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Abstract

This work is a continuation to the work on Precise Estimates in [3] and
the work on Approximation Theorems in [2]. Here we have proved that the
Euler approximation of the S.F.D.E. considered in [2] and [3] is in fact nu-
merically stable and weakly consistent.Note that here we have used the same
introduction, notations and definitions as in[2] and [3].

0.1 Numerical stability

Here we shall define what is meant by L2-numerical stability and we shall show
that the Euler approximation X™ of the solution x of the S.F.D.E. (1.11) in [3] is
L2-numerically stable.

1 Definition. Let X™ be the Euler approximation of the solution x of the S.F.D.E
(1.11) in [3] with X7(0) = 2(0) = V and X™(s) = z(s) = 0(s) Vs € [—1,0). Also
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let Z be the unique solution of the S.F.D.E. (1.11) in [3] obtained by replacing (V, )
by (V,0) where V € £2(Q, T, P;R") and § € £%(J x Q,H(J) ® Fp, A @ P;R").
Let X be the Euler approximation of the solution z with X(0) = z(0) = V
and X(s) = z(s) = 0(s) Vs € [~1,0). Then we say that the approximation
X™(t) is L2—numerically stable if E{[|(V,0) — (V,0)[*} — 0 as § — 0 implies
SuPg<i<o B {|[(X™(t), X7) — (X (), X¢)[|?} — 0 as 6 — 0.

2 Proposition. Using the same notation and settings in the above definition the
Euler approzimation X7 (t) is L2-numerically stable.

Proof. 1t is easy to see that
E{|X7(t) - X()]"}
< SE{|X7(t) — x(t)]} + 3E{|z(t) — 2(t)[*} + 3E {|X () — 2(t)*} (0.1)

and

E{||[X] — X[’} < BE{||X] — o[’} + 3E {||z, — &||*} + 3E {||X; — z*} (0.2)

Now by combining (0.1) and (0.2) and using ([?]Theorem (2.1) and inequality (1.35))
we get for each ¢ € [0, a

E{]|(X7(1), X7) — (X (), X[}

< BE{[(X7(t), X[) — (x(t), )"} + BE{[|(x(t), ze) — (2(t), 7o) [}
+3E{[[(X(t), X;) — (z(t), {Z’)II }

< K70+ KSE{[[(V.0) — (V,0)|*} + Koo, (0.3)

where K7, Kg and Kq are constants independent of 9.
Now since (0.3) holds V¢ € [0,a] , we have

sup B {[(X7(t), XT) — (X(1), X0)|I*}

0<t<a

< (K7 + Ko)d + KE{||(V,0) = V,0)|°} . (0.4)

Now suppose that E{||(V,0) — V,0)|*} — 0 as § — 0, then by (0.4) it is easy
to see that sup E {||(X"(t), X]) — (X(t), X;)||’} = 0 as § — 0. Hence the Euler
0<t<a

approximation X™(¢) is L2-numerically stable. O

0.2 Weak Consistency

We say that the Euler approximation X™ of the solution of the S.F.D.E (1.11) in
[?]with maximum step size § is weakly consistent if there exist a nonnegative function
C(9) with

lim C(5) =0 (0.5)

6—0t
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such that:

X (teg1) — X7 (tr) x .
E{‘E( uax A, b |3:tk> — f(te, X (tk)7th)

} <c@) (00
and
B {\E (Ai (X7(tis) — X7 (0)) (X7 (tesr) — X7(0)" | fﬂk)

— g (tr, X7 (t8), XT) g (5, X7 (84), XT) "

} < cw) 0.7

for all fixed values of X™(t;) and k =1,2,--- ;m.

3 Proposition. The Euler approximation X™ of the solution process of the S.F.D.FE.
(1.11) in [?] is weakly consistent. In other words X™ satisfies (0.5), (0.6) and (0.7).

To prove Proposition 3 we need the following lemma which we have established by
suitable modifications of Theorem 4.5.4 in [7]

4 Lemma. [f X™ is the Euler approzimation of the solution of the S.F.D.E. (1.11)in
[?], then

sup E {[|(X7(u), X)II"'} < CL (VI + [10]% + 1) e, (0.8)

0<u<t

where p is any positive integer and C1 is a constant depending only on K, a and p
and not on 9.

Proof. Consider the S.F.D.E.

