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Abstract

In this paragraph we give a full description of regular elements of the semigroup B, (D), which are defined by
semilattices of the class X, (X,8). For the case where X-is a finite set we derive formulas by means of which we can

calculate the numbers of regular elements of the respective semigroups. In this subsection it is assume that Z, # &
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1. We call an element « taken from the semigroup B, (D)a regular element of the semigroup B, (D) if in
B, (D) there exists an element g suchthat ¢ofoa =« .

Definition 1.1. The one-to-one mapping ¢ between the complete X — semilattices of unions D’ and D" is called a

complete isomorphism if the condition go uD U gn |s fulfilled for each nonempty subset D, of the semilattice
T'eDy

D’ (see Definition 6.3.2 of [1] or Definition 6.3.2 of [2]).

Definition 1.2. Let « be some binary relation of the semigroup B, (D). We say that the complete isomorphism ¢
between the complete semilattices of unions Q and D' is a complete o —isomorphism if

(a) Q=V(D,a);

(b) ¢(@)=0 for eV (D,a) and ¢(T)a=T foreny T eV (D,a) (see Definition 6.3.3 of [1] or Definition
6.3.3 of [2]).

Now assume that D € X, (X,8). We introduce the following notation:
We denoted Q i=(1,2,......16) the following semitattices by symbols:

1) Q ={T} where TeD

2) Q,={T,T'}, where T,T'eD, TcT';

3) Q={T. T T"}, where T,T'T"eD, TcT'cT";

4) Q, ={T,T.T"T"}, where T,T"T"T"eD, TcT' cT"cT",

5) Q ={Z,,T,T'7",D}, where Z,,T,T'T",DeD, Z,cTcT'cT"cD,

6) Q={T, T T T'UT"}, where T,T' . T"eD, TcT . T<T", T\T" =3, T"\T' 27,

7) Q={T,T T T"T"UT"}, where, TcT'cT", TcT' cT", T\T" 23, T"\T" 2 J

8) Q ={2,,7,2,,2,,2,,D}, where Te{Z,Z}

9) Q ={2,,2,.2,,2,,Z,,D},

10) Qlo={T,T TITUT T where TeT, T < T7, TA\T 23, T\T'#@, T'UT" T"

11) Q, ={2,,Z,,2,,Z,,T,D}, where T€{Z,,Z},

12) Q, ={T,. T T"T'UT"T"T'UT"UT"}, where, T T', TT", T\T"2Q, T"\T'#J,
T T, (TUT'N\T"2@, T"\(T'UT")# @,

13) Qs =1{2,.2.2,,2,,2,,Z,,0},

14) Q, ={2,.2,.2,,2,,2,,2,,0},
15) Qs ={Z,,24,25,2,,2,,2,,D},
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~ Figure.2

Denote by the symbol Z(Qi) (i =1,2,...,16) the set of all XI -subsemilattices of the semilattice D isomorphic to
Q.. Assume that D' € >Q,0,, and denote by the symbol R(D’) the set of all regular elements « of the semigroup
B, (D), for which the semilattices V (D, ) and Q; are mutually o isomorphic and V (D,a)=D’.

Definition 1.3. Let the symbol X}, (X,D) denote the set of all XI -subsemilattices of the semilattice D .

Let, further, D,D’e X'(X,D)and 9, = X}, (X,D)x X}, (X, D). It is assumed that D9, D'if and only if there
exists some complete isomorphism ¢ between the semilattices D and D’. One can easily verify that the binary
relation 9, is an equivalence relation on the set X}, (X, D).

Let the symbol Q, denote the 9, -class of equivalence of the set X} (X,D), where every element is
isomorphic to the X -semilattice Q, and

D'eQ;9
(see Definition 6.3.5 of [1] or Definition 6.3.5 of [2]).
Lemma 1.1. If X be a finite set and |Q(Q)| =m,, then the following equalities are true:

a) |R(Q) =1

b) |R(Q,)[=m (2‘T"T‘—1)-2‘X‘T";

c) |R(Q)=m (2”"” _1).(3‘”?\ _Z\Tm)_g\x\m ;

d) |R(Q,)|=m -(2‘”” —1).(3“"‘”_Z\T"\T'\).(4\T”\T~\_3\T'"\T~\).4\x\m;

&) [R(Qy)=m, (2" -1)(3" -2 ).(4\T"\w_S\T"w'\),(5\6w\_ 4\w~\).5\m\;

f) |R(Q)|=2-my- (2771 -1). (2" _1).4\X\<Tw")\;

g)| (Q )| 0.(2\T'\T\_1),2\<T~mm_(3“,,\“‘_2“"\”)' (3“””"‘—2“”’“”‘).5‘““”””‘;

) [R(Q) = 2:my (2771 1)- (3771 -2 glermed (g _gese). (g2l _geal). 6+,

) |R(Q9 )| _ 2_(2\25\27\ _1)'2‘(Zamz4)\25‘ _(3\z3\z4\ _ 2\zs\z4\).(3\z4\zg\ _ 2\24\23‘).(6‘5\(23u24)‘ _5\5\(zguz4)\).6\><\5\;
J) |R(Qm )| —9. m, _(2\T'\T~‘ _1)_(2\an'\ _1).(5‘T”\(T’UT”)‘ _4‘T’"\(T'UT”)‘).5\X\T”\ ;

k) |R(Q11)| _ 2.m0 .(Z\T\T’\ _1)‘(2\T’\T\ _1).(5“"\24\ _4T"\ZA).[6I5\T" _S\D\T\" j'GX\D :
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1) [R(Qy)|=m, (2771 -1)- (2" _1),(3\T”\<Tw>\ _ o) ),6\X\<mw>\ :

