, the underlying graph H
has to be |E(G)|-regular. This concept is a generalization of the definitions of an
ODC of complete graphs and complete bipartite graphs, which has been studied
extensively [1]- [2]. EI-Shanawny et al. studied extensively the ODC of complete
bipartite graphs; see [3, 4, 5, 6]. An effective method to construct ODCs in the above
cases was based on the idea of translate a given subgraph G by a group acting on
V(H). If the cyclic group of order |V (H)] is a subgroup of the automorphism group
of G (the set of all automorphisms of G), then an ODC G of H is cyclic (CODC).
Therefore, the circulant graph is of special interest.
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For a sequence {d;, d>, ..., d; } of positive integers with
1<d,<d;<--<d,<|n/2], the circulant graph Circ(n;{d4,ds,...,dy}), has
vertex set Z, = {0,1,...,n — 1}; two vertices v, and v, are adjacent, if and only if
v, — v, = +d; (mod n), forsome i, i € {1,2,--, k}.

For an edge {vy,v,} in Circ(n;{dy, d,, ...,di}), the length of {vy,v,} is
min {|v; — v, |,n — |v; — v, |}. Given two edges e; = {uy, u;} and e, = {vy, v;} of
the same length [ in Circ(n;{d,, d>, ...,dy}), the rotation distance r(l) between
e;and e, is (1) = min{r;,ry: (ug +r) (U + 1) = ey, (Vg +1)(V +13) =eq},
where addition and difference are calculated inside Z,,. Note that if r(l) = [, then the
edges e, and e, are adjacent; if r(1) # [, then the edges e; and e, are non adjacent.

Throughout the paper we make use of the usual notation: K,, for the complete
graph on n vertices, K, , for the complete bipartite graph with independent sets of
sizes m and n, P, for the path on n vertices, C,, for the cycle on n vertices, D U F for
the disjoint unionof D and F, D UY F for the union of D and F with a common
vertex v belongs to F and D, and D Ul*P} F for the union of D and F with a
common edge {a, b} belongs to F and D. Other terminology not defined here can be
found in [8]. The paper is organized as follows: section 1.1, describes the technique
that can be used throughout, section 2, constructs a CODC circulant graphs by a
special class of trees and section 3, constructs a CODC circulant graphs by a certain
connected graphs.

1.1. CODC of circulant graphs
Consider the complete graph K,, = Circ(n; {1,2, ..., |n/2]|}). The authors of [9]
introduced the notion of an orthogonal labelling. Given a graph G = (V, E) with
n — 1 edges,al — 1 mapping ¥:V — Z, is an orthogonal labelling of G if the
following conditions are satisfied:

i. Foreveryle{1,2,..,|(n—1)/2]}, G contains exactly two edges of length [, and
exactly one edge of length (n /2) if nis even, and

ii. Foreveryle{1,2,..,|(n—=1)/2]}, vr(1) ={1,2,...,|(n—1)/2]}.

The following theorem of Gronau et al. [9] relates CODCs of K,, and orthogonal
labellings.
Theorem 2. ([9]) A CODC of K,, by a graph G exists if and only if there exists an
orthogonal 2abeling of G.

Sampathkumar and Srinivasan [7], called an orthogonal {1,2, ..., |[n/2]}-labelling
and generalized it to an orthogonal {d,, ds, ..., d; }-1abelling, where {d4,d, ..., d} } IS
a sequence of positive integers with 1 < d; < d, < --- < di} <|n/2].

(i) Either nis odd or even and d;, # n/2:
Given a subgraph G of Circ(n; {d4,d>, ..., di }) with 2k edges, a labelling of G, in

Zn, is an orthogonal {d4, d, ..., d;, } —labelling of G if:
a) Foreveryl € {d4,d,, ..., dy }, G contains exactly two edges of length [, and
b){r(D:l €{dy,dy,...,d; } ={dy,d>, ..., d; }.
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(i)nisevenand d, =n/2

Given a subgraph G of Circ(n;{d4,d>, ..., dr_1,n/2}) with 2k — 1 edges, a
labelling of G, in Z,,, is an orthogonal {d,, d>, ..., dx_1,n/2}-labelling of G if:
a) Foreveryl € {d4,d,, ...,dr_1}, G contains exactly two edges of length [, and G
contains exactly one edges of length (n/2), and
b) {r(D:1le€{dsdy, ..., dr_1}, = {d1,d>, ..., dr_1}, The following theorem of
Sampathkumar and Simaringa [7], is a generalization of Theorem 2.

