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Separation Axioms in Bitopological Spaces

R. Suganya and N. Rajesh

ABSTRACT.
In this paper we introduce and study (i, j)-b-6-R0 and (i, j)-b-6- R1 spaces.

1. INTRODUCTION AND PRELIMINARIES

The concept of bitopological spaces was first introduced by Kelly [3]. After the introduction
of the definition of a Dbitopological space by Kelly, a large number of topologists have
turned their attention to the generalization of different concepts of a single topological space
in this space. In this paper, we introduce and study the concept of weakly o8- b-continuous
functions in bitopological spaces. Throughout this paper, the triple (X, t1, 12) where X is a
set and tl1 and 12 are topologies on X , will always denote a bitopological space. For a
subset A of a bitopological space (X, tl, 12), the closure of A and the interior of A with
respect to ti are denoted by i CI(A) and i Int(A), respectively, for i =1, 2. The notion of
Ro topological spaces introduced by Shanin

[6] in 1943. Davis [2] introduced the notion of R1  topological spaces which are
independent of both Ty and T; but strictly weaker than T,. Some basic properties of the
class of Ry in topological spaces were discussed by Murdeshwar and Naimpally [5].
Bitopological forms of these concepts have appeared in the definitions of pairwise Ry and
sevic [4]. In this paper we introduce pairwise R1 spaces given by Mrsevic [4]. In this paper
we introduce and study (i, j)-b-6-R0 and (i, j)-b-6-R1 spaces.

2. PRELIMINARIES

Definition 1. A subset A of a bitopological space (X, Tl , 12 ) is said to be
(1) (i, j)-regular open [1] if A=iInt(j CI(A)), wherei#j,i,j=1, 2,
(2) (i, j)-0-open [1] if it is the union of (i, j)-regular open sets.

2000 Mathematics Subject Classification. 54D10.
Key words and phrases. Bitopological spaces, (i, j)-b-6-closed set, (i, j)-b-6-open set,
(i, J)-b-6-closure, (i, J)-b-6-kernal.
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3) (i, j)-5-b-open [7] if A Cj CI(i It (A)) Ui Int(j CI5 (A)), wherei#j,i,j=1,2.

The complement of an (i, j)-regular open (resp. (i, j)-6-open) set is called an (i, j)-regular
closed (resp. (i, j)-6-closed).

Definition 2. The intersection (resp. union) of all (i, j)-6-closed (resp. (i, j)-6-open) sets of X
containing (resp. contained in) A C X is called the (i, j)-5-closure (resp. (i, j)-o- interior) of
A and is denoted by (i, j)- Cls (A) (resp. (i, j)-Ints (A)).

Definition 3. [7] A subset A of a bitopological space (X, t1 , 12 ) is said to be (i, j)-6-b-open
if A CjCI(i Ints (A) Uilnt(j Cls (A)), wherei#j, i,j=1,2. The complement of an (i,
J)-6-b-open set is called an (i, j)- &-b-closed set.

Definition 4. [7] The intersection (resp. union) of all (i, j)-6-b-closed (resp. (i, j)-6-b-open)
sets of X containing (resp. contained in) A CX is called the (i, j)-6-b-closure (resp. (i,
J)-6-b-interior) of A and is denoted by (i, j)-b Cls (A) (resp. (i, j)-b Int; (A)). The
intersection of all (i, j)-b-6-open sets of X containing A is called the (i, j)-b-5-kernal of A and
is denoted by (i, j)-b Kers (A).

Definition 5. [8] A bitopological space (X, 11, 12 ) is said to be

(1) (i, j)-b-6-T, if for every pair of distinct points in X, there exists an (i, j)-b-6-open set of
X containing one of the points but not the other.

(2) (i, j)-b-6-T, if for every pair of distinct points X, y of X , there exists a pair of (i, j)-b-6-
open sets one containing X but not y and the other containing y but not x.

(3) (i, ])-b-0-T, if for every pair of distinct points x, y of X, there exists a pair of disjoint
(i, j)-b-6-open sets, one containing x and the other containing .