M) |R(Qu)| = (2121 1) 2B 2=l (gt _ g, (gensd _gean). (4l 3\zz\z1\).7\m\;
n) |R(Qu)|= (2\zs\zA\ _1).(2\25\25\ _1).(3\24\23\ _2\z4\z3\)_(7\f>\z1\ _6\'5\21\)_7\“5\;

0) [R(Qu)|=4-(2%%1 —1)- (222 _1). 422 (Swzz\zu_4\zz\zm).(5\znzzw_4\z1\zz\).7\mf>\

p) | R(Q1e )| _ (2\26\23\ _1).2\25\24\ .(2\25\26\ _1)'(3\23\22\ B 2\23\22\).(5\22\21\ —4‘22\21‘)8‘)(“5‘

Theorem 1.1 Let D ={Z,,2,,Z,,2,,Z,,Z,,Z,,D} €3,(X,8) and Z, = & . Then a binary relation « of the semigroup

ISSN 2348 — 7968

B, (D) that has a quasinormal representation of the form to be given below is a regular element of this semigroup iff

there exist a complete o — isomorphism ¢ of the semilattice V (D, ar) on some subsemilattice D' of the semilattice D

that satisfies at least one of the following conditions:
a) a=XxT ,whereTeD;

b) a=(YxT)U(YxT'), where T,T'eD, T<T', Y/,Y," ¢{@}, and satisfies the conditions: Y 2¢(T),
Yo ne(T) 2D,

0) a=(YxT)u(YxT)u(YixT"), where T,T,T"eD, TcT'cT", YY1 Y7 ¢{@}, and satisfies the
conditions: Y 2¢(T), YUY 29(T), Y ne(T) =D, Yine(T") =D ;

d) & = (¥ xT)U(Y xT) (Y xT U (Y2 xT"), where T, T T, T"eD, T<T' cT"cT", V7Y, Y2, Y ¢ {D}
, and satisfies the conditions: Y 2¢(T), YUY 2e(T'), YUY UYS2e(T"), YIn(T)=d,
Yo ne(T) 2D, Y ne(T") =D ;

8) a=(Y;xZ, )oYy xT)u(%ixT)u(%ixT")u(Yy xD), where Z, cT <T'cT <D, YV VY0 ¢ {2},
and satisfies  the conditions: Y 20(Z,), YUY 2p(T), YUY Y (T,
YUY UYEOYE 2 o(T"), Y ne(T) 2D, Y ne(T) 2D, Yene(T) 23, Yy, nD=d;

) a=(YxT)u(YexT)o(YixT ) u(Vim x(T'UT")), where T,T'.T7"eD, TcT' . T<T", T\T"20,
T\T' =@, Y/, Y7 Y ¢{D} and satisfies the conditions: Y,* UY;" 2 @(T"), YUY 20(T"), Y ne(T)2D,
Yo ne(T") 2D,

9)  a=(YyxT )oY xT (X )u(VeaxT )oY x(T"UT")), where, TcT'cT”, TcT'eT”, T'\T"=d,
T\T =@ YY) Y0V ¢{@} and satisfies the conditions: Y oo(T) YUY 29(T'), YUY LY 2o(T"),
YUY OYE 20(T") Y ne(T) =3, Y ne(T") =D, Yo ne(T") 2D .

h) o= (Y7 xZ, )u(% xT)u(Y xZ, )u(Y xZ, )u(Y,7xZ, )u(Ys x D), where Te{Zo,Zy}, Y YY) YY) ¢ {2}

and satisfies the conditions: Y 20(Z,), YUY 29(T), YUY uYS 20(Z,),
Y OYSOY,OY) oe(Z,), YOV OV OY 00(Z), Y ne(T)=D, Y ne(Z,)2D Y, ne(Z,)#9D,
Y nep(Z,) =D,

) a=(YxZy)u(YexZg)u (Y < Z,)u(Y xZ,)u(YxZ,)u(Y, xD), where Z,cZ,cZ,, Z,cZcZ,,
ZNZ, =D, Z\Zy =D YY) ¢{D) and satisfies the conditions: Y, o ¢(Z,), Y, UY 29(Zs)
YOV OYS 20(2,) YUY UYS 20(Z,), YEnp(Zs) 2D, Y np(Z,) %D, Vi np(Z,) %D, Yy n(D)#D;

i) = (Y xT )oY xT)O(YeExT OV x(T'UT"))u(YexT"), where TcT', T<T”, T\T"=Q,
T\T'2@, T'UT"<T" YY1 Y5V ¢ {@} and satisfies the conditions: YUY 2¢(T'), Yy UYS 29(T"),
Y np(T)2D, Y2 ne(T") =D, Yine(T")#D;
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K) @ =¥ xZ, )u(Ye xZs )U(Ye xZs ) U (Y % Z, ) U (Y xT)U(Yy xD), where Te{Z,Z}, Y/¥ YV Yy ¢{@} and
satisfies  the  conditions:, YUY 20¢(Z,), YUY De(Zy) YUY UYL LY OUYS oe(T),
Y No(Ze) =D, Y 0p(Z) 20 Y n(T)2D, Yy ne(D)#D;