X™(t) = V+ /t M (u)du + /tg”(u)dW(u) ifo0<t<a
X™(t) = 6(t) if —1<t<0, (0.9)

where for each u € [0, a,
fru) = f (th”(tk),XZ;) = fi(u), and g¢"(u)=g (tkaXﬂ(tk)aXZ;) = gr(u)

for some k£ € N, such that 1 < k < m, and t; < u < t;y1. Equivalently the above
S.F.D.E. can be written as

dX™(t) = fr(O)dt + g ()dW () 0<t<a
X™(t) = 0(t) if —1<t<0. (0.10)
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Now let ¢ € [0, a], then by It6 formula we get
WP = s [ ol s
0
+ [ vl = DX s
+ /Ot 2p|X”(s))]2p’2X”(s)g”(s)dW(s). (0.11)

Now since ¥(s) = 2p|X™(s)[*72X™(s)g"(s) € L2[0,a] fore all s € [0,a], then by
properties of the Ito integral we have Efotw(s)dW(s) = 0 for each t € [0,a]. Now
by taking the expectation on both sides of (0.11) and using the definition of f™ and
g™ and the linear growth condition on f and g and the continuity of X7 (s) and X7
for all s € [0,a] and the inequality 6P~ (b? + 1) < 1+ 2b?” we find that

E[X7(1)[*

t
= VI B [ 20X () 27 () (s)ds
0
t
+E [ plop - DIXT P2 (o) ds
0
t
<WVIP -+ [ 20 sup BIXT()P7 21X ()1 (X7(5)| 4+ [XF] + 1) du
0 0<s<u

t
+ [ ap(ap = 1) sup EIXT(s)PP 22 (X () + XTI+ 1) du
0

0<s<u

t
< ||V||2f”+/0 2p sup E|X7(s)[?2K (|X7(s)]> + | X7|]2 +1)° du

0<s<u

t
3 [ b= 1) sup BT DK (X + X7 + 1) du
0

0<s<u

t
< IVIF 43002+ (K +52) [ sup BIX™(0)7 (X7()F + X2+ 1) du

0<s<u

t
< ||V|I* 4 6p(2p + 1)(K + K?) /0 sup (BE[X™(s)|* + 1)du

0<s<u

t
+3p(2p+1)(K—i—K2)/ sup E|[X7(s)[*2[| X7 || %du. (0.12)
0

0<s<u

Now we shall show in steps that inequality (0.12) is also true if we replace the left
hand side by supg<,<, E|X™(s)|*” which is equal to E|X™(s0)|* for some s, € [0, a].
In other words we want to prove the following inequality

t
sup E|X™(s)[** < [|[V]|** + 6p(2p + 1)(K + K2)/ sup E(|X7(s)[* + 1)du
0

0<s<t 0<s<u
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t
+3p(2p+1)(K—|—K2)/ sup E[X7(s)|*72|| XT||*du. (0.13)
0

0<s<u

Step 1: we know that inequality (0.12) is true with ¢ replaced by sq in both sides of
the inequality.

Step 2: Now step 1 is also true if we replace sq in the right hand side by ¢ and leave
so in the left hand side as it is .

Step 3: Now replace E[X™(sg)|* by supy< <, E|X™(s)|*” to get the required inequal-
ity namely (0.13).

We also have

t
[ sup ELXT ()27 P
0

0<s<u

t s
< / sup E|X7(s)[22 / X7 () Pdr du
0 -1

0<s<u

0 0
< // sup E|X™( )|2p—2|X”(r)|2drdu+E/ / | X™ ()|~ X™(r)|2dr du
0 —1J-1

s€[0,u]

0 0
< / / sup E (|X7(s)[*” + | X™(r)|*) dr du + 2E/ / | X™(s)[*Pdudu
0 —1J-1

s€[0,u]

< 2||6’||2p—|—2// sup E|X7(s)[*dr du
0

0<s<u
< 2H9H2p—|—2t/0 Sup E|X™(s)|**du. (0.14)

Now by combining inequalities (0.13) and (0.14) we get

t
sup E|X™(s)|?* < ||V||* +6p(2p + 1)(K + K2)/ sup (E|X™(s)|* + 1)du
0

0<s<t 0<s<u

+6p(2p + 1) (K + K2)||6]/*

t
+6p(2p + 1)(K + K? / sup E|X7(s)|*du
0

0<s<u

IN

)
)t
6p(2p + 1) (K + K2) (|[V||* + [|6]|*" + 1)
+6p(2p + 1) (K + K*)t
)

t
+6p(2p + 1)(K + K? (t—i—l)/ sup E|X7(s)[*du
0

0<s<u

IN

6p(2p + L) (K + K*)(t + 1) (VI + 0] + 1)

+6p(2p + 1)(K + K*)(t + 1) /Ot sup E|X™(s)|*du. (0.15)

0<s<u
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We also have for each ¢ € [0, a
t
BIXFIP < [0+ [ BIXT ()PP
0

t
< ||0||2p—|—/ sup E|X™(s)|*du (0.16)
0

0<s<u

Now by using the same steps used to get (0.13)we find that

t
sup BLX7| < 6+ |
< 0

0<s<u

up E|X7(s)|[*du. (0.17)
<

S
0<s<u

By combining inequalities (0.15) and (0.17) and using the inequality
(b+c)? < 2@r=D(p2 4 2 < 2P0 (h + )% we get

sup E ||(X™(s), X:)HZP

0<s<t

< 2770 sup E (|X7(s)[* + | XD)[*)