3. PROPERTIES OF (i, j)-b-6-Ro  AND (i, j)-b-6-R; SPACES
In this section, we introduce and study (i, j)-b-6-Ro and (i, j)-b-3- Ry spaces. These
axioms can be characterized in terms of the (i, j)-b- 6-closure and the (i, j)-b-6-kernal of

singletons.

Definition 6. A bitopological space (X, t1, 12) is said to be (i, j)-b-6- Ro if for every (i, j)-
b-5-open set of X contains the (i, j)-b-6-closure of each of its singletons.

Definition 7. A bitopological space (X, t1, 12) is said to be (i, j)-b-6- symmetric if for each
X,y €X,x &€(i, j)-b Cls ({y}) impliesy €(i, j)- b Cls ({x}).

Theorem 3.1. A bitopological space (X, t1, 12) is (i, j)-b-6-R¢ if, and only if it is
(i, J)-b-6-symmetric.
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Proof. Assume that (X, t1, 12) is (i, j)-b-6-Ro. Let x €(i, j)-b Cls ({y}) and U be any (i, j)-
b-56-open set such that y € U . Then by hypothesis, x € U . Therefore, every (i, j)-b-6-open
set which contains y contains x. Hence,y €(i, j)-b Cls ({x}). Conversely, let U be an(i,j)-b-
o-openset and x € U .If y €U, then x &(i, j)-b Cls ({y}), and thus by assumption, y €&
(i, D-b Cls ({x}). Therefore, (i, j)-b Cls ({x}) CU, and hence, (X, tl,12)is (i, j)-b-6-Ro.

Theorem 3.2. A bitopological space (X, t1, 12) is (i, j)-b-6-T1 if, and only if (X, 11, 12) is
(i, J)-b-0-To and (i, j)-b-0-Ro

Proof. Let x,y € X and x#y. Since (X, tl, 12) is (i, j)-b-6-To, we may assume without
loss of generality that x € G C X \{y} for some (i, j)-b-6-open set G.  Thus, X €& (i, j)-b
Cls ({y}), and so by Theorem 3.1,y € (i, j)-b Cls ({x}). Therefore, X \(i, j)-b Cls ({x}) is an
(i, J)-b-6- open set containing y but not x. Hence, (X, t1, 12) is (i, j)-b-6-T; . The converse is
Clear.

Proposition 3.3. For a bitopological space (X, tl, 12), the following statements are
equivalent:

(1) (X, 11,12)1s (i, j)-b-6-Ro space;

(2) Ifforany F €(i, J)-B6C(X ), x ¢ F,thenF CUand x ¢ U

for some U €(i, j)-BdO(X );

(3) Ifforany F €(i, j)-B6C(X )such that x € F , then F N (i, j)-b Cls ({x})= 90;

(4) If for any two distinct points x and y of (X, 11, 12), then either(i, j)-b Cls ({x}) =

(i, J)-b Cls ({y}) or (i, j)-b Cls ({x}) N (i, j)-b Cls ({y}) = 0.

Proof. (1)=X(2): Let F € (i,])-B6C(X ) and x ¢F . Then by (1)

(i, J)-b Cls ({x}) ©X\F. Set U =X\(i, j)-b Cls ({x}), then U €(i, j)-BdO(X ) with F
CUandx ¢ U.

(2)=(3): LetF €(i, J)-BsC(X ) such that x € F . Then by (2), there exists U € (i, j)-
B3O(X ) such that F CUand x ¢U . Since U €(i, j)-BsO(X ), U N (i, j)-b Cld
{3 =0andF N (,j)-b Cls ({x}) = 0.