1) =Y xT) oY xT )oY xT ) OV x (T'OT)) O (e xT ") U (Ve x(TTOT UT")), where T T,
TcT", T\T" 2@, T"\T' 23, T"cT", (T'UT'N\T"2@, T"\(T'UT") 2@, , Y7 Yi Yo Ve Y. ¢(2) and
satisfies the conditions:;, Y* UY” 2o(T'), YUY 2e(T") Y UYL UYioe(T"), Yine(T) =D,
Yene(T) 2D Yo ne(T") 2D,

13) a=(YxZ; )o(Y xZ (Y x 2y Ju (¥ xZ,)u(Yy xZ, ) (Y xZ,)u (Vs xD), where Zg = Z,, Zy<Z,, Z\Z,#D,
Z\Z2,#D, Z,cZ,, IL\1,#D, Z,\Z,#D, , Y/ YLV VN YEY (D) and satisfies the conditions:
Y 20(Z,), YUY 20(Zy) Y UYSUYY 20(Z), YSUYSUY) 20(Z,), YUY UYSUYS 0e(Z,),
YEno(Z)2D, Y& N p(Z,) =D, YEno(2,)%D Y no(Z,)%D;

14) a=(Y; xZ,)u(¥y xZ, Ju(Y x Zy)u (Vi )2, )u(Yy xZ, ) (Y xZ, ) (Y x D), where, Zg < Z,, VY ¥Y0 Y Y0V ¢ (2)
and satisfies the conditions: Y, UY" 29(Z;), YUY 20(Z;), Y,/ UYSUYY 20(Z;), Yo ne(Z)#D,
Y& np(Ze) =D, Y np(Zy) =D Yy k(D)= D

15) a=(Y; xZ, )oYy xZ o (¥ x ZgJu (¥ xZ, Ju(Yy xZ, )u(¥ xZ, Ju(Yy < D), where YY" Y'Y\ Y, Y, ¢ {@} and satisfies
the conditions: Y UYy 2¢(Z;), Y, Y, 20(Zs),Y, UYy UYS UY) UY, 29(Z,) YUY UYS UY UY De(Z))
Yo N@(Zg) 2D, Y Np(Zs) =D, Yy np(Z,) =D Y, ne(Z,)#9;

16) @=(Y; xZ, )oYy xZ, JoVex oY xZ )oYz oYy %2, o[ xZ, Ju(Yy xD), where, Y'Y Yo V7YY Y Y €@ and satisfiies
the conditions: Y/ 2¢(Z;) Y, UYS 29(Zs), YUY 20(Zs), Yy UV UY 20(Z;), Y, UYS LY UY,S LY, 20(Z,),
Y Np(Z) =D, Y ne(Z) 2D, Yy no(Z,) 2D, Y, ne(Z,) =D,

a) Lemmal2. Let D=(2,2,,2,2,72,2,2,D}e3%,(X.8) and Z, =@ . Then |R"(Q,)|=8.

ISSN 2348 — 7968

b") Now let binary relation « of the semigroup B, (D) satisfying the condition b) of the Theorem 1.1 In this case
we have Q, ={T,T'} ,where T,T'e D and T =T’ . By definition of the semilattice D follows that
{19} 200] (15} 70 2,0} 2,0 2,0} 2, 2 12 202 221y 2
271,24} {Z6: 24} {26, 22} {26, 20} {25, 20} {25, 25} {25, 20} {25, 20} {24, 20} {24, 20} {23, 24
Itis easy to see |®(Q,,Q,)|=1 and |2(Q, )| = 23. Assume that D] ={Z;,D}
Lemma 1.3. Let X be a finite set D=(2,7,2,2,2,2,2,D}e%(X,8) and Zz,=2. Then

R'(Q,)|= 23(2‘5‘27‘ —1).2‘“5‘ .

C') Now let binary relation « of the semigroup B, (D) satisfying the condition c) of the Theorem 1.1 In this
case we have Q, ={T,T",T"} ,where T,T",T"eD and T =T’ <= T". By definition of the semilattice D follows that

Qe ={{27,21,0}.,{27,2,,0}.,{2,,25,0},{27,24,D},{Z7.Z5,0}.{Z;, 24, D} {27, 26, 24} {27, 26, 2,5},
127,26, 20} {27,252} {27, 25, 23§ 27,25, 25§ \Z7,Z5, 21} 27,24, 25} {27, 24, 21} {27,245, 24},
{26,24,22},{26,24,21},126,24,D ,{ze,zz,D?,{z(;,zl,g“)},{25,24,;2},{25,24121},225,24,f)},

{25,25,2,},{Z5,25,D},{Z5,2,,D},{Z5,2,,5},{Z4,2,,5},{Z,,2,,D} {Z5,2,, B}}
Itis easy to see |©(Q;,Q3)| =1 and |Q(Q;)| =31. Asumme that
Dj ={2,.2,,B}, Dy ={2,,2,,B}, D ={2;,2;,B}, D} ={2,,2,,B}.D4 ={2,,25,5}, D4 = {2;,.D}
Lemma 1.4 Let X be afinite set, D:{Z7,ZG,Z5,Z‘,,23,ZZ,ZPf)}ezl(x,8) and z, =@ . Then
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—|R AR(D )| -|[R(D;) R(D;)|-|R(D;)~R(D;)|-|R(D; mR(D)|