Theorem 3 ([7]) A CODC of Circ(n; {d4, d>, ..., dy}) by a graph G exists, if and only
if there exists an orthogonal {d, d», ..., d; }-labelling of G.

2. CODC:s of circulant graphs by tree T(w, w4, w;)
Let w>1 be the number of edges of the path P, .1 =: Xox1X =" Xpy_1 Xy

and w;, w, =1 be the numbers of edges apart from the path P, that all attached
to the vertex x, and x,, respectively. This tree will be denoted by T(w, w4, w;) as in
figure 1. In the following theorem we prove the existence of CODCs of circulant
graph by the tree for 1 <w <5.

Figurel T(w,wy,w,) withw; =j andw, = k

Theorem 4. Letn,l,w,w; and w, be positive integers, then for
1 <w < 5thereisa CODC of cir(n; D) by T(w,w,,w,), where

pefi:1<i<|3}

Proof. For each case of w we will define the vertices of T(w,w,,w,) that construct
orthogonal- D labeling of T (w, wy, w,).
Casel. w=1,n=>8 w; =3, wy=n-—"7and

D = {l 1 1<1< BJ L # 3}, the vertices of T(w,w,,w,) are labelled by

Yx)=i+1: 0<i<1,

0, if j=1
Ypw)=4 3 i j=2

Y(wg)=n—-1—-k: 1<k<n-7.
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Then the edges of length 1 are {y¥(u,), Y (xy)} and {(xy), ¥ (x;)}; those of length
2 are {Y(xy), ¥(uy)} and {Y(usz), Y(xy)}; those of length I where 4 <1 < |n/2]
are {Y(xx1), Y (Vn-1-3)} and {(vi-3), P (x1)}.

Case2 w =2

Subcase2.1. n=2m, m=>5w; =2, w, =2m-—9 and
D={l:1<lI<mandl ¢ {2,3}}, the vertices of T(w, w;,w,) are labelled by

m+2, if i=0;
Yy =4 L if i=1
m, if i=2,

_(m+3, if j=1;
""(“i)_{mﬂ, if j=2,

Yg) = m+3+k: 1<k<2m-7:k¢&{m—4m-2}

Then the edges of length 1 are {y(x,), ¥ (uq)} and {¥(u,), Y(xy)}; those of length

m—1 are {Y(x1), ¥(xy)}and {Y(x,), Y (x,)}; those of length I where

{4<sl<sm: l#m-1} are {P(x2), Yp(v-z)} and {P(vy—1-3), P(x2)}.
Subcase2.2 n=2m+1, m=>=5 w; =2, w,=2m-—38

andD ={l: 1 <l <mand!l + 3}}, the vertices of T(w, w;,w,) are labelled by

m+2, if i=0;
Y(x;) = 1L, if i=1
m+1, if i=2,

_(m+4, if j=1;
w(uj)_{ m, if j=2,

Y(vg) = m+4+k: 1<k<2m-—6:k¢&{m-3,m-2}

Then the edges of length 2 are {W¥(x,), ¥ (uy)} and {Y(u,), Y(xy)}; those of length
mare {¥(x,),Y(xz)}and {1(xy), Y (x,)}; those of length | where
4<l<=m-—1 are{Y(x),P(vi_z)} and {Y(vn_1-3),P(x2)}.
Case3 w =3
Subcase3.1. n=2m, m>3 w; =2, w, =2m—7 and
D ={l:1<1<m-— 1}, the vertices of T(w,w,,w,) are labelled by
1, if i=0;
m, i i=1;
YD = 3 om -1, i; i=2;
m+1, if i=3

_ (0, if j=1
¢@0‘{z if j=2
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Y(wg)=m+2+k: 1<k<2m-3:k¢é¢{m-3,m—-2,m-—1,m}.