(3)=(4): Suppose that (i, j)-b Cls ({x}) # (i, j)-b Cls ({y}) for the dis-tinct points X,
y € X. Then there exists z € (i, j)-b Cls ({x}) such that z &(i, j)-b Cls {y})
(orz (i, j)-b Cls ({y}) suchthatz &(i, j)-b Cls ({x})). Then there exists V € (i,
J)-BOC(X, z) such that y ¢V , hence x €V . Therefore, x &(i, j)-b Cl; ({y}). By
(3), we obtain(i, j)-b C13 ({x}) N (i, j)-b Cls ({y}) = @. The proof for the other case is
similar.
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(4)=1): Let V € (i, ])-Bé0O(X, x). For eachy &V, we have x#y and X & (i, j)-b Cl;s
({y}). This shows that (i, j)-b Cls ({x}) = (i, j)-b Cls ({y}). Hence by (4), (i, j)-b Cl;s
({x}) N (1,))-b Cls {y}) =0 foreachy €X\ V and hence (i, j)-b Cls ({x}) N ( UyeX
\V(i, j)-b Cls ({y}))= @. On the other hand, since V € (i, })-B6O(X )andy € X \V ,we
have (i, j)-b Cls ({y}) € X \Vand hence X \V = UyeX\V(i, j)-b Cls ({y}). Therefore,
we obtain (X\V ) N (i, j)-b Cld ({x}) = @ and hence (i, j)-b Cld ({x}) CV . This shows
that (X, tl,12) is (i, j)-b-3- Ro. 0

Theorem 3.4. A bitopological space (X, 11, 12) is (i, j)-b-6-R¢ if, and only if forany x,y €
X, (i,J)-bCls ({x}) =(i,))-b Cls ({y}) implies (i, )-b Cls ({x}) N (i, j)-b Cl5 ({y}) = @.

Proof. Suppose that (X, t1, 12) is (i, j)-b-6-Ro and x, y € X such that(i, j)-b Cls ({x}) #(i, j)-
b Cls ({y}). Then there exists z € (i, j)-b Cls ({x})such that z &(i, j)-b Cls ({y}) (orz (i,
1)-b Cls ({y}) such that z &(i, j)-b Cls ({x})). Since z &(i, j)-b Cls ({y}), there exists V €
(1, )-B6O(X, z) suchthat y&V. But z € (i,])-b Cls ({x}) sox € V. Therefore, x (i,
)-b Cls (fy}). Hence x € X \ (i, j)-b Cls ({y}) (i, )-B3O(X). Since (X, 11, 12) is (i, j)-
b-8-Ro, (i,J)-b Cls ({x}) <X\(i, j)-b Cls ({y}). Hence (i, j)-b Cls ({x}) N (i, j)-b CI3 ({y})
= @. The proof for otherwise is similar. Conversely, let V € (i,j)-BoO(X,x).Wewill show that
(i, ))-b Cls ({x}) CV. Lety gV that is,y €X\V.Thenx=yand x & (i, j)-b Cls {y}).
This shows that (i, j)-b Cls ({x})# (i, J)-b Cls ({y}). By assumption, (i, j)-b Cls ({x}) N (,
J)-b Cls {y})= 0. Hencey €(i, j)-b Cls ({x}) and therefore (i, j)-b Cls ({x}) CV .Hence
(X, 11,12 ) is (i, j)-b-6-Ro.

Theorem 3.5. A bitopological space (X, 1, 12) is (i, j)-b-3-R¢ if, and only if for any points
xandyin X, (i, j)-b Kers ({x}) = (i, J)-b Kers ({y}) implies (i, j)-b Kers ({x}) N (i, j)-b Kers
{yh = 0.

Proof. Suppose that (X, t1, 12) is an (i, j)-b-0-Ro space. Then for any points x and y in X,
if (i, j)-b Kers ({x}) # (i, J)-b Kers ({y}), then (i, j)- b CI3 ({x}) # (i, ))-b Cls ({y}).
Assume that z € (i, j)-b Kers ({x}) N (i, j)-b Kers ({y}). By z €(i, j)-b Kers ({x}), it
follows that x € (i, j)- b Cls ({z}). Thus by Theorem 3.4, (i, j)-b Cls ({x}) = (i, j)-b Cl;
({z}).Similarly, we have (i, j)-b Cld ({y}) = (i, j)-b ClId ({z}) = ((i, j)-b CId ({x}), a
contradiction. Hence, (i, j)-b Kers ({x}) N (i, j)-b Kers ({y}) = @. Con- versely, let (X, 11, 12)
be a bitopological space such that for any points x and y of X , (i, j)-b Ker({x}) #(i, j)-b
Ker({y}) implies (i, j)-b Kers ({x})N (1, j)-b Kers ({y}) = @. Assume that (i, j)-b Cls ({x})
#(, J)-b Cls ({y}).