Lemma 15 Let D={Z7,ZG,ZS,Z4,23,ZZ,Zl,D}623()(,8) and z, =@ . then

)‘:31.(2\21\27\_1).[ > —Z‘D\Zl‘j- 1+31.(2\Zz\z7\ _1).( D _2"5\22‘).3‘X\D‘+
+31_Ezz3\z7 _13_ 3\5\23\_2' .3X\D+31_£224\Z7_1. 3\5\24\_2\5\24\ .3‘X\D‘+

+31- 2‘25\27‘_1 3‘5\25‘_2‘5\25‘ ,3‘X\D‘ +31- 2‘26\27‘ —-1)- 3‘5\26‘ _Z‘D\ZG‘ ,3‘)(\5‘ 4
+31.2%\Zs| (9lzs\2e _1). 3‘5\21‘ _2‘5\21‘ gX\Bl _gq.9Z1\Ze] (9[Z5\Z4] —l)~ 3‘5\21‘ _2‘5\21‘ .gX\D|

_31.918\Zal [9l20\Ze] _1) [ 4PVZ| _ PV} gx\D| _ g ol20\Zi] .%224\27 _1).[3P'Zl _oIP\Z) gx\D)
|

_31.9Z\2e| (9lZ5\24] _q 3‘5\23‘_2‘5\23‘ .gX\D| _ 39 9lZa\Zs| [9lZ5\Z:] _q 3‘5\24‘_2‘5\24‘ .gX\D|

_31.920%e] (26| _q).[g0\2] _ 5P \Zil) glx\D]

ISSN 2348 — 7968

d’) Now let binary relation o of the semigroup B, (D) satisfying the condition d) of the Theorem 1.1 In this
case we haveQ, ={T,T’,T",T”'} where T,T' . T".T"eD andT cT'<T"<T"” . By definition of the

semilattice D follows that
Qi =1{{27,25,24,D},{2;,25,2,,D},{2;,25,2,,5},{Z;,25,24,D}{Z;,25,25,D}.{Z;,25,2,, D},

{21.25.2,,0}.{2;.24,2,,D}, {2;.2,,2,,D}, {27,23,21,[“)%,{27,25,24,22},{27,25,24,21},{z7,zs,23,zl},

(21.26.24,2,},{21. 26,24, 21} {2624, 25,0} {Z6, 24,21, D} {Z5, 24, 25,0} {Z5, 24,21, D}, {Z5, 2,2, B}
It is easy to see |<1>(Q4,Q4)| =1 and |Q(Q4)| =20 . assume

Di={2;.2,24,D}, D; ={z7,z6,zz,f3E, D;:Sz%ze,zl,bj, D, =327,25,24,@],Dg:{z7,zs,zg,5j,
D4 ={2;.25,2,,0}, D} ={Z;,25,2,,D}, D =|2;,2,,2,,D},04 ={2,,2,,2,,B}, D}y ={2;,2,,2,,D},

Lemma 1.6 Let X beafinite set, D={z,,2,,2,,2,,2,,,,Z,,D} 3,(X.8) and Z, = & . Then

Q4|—Z|R D;)R(D;)|-|R(D;)~R(D;)|-|R(D;) "R(D;)
—‘R(D )AR(DY)|- R(D )NR(D}) —‘R(D )mR 7)|-|R(Ds)R(D))[-
-[R(D{)"R(D;)|-|R(D;)"R(D;)[-[R(D; ) R(D

Lemma 1.7. Let D={Z,,Z,,Z;.2,.2,,2,,Z,,D} € %,(X.8) and z, =& . Then

\5\24\ _3\5\24\ _4\X\|5\ N

R*(Q4)‘=20' 2\26\27\ NEACARPATANY
+20.(2126\21] _q).(3f22\2el _ olz2\z6] .

+20-(2/%\%| _1).[9%\2l _ 2H21\ZBH.

4\5\22\ _3\5\22\ _4\X\D\ N

4\5\21\ _B\D\zl\ . 4\X\D\ N

+20.(2%s \27\_1 322s| _ plza\z] | 4\5\24\_3\5\24\ '4‘X\D‘+

olZs\27| _q).(3Z:\2s| _ 9lZs\Zs| ). 4‘5\23‘ _3‘5\23‘ .4‘X\D‘ 4

+20-(2
+20-(2 ‘Z \Z| ~1). ‘Zz\zs‘ \22\25‘ .

4\5\22\ _S\D\zz\ .4\x\|5\ N

+20.( 225\l _q).(32\2s| _ 22z 4\5\21\ _3\5\21\ .4‘X\D‘ N
+20.(22\%] _1). (372 _ 222\249)' 4\5\22\ _3\5\22 _4\X\|5\ N
+20.(2%\%] _1).(3%\%l _ 9l2:\24] 4\'5\21\ _3\5\21\ _4\X\5\ .
+20.(2%\2 _q).(32\%] _ 221\23; 4\5\21\ _3\5\21\ .4‘X\D‘ .
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2\26\27\ 1 3\22\24