Then the edges of length 1 are {W(u,),¥(xy)} and {¥(xy), Y (u,)}; those of length
m—1 are {(xy), Y(x1)} and {Y(xy), Y (x;)}; those of length [ where
2<l<m-—2 are{Y(x3),P(v—1)} and {Y(vn_1-1), P(x3)}.

Subcase3.2. n=2m+1 m>3 w; =2, wy,=2m—7and
D ={l:1<1<m-— 1}, the vertices of T(w, w;,w,) are labelled by
(1, if i=0;

_ m, if i=1;
VD =0m Z1, if =2
\m+1, if i=3,

(0, if j=1,
V) =1y i =2

Y(wg)=m+2+k: 1<k<2m-2:k¢é¢{m-3m-2,m—-1mm+ 1}.

Then the edges of length 1 are {y(uy), ¥ (%)} and {¥(x,), Y (u,)}; those of length
m—1 are {¥(xy),Y(x1)}and {Y(x,), ¥ (x;)}; those of length [ where
2<l<sm =2 are {Y(x3), (v} and {(P(vn_1-1), P (x3)}.
Cased. w =4
Subcase4.l. n=2m, m>4 w; =1, w, =2m—8 and
D={l:1<l<mandl+ m— 2}, the vertices of T(w,w;,w,) are labelled by
( m, if i=0;
1, if i=1;
Y(x;) = 2, if i=2
m+2, if i=3;
0, if i=4,
Yuy) =m-—2,
Y(wg)=k+2: 1<k<2m-5ké{m—4m—2,m}.
Then the edges of length 2 are {y¥(x,), ¥ (x;)} and {y(x;),¥(x,)}; those of length
2are {1(xo), P (x3)} and {1 (u1), 1 (x0)}; the edge of length mare {(x,), P (x3)};
those of length [ where {3<I<m-—-1:1l+m—-2} are{y(xy),Y(v,_,)} and
{Y(vn-1-2), P(x4)}-
Subcased4.2. n=2m+1 m>3 wy; =1, wo,=2m-—7
and D = {[:2 < | < m}, the vertices of T(w,w,,w,) are labelled by
(m +2, if i=0;
1, if i=1;
pad={ m i i=2
|2m—1, if i=3;
km +1, if i=4,
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lp(ul):zi
Y(wg)=m+k+2: 1<k<2m-2:ké{m-2,m—-1mm+ 1}

Then the edges of length m — 1 are {¥(x;), Y (x,)} and {Y(x,), Y(x3)}; those of
length m are {(uy), Y (x0)} and {y(x,), Y (x,)}; those of length [ where
2<l=m—2 are{(xy),P(-1)} and {P(vy-1-2), P(xa)}.

Case5. w=5,n>10, w; =1, w, =n—-9and

D = {l: 1<I< BJ and | # 4}, the vertices of T(w, w;, w,) are labelled by

(5, if i=0;

4, if i=1;
1, if i=2;
YE) = o if =3
0, if i=4
\ 2, if i=5,
l/)(ul) = 61

Y(wg)=n—2—-k: 1<k<n-09.

Then the edges of length 1 are {¥(xy), ¥ (uy)} and {(x;), Y (x,)}; those of length

2 are {(x,), ¥ (xs)} and {1 (x3), P (x4)}; those of length 3 are {¥(x,), ¥ (x;)} and
{Y(x3),¥(x,)}; those of length I where

5 <1< |3] are (i) W(xs)} and {Pxs), Y(wnoi-a)}

3. CODCs of circulant graphs by certain connected graphs

Theorem 5 For any positive integer n > 1, here exists a CODC of 4n-regular
Circ(4n+2; {1,2,..,2n}) by Ky 5n—p U2 K, 5.
proof Let us define y:V ( Kz z2n—2 U2 Ky5) = Zansa DY

2n+1+i, if 0<i<n-1;
i+ 2, if n<i<2n-—2;
1, if i=2n-1;
Yol =y o if i = 2n;
3n+ 2, if i=2n+1;
\ 3n+ 3, if i=2n+ 2.