Then (i, j)-b Kers ({x}) # (i, j)-b Kers ({y}), and therefore by assumption, (i, j)-b Kers ({x})
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N (G, j)-b Kers €y}) =@. Nowif z € (i, j)-b CI5 ({x}), then x € (i, j)-b Kers ({z}), and
therefore, (i, j)-b Kers ({x})N(, j)-b Ker;s ({z}) # @. By hypothesis, (i, j)-b Ker({x}) = (i, j)-b
Kers ({z}).Thus z € (i, j)-b Cls ({x})NG, j)-b Cls ({y}) implies that (i, j)-b Kers ({x}) =(i,
J)-b Kerd ({z}) = (i, j)-b Ker;s ({y}), a contradiction. Therefore (i,j)-b Cls ({x})#(i, j)-b Cl;
({y}) implies that (i, j)-b Cls ({x})N(, j)-b Cls ({y}) =@, and thus by Theorem 3.4, (X, tl,
12) is (i, j)-b-8-Ro.

Theorem 3.6. For a bitopological space (X, tl, 12), the following state- ments are
equivalent:

(1) (X, 11, 12) is (i, })-b-8-Ro.

(2) For any nonempty subsets A of X and G €(i, j)-B6O(X ) such

that A N G#0@, there exists F € (i, j)-B6C(X ) such that A NF=@ and F CG.
(3) Forany G €(i, j)-BoO(X ), G= U{F: F €(i, j)-BoC(X ), FCG}.

(4) Forany F € (i, j)-B6C(X ), F=N{G: G € (i, j)-B6O(X ),F CG}.

(5) Forany x €X, (i, j)-b Cls ({x}) C(i, j)-b Kerd ({x}).

Proof. (1)=X(2): Let A be a nonempty set of X and G € (i, j)-BdO(X ) such that A N G # @.
Then there exists x €A N G. Since x €G €(i, j)-BoO(X ), (i, j)-bCls {x}) CG. SetF=
(i, ))-b Cls ({x}). ThenF €(i, j)-B6C(X ),F CGand A N F= 0.

(2)=(3): Let G €(i, j)-B6O(X ), then G D U{F : F €(i, j)-BoC(X ), F CG}. Let x be any
point of G. Then there exists F € (i, j)-BoC(X ) such that x €F and F CG. Therefore, x €
FCU{F:F €(i,]j)-B6C(X),F CG} and hence G = U{F: F €(i, j)-BoC(X ), F CG}.
(3)=(4): This is obvious.

(4)=X(5): Let x beany point of X andy &(i, j)-b Ker({x}). Then there exists V € (i) -
B3O(X, x) any y €V; hence (i, j)-b Cls ({yH)N V=0. By (4), N{G:G € (i, j)-B50(X),
(i, )-b Cls ({y}) < G},and hence there exists G € (i, j)-B6O(X ) such that x ¢ G and (i, j)-b
Cls {y}) C G. Therefore, (i, j)-b Cls ({x}) N G=0@ and hencey

¢ (i, j)-b Cls ((i, j)-b Cls ({x3)) = (i, ))-b Cls ({x}). Consequently, we obtain (i, j)-b Cl;
({x}) < (i, j)-b Ker({x}).

(5)=(1): LetG €(i, )-BO(X, x). Ify €(i,])-b Ker({x}), then x €(i, j)-b Cls ({y}) and so
y €G. This implies that (i, j)-b Kerd ({x}) C G.Therefore, x € (i, j)-b Cls ({x}) C(i, j)-b
Kerd ({x}) CG. This shows that (X, t1, t2) is an (i, j)-b-6-R, Space.