o (
2\26\27\ 1) 3\21\24\ (3\24\26\ 2\24\26\).(4\5\21\ _3\5\21\).4\“5\
o (

( 3207 _ izl 4\0‘\22\_3\5\&\).4\“[3\
—20. 2%\l (
0.2l . (sze\m _1). 322l (gz\2) _ szz\zaw). 4\5\22\_3\ﬂ\zz\),4\X\D\
0.2\l . (szs\m 1) 3%l (3\21\24\_ 2\21\24\),(4@\21\_3\D\Zl\), 4x
0.2zl (zwzs\a 1) .32\l (3\24\25\_2\24\25\),(4\6\4\_3\f>\zz\),4\m\
0.2zl . (zwzs\a 1) .32\l (3\z4\zsw_Z\ZA\ZS\)‘(JD\A\_3\5\21\),4\X\6\
0. 9%\l (zwzs\a _1) .3nzl (3\z3\z5\_zwza\zsw).(mm\_3\6\21\).4\X\D\
0.9zl | (2\25\2\ 1) 3%zl (3\22\24\_2\22\24\).(4‘5\22‘_3‘5\22‘)‘4‘“5‘
0. 2%zl ( olz:\z 1) 322 (3\z1\z4\ \21\24\).(4\'5\21\_3\5\21\).4\X\5\
~20. \zg\za.( \zs\z\_l)@\zl\zm.( 38zl _o \zl\zsw).(zﬂﬁ\zl\_3\'5\21\).4%\5\
e') Now let binary relation « of the semigroup B, (D) satisfying the condition €) of the Theorem 1.1 .In this case
we have QS:{Z7,T,T',T”, D}, where T,T'.T"eD and Z,cTcT'cT"cD. By definition of the semilattice D

follows that _ - g _ -
" Qs :{{27,26,24,22,D},{Z7,ZG,Z4,Zl,D},{27,25,24,22,D},{Z7,25,Z4,Zl,D},{Z7,ZS,Z3,Zl,D}}.

Itis easy to see |®(Qs,Qs)| =1 and |Q(Qs )| =5 .asuume that
D{ ={Z7. 26,2425}, D} = (27.26,24,2,,D}, D§ ={2;,25,24,2,, 0},
D; ={Z7.25,24,2,,D}, D ={Z;,25,.25,2,,D}.
Lemma 1.8. Let D={Z,,Z,Z.2,.25,2,,2,,D} € Z,(X,8) and z, = . Then
1* (Q5 )| = 5.(2‘26\27‘ _ ) 3‘24\26‘ _2\24\25\) (4‘22\24‘ _3‘2 \24‘) 5‘0\22‘ _4‘5\22‘).5‘)(\5‘ +
+5_(2\ze\z7\ ) (3\24\26\ 2\z4\ze\) (4\21\24\ 3\21\24\ (5\0\21\ 45\212 5‘)(\[3‘_'_
+5.(2‘25\Z7‘ ) (3‘24\25‘ 2‘24\25 ) (4‘Z 2\Z4] 3‘2 \Za‘ S‘D\Z?‘ 4‘D\ZZ
( ) (3\24\25 2\24\25) (4\21\24\ 3\21\24\ \D\zl\ 4\0\21\ S\X\D\
+5.(2\25\Z7\ 1) (3\23\25\ 2\23\25\) 4\21\23\ 3\21\23\ ‘D\Zl‘ ‘D\Zl‘ ‘X\D‘

S\X\E‘J\

+5. 2\25\27\

f) Now let binary relation ¢« of the semigroup By satlsfymg the condition f) of the Theorem 1.1 In this case

we have Q; ={T,T".T"T'UT"}, where T,T ,T"eD and TcT ., T<T”, T\T"=&, T\T' =2 . By definition
of the semilattice D follows that

Qs9xi :{{27'ZZ'21'15}-{2716-Zs|u24}'{27'26123:21}1{2714’23:21}1{27123123"5}'
126,22.2,0},{25,25,21,0},{24,25,21,D}.{Z5, 24,25, %1}.{Z5,23,2,, D}

It s easy to see |®(Q5,Qs)| =2 and |(Qs)|=10. Assume that

Dl’:{Z7,Zz,Zl,f)}, D; :{2712112215}1 Ds :{27126!25!24}* Dj ={Z7,ZS,ZG,Z{},D§,:{Z7,ZG,Z3,Zl},
Dt ={Z7,23.25.Z1}, D ={Z7,24. 25,21}, Dy ={Z7.23,24,24}. Dy ={Z;,25,2,,D}, D} ={27,2,, 25, D},

Lemma 1.9. Let X be a finite set, D={2,,2,,2,,2,,2,,2,,Z,,D} € 3,(X,8) and z, = . If by R"(Q;) denoted all

regular elements of the semigroup B, (D) satisfying the condition f) of the Theorem 1, then

10
Q6)|=§|R M) -|R(D))R( Dl’o| IR(D; | | (D;)R(D;)|-|R(D;)R(D;)
~[R(on) R( 7|—|R 0) sI—IR D}y)|- |R AR(D;)
Lemma 1.10. Let D:{ZB,Z7,26,25,24,23,22,21,[3} (x 9) and z, =@ . Then
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R (Qy)| =20- (274 -1) (227 1 4 +20.(2‘ZG‘ZS‘—1)'(2‘25‘27‘—1).4‘“24‘ +
+20.(2%%l _q).[9%\%l 4 .4\X\Zl\+20.(2\24\23\_1).(2\23\24\_1 AN
+20.(2%'%l _1). (%2l _ D _20‘(2\z7\za\_1)‘ 2\23\24\.(2\25\27\_1)‘ Az

~10. 2‘2 o] 9l2\z| _q ) z‘zl\D‘.(2‘23\22\_1)_4‘“5‘_10.2‘21\5‘. 2‘23\22‘_1)_ D .(2\22\21\_1)‘4\X\D\_

_10.2%8'4l [9lZ6\Z3] _q) .9\l (9l25\Ze] _q .4X\zl_10.223\25.(225\26_1).226\21.(226\23_1).4X\zl_