0<s<t

< 5(75)(IIVIIQJ"”r||9||2p+1)Jrﬁ(lt)/0 sup E|X7(s)[*du

o 0<s<u

IN

B (VI + 0] + 1) +6(t)/0 sup E [[(X7(s), X)[|* du, (0.18)

0<s<u

where () = [6p(2p + 1)(K + K?)(t + 1) + 1] 22771, Now applying Gronwall’s in-
equality to (0.18), using B(a) instead of B(t) we get, for each t € [0, al,

sup E|(X7(s), XD < Co (VI + 6% + 1) e, (0.19)

0<s<t

where C = f(a) is a constant independent of §. Thus we have

sup BJ[(X7(s), X)|” < O (VI + 6] +1) (0.20)
where C' = B(a)e®”@ is a constant depending only on K, p and a. O

Proof of Proposition 3. Now by using estimate (0.20) and the definition of X™ and
the properties of the conditional expectation we shall prove that X™ satisfies (0.6).
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For each k € {1,2,...,m} we have, with AW = W (t341) — W (tx),
X™(tgsr) — X7 (t ?
‘ {‘E( e =X 5 ) o, 700, X) }

Ay

- E(’E (f (tk7X7T(tk>7XZL) Ay —Ag (thﬂ(tk),Xg;) AW ‘ fﬂk)
k

)

(Wtrsr) — W(ts))

= E(‘Eg(tk,X”(tk),X;;) A | T, )
o R e EXY

= 0=1c(0) say. (0.21)

Notice that, to get the last step of inequality (0.21) we have used the fact that
E {(W(tyt1) — W(ts)) | F,} =0and E ’g (tk,X’T(t;c),Xt’;H2 is bounded by a con-
stant because of (0.20). Thus X" satisfies inequality (0.6).

Next we shall prove that X7 satisfies inequality (0.7):

{‘E( (X" (trg1) — X™t) (X7 (Errr) — X7 (1)) }?tk>

7}

X7) A+ g (e, X (t), X7) AW}

— g (tk, X7 (tx), X7.) g (te, X" (tk), X7 )

~—

)

1
:E{‘A—kE ({F (1 X~ (1),
— g% (b, X7 (), X7) ‘2
= E{[/* (1, X7 (1), X7,)
)

+° (te, X" (te), X7

k

— =

W (tre1) — W(te)* | Fo,

k

2 (tr, X™ (), X77) g (te, X7 (tr), X7 ) AikE (W (tks1) = W(tr) | T,

_92<tk7 ‘ }

=E{|f’ (tk,X”tk )A
+9% (tr, X™ (), ) k W (tesr) — W (t))?

¢ (s X7 (1), X7, )| }
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=E{|f? (tr, X" (tx), X]) Ay,

1

+g2 (tk,XW(tk),X;l) {A_kE (W(tk_H) — W(tk))g | fﬂk — 1}

2}
=E {‘fZ (tk,XTF(tk),XZ;) Akf} (as E [(W (tk+1> - W (tk))2 | “Ttk] = Ak)
<E|f (tk,X“(tk),Xz;)fAi
<E{K (I X"(te)| + | X1 || + 1)}4 6% (by the linear growth condition on f)
<25 s B9, XD]"+1) 0

0<s<tg
<2TK'C(IVII* +[16]* + 1) 6> (by estimate (0.20))
= co(d) say. (0.22)
Clearly, c2(0) — 0 as § — 0. Let C(§) = max{ci(d),c2(6)}. Hence C(6) —
0 as & — 0. Thus inequalities (0.5), (0.6) and (0.7) are satisfied with C'(§) =

max{c1(0),c2(6)} = 2TK*C (|[V||* + [|0]|* + 1) 6*. Hence X™ is weakly consistent.
[

0.3 Remarks:

(a) All the results which we have established in this work can be extended by
replacing the Brownian motion W by another process Z : [0,a] x Q@ — R
which is a continuous martingale adapted to {J;}.cp, and has independent
increments and satisfies with some constant K the inequalities

E[Z(t) — Z(9)]|Fs| < K(t—s) and
E(]Z(t)—Z(s)|2]?S)gK(t—s) for 0 < s <t<a.
Observe that the above properties of Z which we have just mentioned are the

only properties of W which we have used (in case of Brownian motion) to
prove the results which we have obtained in this work.

(b) The Numerical Stability 0.1 and The Weak Consistency 0.2 can be extended to
a processes f', g : [0,a] x R" x L*(J,R") — L(R™,R") (m,n € N) instead
of the processes f,g : [0,a] x R" x L*(J,R") — R™ (n € N), and instead
of the Brownian motion W we use the process Z : [0,a] x € — R™ which is
a martingale adapted to {J;}sc(0,q), continuous on [0, a], and has independent
increments and satisfies for some constant K the inequalities

[EIZ(t) = Z()||F| < K(t—s) and E(|Z(t) — Z(s)[*|F.) < K(t —s)
for0<s<t<a.

(c) All the lemmas and theorems in this work hold for any delay interval J =
[—r,0) (r>0).
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