Corollary 3.7. For a bitopological space (X, 11, t2) is (i, j)-b-6-Ro if, and only if (i,
D-b Cls ({x}) =(i, j)-b Kers ({x}) foreachx €X..
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Proof. Suppose that (X, tl, 12) is an (i, j)-b-6-Ro space. By Theorem3.6, (i, j)-b Cl;
{x}) < (i, ))-bKerd ({x}) foreachx € X. Let y €i,])-b Kers ({x}). Then we have x
€ (i, J)-b Cls ({y}) and by Theorem3.4 (i, j)-b Cls ({x}) = (i, j)-b Cls ({y}). Therefore,y €
(i, ))-b Cls ({x})and hence (i, j)-b Kers ({x}) C(i, j)-b Cls ({x}). This shows that (i, j)-b Cl;
x3) =(, j)-b Ker({x3}). The converse follows from Theorem 3.6.

Theorem 3.8. For a bitopological space (X, tl, 12), the following state- ments are
equivalent:
(1) (X, 1, 12) is (i, j)-b-6-Ro.
(2) x €(, j)-b Cls ({y}) if, and only if y € (i, j)-b Cl; ({x}) for anypoints x and y in
X .Proof. (1)=(2): Assume that (X, t1, 12) is (i, j)-b-6-R0O and x €(i, j)- b Cls ({y}).
Then (i, j)-b Cls ({x}) = (i, J)-b Cls ({y}). Hencey € (i, j)- b CId ({x}). The other
part is similar.(2)=(1): Let x € U € (i, ))-B60(X, x). Ify ¢U, then x &(i, j)-b
Cls ({y}) and hence y & (i, j)-b Cls ({x}) (by (2)). Thus (i, j)-b Cls ({x}) CU .
Hence (X, 1, 12) is (i, j)-b-6-Ro.

Theorem 3.9. For a bitopological space (X, tl, 12), the following state- ments are
equivalent:

(1) (X, 1, 12) is (i, j)-b-5-Ro.

(2) IfFisan (i, j)-b-o-closed subset of X, then F = (i, j)-b Kerd (F ).

(3) IfFisan (i, j)-b-6-closed subset of X and x €F, then (i, j)-b Kerd ({x}) CF.
(4) Ifx €X, then (i, j)-b Kerd ({x}) C(i, j)-b CI5 ({x}).

Proof. (1)=X(2): Let F bean (i, j)-b-6-closed subset of X and x ¢F. Thus X \F €(i, j)-
B3O(X, x). Since (X, 11, 12) is (i, j)-b-3-Ro,(i, j)-b Cls ({x}) CX \F. Thus (i, j)-b Cl;
({x}) N F=0¢ and x &(i, j)-b Ker(F ). Therefore, (i, j)-b Kerd (F) =F.

(2)=(3): In general, A CB implies (i, j)-b Kerd (A) C(i, j)-b Kerd (B). Therefore, it follows
from (2) that (i, j)-b Ker({x}) C (i, j)-b Ker(F) =F.

(3)=(4): Since x € (i, j)-b Cls ({x}) and (i, j)-b Cls ({x}) is (i, j)-b-0- closed, by (3) (i, j)-
b Kerd ({x}) € (i, j)-b Cls ({x}).

(4)=(1): Letx €(i, j)-b Cls ({y}). Theny €(i, j)-b Kerd ({x}). Sincex € (i, j)-b Cls ({x})
and (i, j)-b Cls ({x}) is (i, j)-b-d-closed, by (4) we obtainy € (i, j)-b Kerd ({x}) C(i, j)-b
Cls ({x}). Therefore, x € (i, j)-b Cls ({y}) impliesthat y € (i, j)-b Cls ({x}). Hence by
Theorem 3.8, (X,t1,12)is(i,j)-b-6-Ro

Definition 8. A net {X,}sen In a bitopological space (X, tl, 12) is called (i, j)-b-o-
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convergent to a point x in X if for every U € (i, j)-BoO(X, x), there exists a0 € A such that
Xq €U for each a > ay.