_10.9%2 928\l _q) 922 (9l2\24] _q) 4X\2l 1.9\ (2\23\24\ _1)_2\@\21\ .(2\25\23\ _1)_ A2 _

_10.9%' (Jz0z] _q '2‘23\[3‘ _(2\z3\zz\ _1).4‘X\D‘ _10'2\23\0\ '(2\23\22\ _1).2\22\21\ .(2\24\23\ _1)'

g’) Now let binary relation o of the semigroup By (D) satisfying the condition g) of the Theorem 1.1 In this case we
have {T,T'T"T"T"UT"}, where T,T'T"T"eD, TcT'cT", TcT'<T”, T\T"=o and T"\T" =z . By defi-
nition of the semilattice D follows that

Q9 ={§z7,z4,zz,zl,D},{z7,26,22,zl,D},{zwzs,zz,zl,D},{z7,25,23,zz,f)},
Z7.25.24.23.24},{26.24,25.2,,0}.,{Z5.24,2,,Z,, D}

Itis easy to see | (Q;,Q;)| =2 and |(Q;)| =7 . Assume that

Di=12;,24.2,,2,,D}, Dy ={Z;,2,,2,,2,,D}, Dy ={Z;,24,2,,2,,D}, D} ={Z;,Z,2,,Z,,D},
Dé: Z7’Z5’ZZ’Z].’D ,Dé: Z7‘ZS‘Zl’ZZ‘D ,D%Z Z7’ZS'Z3'ZZ’D ,Dé: Z7,Z5,Zz,Z3,D ,
Dé: Z7,Z5,Z4,Z3,Zl},Dl'O:{Z7,ZS,Zs,Z4, 1

Lemma 1.11. Let X be a finite set, D={7,,2,,2,,2,,2,,Z,,2,,D} €3,(X,8) and z, =@ . If by R'(Q;) denoted all

regular elements of the semigroup By (D) satisfying the condition g) of the Theorem 1, then

10
Q)| =2 |R(D)-[R (DY) '|—|R D) |—|R JAR(D;)[-[R(D:)"R(D;)
~|[R(D})~R(D})|- |R D) - |R )AR(D})|- |R mR(D)|

Lemma 1.12. Let D:{Z Z5.25,2,,24,2,,2,,D} e X (x,s) and z, = . Then
R* (Q7 )| 14. (2\2 2| 1) 2‘ 2,0\, (3\22\21\ 2\2 \Z| (3\21\22\ _2\21\22\ ,5‘“5‘ +
+14. 2\2 \Z;] ~1). 2‘ Z,nZy)\Z4| (3\22\21\ _2\22\21 \Zl\zz\ _2\21\22\ ,5‘X\'j‘ 4

+14. 2\25\27\ _1).2\ Z,nZ\Z4| .(3\22\21\ _ \zz\z1

+14. 2\25\27\_1)_2\(zzng)\zs\. 324 _ol22\z| | (g25\2e| _ ol2\2,| -S‘X“j‘+

) Q2\2y| _olz1\Z,| .5‘“'5‘ i

+14.(27\%] _q). plZarza\zs| .(3\24\23\ _2\24\23\) 3%\ _olz:\2i]\ gX\0]

_7.90202| [ 9l26\2] _q). o[22 gf22\O] (32,2 _ olzn\zi|\ 97\D] (9202 _ Hl2:\Z, ]| gX\D)

_7.2‘24\25‘ . 2‘25\27‘ -1 .2‘(21“22)\24‘ .3‘22\5‘ . 3‘22\21‘ _2‘22\21‘ ‘21\5‘ 3‘21\22‘ _2‘21\22‘ ‘X\ﬁ‘

_7.2‘24\26‘. 2‘26\27‘ 1 2‘ Z,nZ,)\Z,| 3‘21\0‘ (3‘21\2‘ 2‘21\22‘ ‘ZZ\D‘ 3‘22\21‘_2‘22\21 ‘X\D‘

_7.2\24\25 .(2\25\27\ ) 2‘ 2,nZ,) (3‘22\21‘ 2‘22\21‘) 3‘21 )

7 olZ0\Zs| [5)Z5\Z4] [(z:n2, \ZA‘ ‘Zi\D‘ Z5\2,] _ 5[Z5\2,] ‘ZZ ‘ 2\, _ 5|Z,\Z)] ‘X\D‘
7-2 2 -1)-2 -3 3 21772 ).3 3 2 -5
_7.9Z:\ze] (2\25\27\ ) ol(210Z2)\Zs| 3‘2 \of 92\z| _olz, \21\) 3‘21\5‘ (3\23\22\_2\23\22\) 5‘X\5‘

(3\21\22\ _olz\z,|) gX\D)

S\X\D\

_7.928\%s|(9l25\Zs] _q)  plZ0Z2)\24] 3\ZS\D\ 32\2| _9l2a\2a] 4222 (3\2 A2 _olza\z4|

_7.2\25\25\'(2\25\27\ B ) 2\ Z3nZ, )\ 2| .3%\2 (3\2 A\Zo| _olze \23\) 3\ZS\D\ (3\23\22\_2\23\22)

h') Now let binary relation o of the semigroup B, (D) satisfying the condition h) of the Theorem 1 In this case

we have Q8={Z7,T,ZA,ZZ,21,I5}, where T e{Z;,Z;}. By definition of the semilatice D follows that