Then the edges of length [ where 1<I<n—-1 are {Y(vy) ¥(v;)} and

{Y(o), Y(von—i-1)}; those of length n are {¢(v1), Y (van41)}  and
{W(Wan-1), Y (vons2)};  those of length n+1 are {1 (v1), Y (vzn42)} and
W (-1, Y (Vans1)}b those of length l where

n+2<l<2nare{Y(Von_1+1), Y (2n)} and  {P(vyn), P(v—2)}. For every L€
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{1,2,...,2n}), Ky on—» U?™*% K, , contains exactly two edges of length [, and since
every two edges of the same length are adjacent then {r(l) ={1,2,3,..,2n}:l €
{1,2,3,...,2n}} and hence Kj,,_, U*™*?K,, has an orthogonal labelling. By
Theorem 3, there exists a CODC of 4n-regular Circ(4n+ 2; {1,2,...,2n}) by

Kyonp U2 K, forn> 1. [

Theorem 6 For any positive integer n > 7, there exists a CODC of (n — 1)-regular
Circ(n; {1,2, ..., [n/2]}) by (Cs U4 K) U+ K, g
Proof Let us define y: V ( (Cs Ui K3) US4 K, ,, ) - Z,, by

a, if i=0;
Yy, =3a+i+1, if 1<i<5;
a+i+2, if 65i<n-3,
where a € Z,.

Then the edges of length 1 are {y(v3), ¥ (v,)} and {Y(vs), Y (v,)}; those of length
2 are {(vo),P(v1)} and {ip(v1),¥(v3)}; ; those of length 3 are {(vy), Y(v,)}
and {(v2),Y(vs)};  those of length 4 are {i(vo), YP(v3)} and {Y(v3), ¥ (ve)}:
those of length [ where 5<1<]|n/2| are {Y(v3),Y(v42)} and
{W(W3), Y(vnois2)} For every L€ {12,..,|n/2]}), CsU ™Kz UKy, ¢
contains exactly two edges of length I, and since every two edges of the same length
are adjacent then {r() ={123,..,|n/2|}:1€{1,2,3,...,|n/2|}} and hence
Cs U K3 U K, g has an orthogonal labelling.
By Theorem 3, there exists a CODC of (n — 1)-regular Circ(n; {1,2, ..., [n/2]}) by
(Cs v@at g ) uatt K, g forn>7. [
As a special case, if n =8, we construct CODCs of Circ(n; {1,2,...,|n/2]}) by
(CS ylewa+4} K3).

The following theorem constructs a CODC of circulant graph by the complete
bipartite graph K 5.
Theorem 7 For any positive integer n > 1, there exists a CODC of 4n-regular
Circ(4n + 2; {1,2,...,2n}) by K; 5.
Proof Let us define Y:V ( Ky27) = Zgnyo DY

n+1+i, if 0<i<n-1;
n+2+i, if n<i<2n-—-1;

a, if [ =2n;
a+?2n+1, if i=2n+1,
where @ € Zyp4o-
Then the edges of length | where 1<i<n are {Y(Vyns1), ¥(v—)} and
{W(Wons1), W(W4n-1)}; those  of  length [ where n+1<1<2n
are {Y (v2n), Y(vi—n-1)} and  {Y(v2,), P(v3n-)}. For every L€ {1,2,..,2n}),
K, », contains exactly two edges of length I/, and since every two edges of the same

Y(v;) =
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length are adjacent then {r() = {1,2,3,...,2n}:1 € {1,2,3,...,2n}} and hence K, ,,
has an orthogonal labelling. By Theorem 3, there exists a CODC of 4n-regular
Circ(4n+2; {1,2,....2n}) by K ,p, forn > 1. [
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