Lemma 3.10. Let (X, tl, 12) be a bitopological space and let x and y any two points in X
such that every net in X (i, j)-b-8-converging to y (i, J)-b-6-converges to Xx. Then x €(i, j)-b

Cls ({yD-

Proof. Suppose that xn =y foreachn € N. Then {xn }n€N isanetin X that (i, j)-b-6-
convergence toy. Thus by assumption, (i, j)-b-6- converges to x. Hence x € (i, j)-b Cl;

{y}).

Theorem 3.11. For a bitopological space (X, tl, 12), the following state- ments are
equivalent:

(1) (X, 11, 12)is (i, j)-b-8-Ro.
(2) Ifx,y €X,theny €(i, j)-b Cls ({x}) if, and only if every netin X (i, j)-b-o-
converging to y also (i, j)-b-6-converges to x.

Proof. (1)=X(2): Letx,y € X such thaty €(i, j)-b Cls ({x}). Suppose that {X, }ser bea
net in X such that {X,}qer (i, j)-b-0-converges toy. Sincey € (i, j)-b Cls ({x}), by
Theorem 3.1, x € (i, j)-b Cls ({y}). Conversely, let x, y € X such that every net in X (i, j)-
b-8-converging to y (i, j)-b-8-converges to x. Then x €(i, j)-b Cls ({y}). By Theorem3.8,y
€(i, j)-b Cls ({x}).

(2)=(1): Assume that x and y are any two points of X such that(i, j)-b Cls ({x}) N (i, j)-b
Cls {y}) #9. Let z €(i, j)-b Cls ({x}) N (i, j)-b Cls ({y}). So there exists a net {xa}aEA
in (i, j)-b C15 ({x}) such that{xa }a €A (i, j)-b-6-converges to z. Since z €(i, j)-b Cls {y}),
{Xs}oenalso (i, j)-b-6-converges to y. Hence by (2) z €(i, j)-b Cls ({y}). There-fore (i, j)-b
Cls ({z}) < (i, j)-b Cls ({y}) (x). Hencey €(i, j)-b Cls ({z})

gives (i, j)-b Cls ({y}) < (i, j)-b Cls ({z}) (x*). Hence from (x) and (x),(i, j)-b Cls ({y}) =
(i, )-b Cls ({z}). Similarly it can be shown that (i, j)-b Cls ({x}) = (i, j)-b Cls ({z}) by taking
the net in (i, j)-b Cls ({y}). So(i, j)-b Cls ({x}) = (i, j)-b Cls ({y}). By Theorem 3.4 (X, tl,
12) is (i, j)-b-6-Ro .

Definition 9. A bitopological space (X, t1, t2) is said to be (i, j)-b-6- Ry if for each points
x and y of X such that (i, j)-b Cls ({x}) = (i, J)- b Cld ({y}), there exist disjoint (i, j)-b-6-open
subsets of X, say, U and V such that (i, j)-b Cls ({x}) CU and (i, j)-b Cls ({y}) C V.
Proposition 3.12. If a bitopological space (X, 1, 12) is (i, j)-b-8-R1, then it is (i, j)-b-3-R0O .

Proof. Let U €(i, J)-BoO(X, x). Ify & U, thenx & (i, j)-b Cls ({y}). So (i, j)-b Cls ({x}) =
(i,))-bCls({y}). Since (X,t1,12) is (i,))-b-3-R1,
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there exists an (i, j)-b-3-open set Vy such that (i, j)-b Cls ({y}) €V, andx € Vy , which
implies that y & (i, j)-b Cls ({x}). Hence (i, j)-b Cl; ({x})C U . Therefore, (X, 11,12 ) is (i,
J)-b-0-Ro .
Theorem 3.13. For a bitopological space (X, tl, 12), the following prop- erties are
equivalent:

(1) (X, t1,12) is (i, )-b-5-T2,
) (X, t1,12) is (i, ))-b-5-Ry and (i, j)-b-5-T1,
(3) (X, t1,12) is (i, ))-b-5-R; and (i, j)-b-5-T.