Qo ={{27.26,24,2,,2,,0},{27,25,2,,2,,2,, D} It is easy to see |(Qs,Qg )| =2 and |Q(Qy)|=2. If
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D} ={27,24,24,2,,2,,D}, Dy ={27,2.24,2,,Z,.,D},
D5 ={2;,25,24,2,.2,,D}, D; ={2;,25.2,,2,,2,,D}.
Lemma 1.13. Let X be a finite set, D={Z,,2,,2,2,,2,,2,,Z,D}€%,(X,8) and Z, =2 . If by R"(Q;) denoted all

regular elements of the semigroup By (D) satisfying the condition h) of the Theorem 1, then

R*(Q8)|=|R(D1’)|+|R(D§)|+|R(D3',)|+|R(D[1)|+
Lemma 1.14. Let D={Z,,Z,,Z,,2,,2,,2,,2,,D} e3,(X,8) and Z, = & . Then
R" (Qy )( _ 4.(2\26\27\ _1).(3\24\26\ _2\24\26\)_3\(zln22)\z4\ _(4\22\21\ _3(22\21))_(4\21\22\ _3(21\22))_6\X\D\ N
48581 ) (1 ). ol (gl i), (g _gein)) g0l
i') Let binary relation o of the semigroup B, (D) satisfying the condition r) of the Theorem 1. In this case we
have Q, ={Z;,25,2,,Z5,Z;, D} . By definition of the semilattice D follows that Qyfy ={Z;,Z5,2,,25,2,,D} . It is easy to see
[0(QuQs)|=L and [(Qy )| =2. If, Dj={Z;,Z5,2,,2;,2,,D] then R*(Qs)=R(D}), |R"(Q,)| =|R(Dy)| and

|R* (Qg )| _ (2\15\27\ _1)_2\(23m24)\25\ .(3\23\24\ _ 2\13\14\)_(3\24\23\ _ 2\14\13\).(6\5\21\ _S‘D\Zl‘)'G‘X\D‘ .

j') Now let binary relation o of the semigroup By (D) satisfying the condition j) of the Theorem 1. In this case
we have Q ={T. T T"T'UT"T"} where TcT, TcT", T\T"#@, T\T'=>, T'UT"<T”. By defi-
nition of the semilattice D follows that

Qudx :{{27126125124'5}1{27126123121'5}'{27124123121’5}1{27126125124122}'
(21,26.25,2,,21},{25,2,,2,,2,, B '
Itis easy to see | (Qyp,Qy)|=2 and [(Qy)|=6. If

D; ={2;,25,25,24,D}, D} ={2;,25,25,2,,D}, D3 ={2;.25,2,2,,D}, D} ={2;,25,25,2,,D},
Dé: Z7,Z4,Z3,Zl,D ,Dé: Z7,23,Z4,21,D

Lemma 1.15. Let X be a finite set, D=(,,2,,2,,2,,2,,2,,2,D} €3,(X.8) and Z, =@ . If by R*(Q,,) denoted all regular
elements of the semigroup B, (D) satisfying the condition j) of the Theorem 1, then
R (Qo)|= ZIR N=IR(B)AR(D;) =[R(B;)AR(D;)|-[R(D5) A R(DE) -[R(B;) "R (D)
Lemma 1.16 Let D={Z7,ZG,ZS,Z4,Z3,ZZ,Zl,D}eZa(X,B) and z, =@ . Then
R (Qp) =12:(2%% -1)- (2% _1).(5\0\@\ _4\s\z4\)_5\m\ 412 (2% -1 (22 _1),(5\0\4 B 4\ﬁ\zlw)_5\m\ .

+12.(2\Za‘24\ _1).(2\24‘23\ _1).(5\5‘21\ _ 4Pl gl _

_g.o%\ _(z\zs\zs\_l),z\zs\zz:\ ,(zwzs\ze\_l), 502l _ 40\l gxl _

_g. 0%\l .(Z\Zs\ze\ _1).2\26\11\ .(Z\Zs\za\ _1). 504l _ 4P\l gxol _

_6.2\24\21\,(szs\zaw_l),zwzg\zlw_(zwza\m_l)_ 50zl _ 404l gx0l _

_g. 0%\l .(2\13\24\ _1).2\24\21\ .(z\zs\ze\ _1). 50zl _ 4P\4l) gx\o|

(D

k') Now let binary relation o of the semigroup By ) satisfying the condition k) of the Theorem 1. In this case

we have {z,T,7',2Z,,T".D}, where T"e€{Z,,Z,}. By definition of the semilattice D follows that
Qudy :{{27,26,25,24,22,5},{27,26,25,24,21,5}}. Itis easy to see |®(Qy, Q)| =2 and |(Qy)=2. If
Dj ={2;,2.25,24,2,,0} D5 ={Z;,Z5,24,2,,2,,0}, Dy ={2;,24,25,2,,2,,0}, D ={2,,Z5, 25,2, 2,, D)
Lemma 1.17. Let X bea finite set, D={2,,2,,2,2,,2,,Z,.2,D} e %,(X.8) and Z, = & . then
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R (Qu)|= 4.(2\z6\zsw _1).(2\25\4\ _1).(5\zz\z4\ AT ) g0zl _ s\ﬁ\Zz\),G\X\D\
+4.(2\zs\z5\ _1).(2\z5\z5\ _1).(5\21\24\ LA ).(6\0\21\ _ S\ﬁ\zl\).ﬁ\m\