Proof. (1)=(2): Since (X, t1, 12) is (i, j)-b-6-T, then it is (i, j)-b-6-T;. Now if x, y €X
such that (i, j)-b Cls ({x}) # (i, j)-b Cls ({y}), then x#y and there exist disjoint (i, j)-b-6-
open sets U and V such that x €U and y €V . Hence by Theorem 3.2, (i, j)-b Cls ({x}) =
{x} CUand (i, j)-b Cls {y}) ={y} CV. Hence (X, 11 ,12)is (i, j)-b-6-R; .

(2)=x3): Since (X, t1, 12) is (i, j)-b-6-T1, then it is (i, j)-b-3-To.

(3)=(1): Since (X, tl,12) is (i,j)-b-6-R1 and (i, j)-b-6-T,, then by Proposition 3.12,
(X, t1, 12) is (i, j)-b-6-Ro and (i, j)-b-6-To. Hence by Theorem 3.2, (X, t1, 12) is (i, j)-b-6-T1
. Letx, y €Xsuch that x # y. Then (i, j)-b Cls ({x}) = {x} #{y} = (i, j)-b Cls ({y}). Since
(X, 1, 12) is (i, j)-b-6-R; , there exist disjoint (i, j)-b-6-open sets U and V such that (i, j)-b
Cls {x}) ={x} € Uand (i, j)-b Cl;s {y}) ={y} CV.Hence (X, 11, 12) is (i, j)-b-5-T>.
and thus by Theorem 3.1 (X, t) is an (i, J)-b-6-Ro space.

Corollary 3.14. For an (i, j)-b-6-R;  space (X, tl1 , 12 ), the following statements are
equivalent:

(1) (X, 11, 12) is (i, j)-b-5-To.
) (X, 11, 12)is (i, j)-b-5-T1.
(3) (X, 11, 12) is (i, j)-b-5-To.

Theorem 3.15. For a bitopological space (X, 11, 12) is (i, j)-b-6-R; if, and only if x € X \(i,
1)-b Cls ({y}) implies that x and y have disjoint (i, j)-b-3-neighbourhoods.

Proof. Let x € X\(i, j)-b Cls ({y}). Then (i, j)-b Cls {x}) # (i, j)- b Cls ({y}) and x
and y have disjoint (i, j) -b-6-neighbourhoods.  Con- versely, first we show that (X, 1,
12) is (i, j)-b-0-Ro. Let U be an(i, j)-b-6-open set and x € U . Suppose that y ¢U .
Then, (i, J)-b Cls ({y}) N U= @ and x &(i, j)-b Cls ({y}). Then there exist dis-joint (i, j)-b-
d-open sets Uy and Uy suchthat x € Uy, and y € Uyand Ux N Uy = @. Hence, (i, j)-
b Cls ({x}) < (i, j)-b Cls (Ux) and (i, J)-b Cls (x) N Uy < (i, j)-bCls {Ux}) N U, =0.
Therefore, y € (i,j)-b Cls ({x}). Consequently, (i, j)-b Cls ({x}) CU and (X, 11, 12) is (i, j)-
b-0-Ro . Next, we show that (X, t1,12)is (i, j)-b-5-R.
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Suppose that (i, j)-b Cls ({x}) # (i, j)-b Cls ({y}). Then, we can assume that there exists z
€ (i, J)-b Cls ({x}) such that z & (i, j)-b Cls ({y}). Then there exist disjoint (i, j)-b-3-open
setsV, and Vy suchthat z €V,,y €V, . Since z €(i, j)-b Cl; ({x}), X €V, . Since (X,
11,12 ) is (i, j)-b-6-Ro, we obtain (i, j)-b Cls {x}) C V., (i, ))-b Cls {y}) CVy and V,
N Vy = @. This shows that (X, t1, 12) is (i, j)-b-6-R;. and thus by Theorem 3.1 (X, 1) is
an (i, j)-b-6-Ro space.