') Now let binary relation o of the semigroup B, (D) satisfying the condition |) of the Theorem 1.1. In this case
we have (T,T°T"T'UT"T"T'UT"UT"}, Where TcT', TcT", T\T"=@, T\T'28, T'cZ,
(T'UT"\T"=@,  T"\(T'UT")=&. By definition of the semilattice =~ D  follows that
Qudni ={{27,26.25.24,23,24}{27,26,25,2,,2,,0}.{Z;.24,25,2,,2,, 0}, {25, 24,25, 2,,2,, B} |
It is easy to see |<I>(Q12,Q12 )| =1and |Q(Q12 )| =4
Di=1{27,2.Z5,24,23, 2}, D, :{Z7126123122121|D}1 D; ={Z7,Z4,Z3,ZZ,21,D},

ISSN 2348 — 7968

Lemma 1.18. Let X be a finite set, D={Z,,2,,Z,2,.2,,2,,2,,D} €%,(X,8) and z, =@ . If by R’ (le) denoted all
regular elements of the semigroup By (D) satisfying the condition I) of the Theorem 1.1 then
R (Qy) =|R(D))|+|R(D;)|+|R(D;)|~|R(D;) " R(D;)|

Lemma 1.19. Let D={Z,.2,.2,,2,,2,,2,,2,,D} e ,(X,8) and Z, = . Then

2 (X,
R (Qu)| = 4-(2% 1) (2% -1 (3124 g% ) .62
( olz\z| 1) (Z\Ze\zz\ ) ( \zzlew_zwzz\zm).s\“b\ +
44 (225 1) (228 _q) (378 - szz\zlw)ﬁ\m\_
4.9 (gl ). (zwzgxzzw_l).(?,\zz\zl\_zwzz\zﬂ),ﬁ\X\D\
m) Let binary relation « of the semigroup B, (D) satisfying the condition r) of the Theorem 1. In this case we
have {z,2,,2,,2,,2,,2,,D} . By definition of the semilattice D follows that Q. ={{Z;,25,2,,25,2,,2,,0}} . It is easy

to see |®(Q Q)| =1 and |Q(Q)|=1. If D;={Z;.25.2,.2;.2,.2,,D}, then R*(Qy)=R(D]),
and
R* (le )| — (2‘25\27‘ _1) . 2‘(23“22)\25‘ . (3‘24\23‘ _ 2‘24\23‘ ) . (3‘23\22‘ _ 2‘23\22‘ ) . (4‘22\21‘ _3‘22\21‘ ) . Y‘X\ﬁ‘ ]

n) Let binary relation o of the semigroup By (D) satisfying the condition r) of the Theorem 1. In this case we

Q13| |R D1|

have {Z,,2,,Z,,2,.2,,2,,D| . By definition of the semilattice D follows that Q9 ={{Z7 Z5,25,24,25,2y, }} It is easy

to see |®(Qy,Qy)| =1 and |Q(Qy) =1. If Dj={Z;.Z5.Z5.2Z4.25.2,,D}, then R*(Qy)=R(D)),
and

Ql4| |R D1|

(Q14 )| ( \zs\zs\ ) (2\25\26\ _1)'(3\23\24\ B 2\23\24\).(7\5\21\ —6‘5\21‘)7‘)(\5‘ .
0) Let binary relation « of the semigroup B, (D) satisfying the condition r) of the Theorem 1. In this case we

have {z,,2,,2,,2,,2,,,,D} . By definition of the semilattice D follows that Qus8 ={{Z;.25,25,2,,2,,2;,D}} . It is easy

to see |®(Q5,Qus)|=4 and Qs )| =1. If Dj={2;,25.25.2,,2,,2,,D}, then R"(Qy)=R(D;),
and

R" (Qu)|=[R(DY)

R* (le )| _ 4.(2\z5\26\ _1).(2\26\25\ _1)_4\(z1mz2>\z4\ .(5\22\21\ _4\22\21\).(5\21\22\ _4\zl\z2\).7\xw‘>\ _

r') Let binary relation « of the semigroup B, (D) satisfying the condition r) of the Theorem 1. In this case we have
(2,,2,.2,,2,,2,,2,,2,,D} . By definition of the semilattice D follows that Q9 :{{27 Z6,25,24,23,2,,Z4, }} It is easy
to see | (Qy, Q)| =1 and |[(Qy6 )| =1. I D} ={Z;,Z4.25.2,,25.2,,2,, D}, then R*(Q) =R(D;), |R"(Qyq ‘:|R(D1’)|
and

R* (QIB )| — (2‘25\23‘ _1) 2‘25\24‘ ,(2‘25\26‘ _1),(3‘23\22‘ _ 2‘23\22‘),(5‘22\21‘ _4‘22\21‘).8‘“5‘ .

Let us assume that
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=R*(Q1)\+R*(Qz\ (Qs) R'(Q,)+[R (Qs)\ (Q )\ R(Q )+ ( ) (Qg)\
#R7(Qu )|+ R (Qu)] +[R(Qu)|+ R (Q )|+ R (Qu)] + Qﬁ\ (Qu )[R ()]

Theorem 2. Let DeX,(X,9) and Z, =< . If X is a finite set and R, is a set of all regular elements of the
semigroup B, (D). Then |Ry|=r,.

Number of
o | Set X Semilattice D elements of | regular
z the Semi- elements
group B, (D) | of the
semi-
group
B (D)
D ={{1},{L4}.{1,5}.{1,4,5}
1 X = {1, 2,3,4,5} ,{1, 3] 5} ,{1 2.4 5}’ 32768 2761
{13,4,5},{1,2,3,4,5}}
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