Theorem 3.16. For a bitopological space (X, t1, 12), the following state- ments are
equivalent:

(1) (X, tl,12) is (i, j)-b-5-R1.

(2) For each x, y € X one of the following holds:

(@) IfUis (i, j)-b-6-open, then x €U if, and only ify €U .

(b) there exist disjoint (i, j)-b-6-open sets U and V such that

X E€Uandy €V.

(3) Ifx,y € X such that (i, j)-b Cls ({x}) # (i, j)-b Cls ({y}), then there exist (i, j)-b-6-
closed sets F; and F, suchthatx €Fy,y

¢Fly eF,, x¢F,,and X=F; UF,.

Proof. (1)=(2): Letx,y €X . Then (i, j)-b Cls ({x}) = (i, j)-b Cls {y}) or (i, j)-b Cls ({x})
# (i, J)-b Cls ({y}). 11 (i, j)-b Cls ({x}) = (i, j)-b Cls ({y}) and U is (i, j)-b-3-open, then x €
Uimpliesy € (i, J)-b Cls ({x}) CUandy € U implies x € (i, )-b Cls ({y}) CU. Thus
consider the case that (i, j)-b Cls ({x}) # (i, J)-b Cls ({y}). Then there exist disjoint (i, j)-b-6-
open sets U and V such that x € (i, j)-b Cls {x}) CUandy € (i, j)-b Cls ({y}) C V.
(2)=X(3): Letx, y €X suchthat (i, j)-b Cls ({x}) # (i, ])-b Cls ({y}). Then x & (i, j)-b Cl;
{y}) ory € (i, j)-b Cls ({x}), say x € (i, j)-b Cls ({y}). Then there exists an (i, j)-b-6-open
set A such that x €A and y ¢ A. Then by (2) there exist disjoint (i, j)-b-3-open sets U and V
suchthatx €Uandy €V .ThenF; =X\Vand F, =X\ U are (i, j)-b-6-closed sets such
thatx €Fl,y€Fl,y €F,,x¢F, and X=F; UF;.

(3)=(1): Weshall first show that (X, tl, 12) is (i, j)-b-6-Ro space. Let U be an (i, j)-b-5-
open set such that x €U . We claim that (i, j)- b Cls ({x}) CU . For suppose y € (i, j)-b Cl;
({x}) N (X\U). Then (i, j)- b Cls ({x}) # (i, j)-b Cls ({y}) (forif (i, j)-b Cls ({x}) = (i, })-b
Cls ({y}), then y € U ) and hence by (3), there exist (i, j)-b-6-closed sets F; and F, such
that x EFy, y € F1,y €EFy, x € F, and X =Fy; UF,. Theny €F,\F; = X \F; €(i, j)-
B3O(X ) and x ¢ X \Fy, a contradicts the fact that y € (i, j)-b Cl; ({x}). Hence (X, t1, 12)
is (i, J)-b-0-Ro space. Let p, g € X be such that (i, j)-b Cls ({p}) # (i, j)-b Cls ({g}). Then
by the given condition there exist (i, j)-b-6-closed sets H; and H, such thatp €Hi, gq € Hy,
q€H, pé€H; and X=H; UH,. Thusp €H; \H; and g €H,\H;, where H; \H, and
H, \H; are disjoint (i, j)-b-6-open sets. Hence (i, j)-b Cls ({p})CH:\H,and(i,j)-
bCls({a}) CH2\Ha.
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Hence (X, t1, 12) is (i, j)-b-0-R; space. and thus by Theorem 3.1 (X, t) is an (i, j)-b-6-Rg
space.

In view of Theorems 3.13 and 3.16, it now follows that

Theorem 3.17. A bitopological space (X, t1, 12) is (i, j)-b-6-T, if, and only if for each x, y
€ X such that x # v, there exist (i, j)-b-6-closed sets F; and F, suchthatx €F; ,y € F1,y
€F,, x¢F, and X=F;UF,.
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