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Abstract 

In this paper, posinormal, * paranormal, quasi posinormal and qusi * paranormal 

composition operators on Fock space are charecterised. 

 Mathematics Subject Classification 47B33, 47B38, 30D15        

Keywords: Composition operator, Fock space, posinormal, quasiposinormal quasi 

* paranormal.

1. INTRODUCTION

Composition operators on spaces of analytic functions have been studied in many 

settings. Much has been written about the properties of these operators on the Hardy, Bergman, 

and Bloch spaces on the unit disk in the complex plane or unit ball in n
C .(see, for example 

[2],[3] and [7] ). Already the paper [1] discussed bounded and compact composition operator on 

Fock space.  In paper [6]. We have discussed some classes of composition operators on the Fock 

space. In this paper posinormal, * paranormal, quasi posinormal and qusi * paranormal 

composition operators on Fock space are charecterised. 

The Fock space F   is the Hilbert space of all holomorphic functions on  n
C

with inner product
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    Where v  denotes Lebesgue measure on n
C . (refer [1] and [7] ). 

Let  n

n z
n

ze
!

1
)( =  for a positive integer n. Then the {en} forms an orthonormal 

basis for F . Since each point evaluation is a bounded linear functional on F , for nCw ∈ there 
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exists a unique function  Fkw ∈  such that )(, wfkf w = which holds for all  Ff ∈  .The

reproducing kernel functions for the Fock space are given by  
2/,

)(
wz
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where ∑=
n

jj wzwz
1

,  . Note that the substitution wkf =  into the reproducing formula 

)(, wfkf w = which holds for all Ff ∈  and nCw∈  leads to the identity 

( )4/exp
2

wkw = . Throughout this paper we use wkf = is the reproducing kernel function for 

the Fock space F and 0k = 1 be the point evaluation on F . (Refer [3], [4], [5] and [7]) 

 For a given  holomorphic mapping  nn CC →:ϕ  , the composition operator 

FFC →:ϕ  is given by ϕϕ offC =)(  The paper [4] already proved that  if the operator  ϕC  is 

bounded ,then  ϕ must be of the form  BAzz +=)(ϕ  where A is an nn×  matrix and B is an 

1×n  vector . Furthermore it will follow that 1≤A  for bounded ϕC and that B will restricted by 

the condition that 0, =BAς  for any ς in nC  with ςς =A  . In paper [1] Theorem 1 shows 

that if ϕC  is compact, then 1<A  with no restriction on B. 

2. PRILIMINARIES

 Let F  be a Fock space and  ϕC   be a composition operator on F  .  Then ϕC  is posinormal 

iff ϕϕϕϕ CCcCC
∗∗

≤ 2 , quasiposinormal iff 
22*22)( φφφϕ CCcCC ≤

∗
, for some c > 0 ,* paranormal 

iff 02 222

≥++
∗∗

λλ ϕϕϕϕ CCCC for 0≠λ  , quasi * paranormal if and only if 

( ) ,,02 2
233

RCCCCCC ∈≥++
∗∗∗

λλλ ϕϕϕϕϕϕ ϕC is of ( )kM ,  class if ( )kkk

CCCC ϕϕϕϕ

∗∗
≥

for .2≥k  It is known that the ( )2,M class  coincides with the class of quasi hyponormal

operators. But the class of hyponormal operators does not coincide with the ( )kM , class for any

.k However, if we define a class ( )∗
kM , as :ϕC ( ) .

kkk

CCCC
∗∗

≥ ϕϕϕϕ

3. MAIN RESULTS:

Theorem 3.1 

 If  ϕC  on F is posinormal if and only if τϕϕτϕ °°° ≤ CMcCM
BB kk

2

Proof:  ϕC  is posinormal if and only if ϕϕϕϕ CCcCC
∗∗

≤ 2
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02 ≤−
∗∗

ϕϕϕϕ CCcCC  for c > 0 

 hence τϕϕτϕ °°° ≤ CMcCM
BB kk

2

Theorem 3.2 

 If 
∗

ϕC  on F  is posinormal if and only if ϕτϕτϕ °°° ≤ CMcCM
BB kk

2

Proof:  
∗

ϕC  is posinormal iff 02 ≤−
∗∗

ϕϕϕϕ CCcCC  for c > 0 

02 ≤− °°° ϕτϕτϕ CMcCM
BB kk  

 We have ϕτϕτϕ °°° ≤ CMcCM
BB kk

2

Corollary 3.3 

From theorems 3.1 and 3.2 and if c = 1 we get ϕC  and
∗

ϕC  are posinormal operators 

if and only if  ϕC  is normal. 

Theorem 3.4 

ϕC  on F  is quasiposinormal if  and only if  ( ) )2()2(

22

τοφτοϕτϕ CMMcCM
BBB kkk ≤°°

 where ( ) ( ) τττϕϕϕ oo == 22 , . 

 Proof:  ϕC   is quasiposinormal if  
22*22)( φφφϕ CCcCC ≤

∗
 for some c > 0. 

Now  ( ) ( )22

τϕϕϕ CMCCC
Bk

=
∗

 ( )2

ϕτϕ °°= CM
Bk

And 

 φτοφφφφ CCMCCC
Bk

)(
22 ∗∗

=

 τοφοφφ CMC
Bk

∗
=

 τοφοφτ CMCM
BB kk=

 )2()2( τοφτο CMM
BB kk=

So  ϕC    is quasiposinormal iff 

( ) )2()2(

22

τοφτοϕτϕ CMMcCM
BBB kkk ≤°°
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Theorem 3.5 

ϕC  on F  is * paranormal if and only if   ( )
( )2

2

τϕτϕϕτϕ °°°°° = CMCM
BB kk

Proof:  ϕC  is * paranormal if and only if 

02 222

≥++
∗∗

λλ ϕϕϕϕ CCCC  for 0fλ  

( ) ( ) 02 2
22 ≥++ °°°° λλ ϕτϕτϕτ CMCMM

BBB kkk

By theorem (3.4) 

( ) ( ) ( )22

2

τϕτϕτϕ °°°° ≤ CMMCM
BBB kkk

which reduces to 

( ) ( ) ( )222 τϕτϕτϕτ °°°°° ≥ CMCMM
BBB kkk

Hence we have 

( )
( )2

2

τϕτϕϕτϕ °°°°° = CMCM
BB kk

. 

Theorem 3.6 

   ϕC  on F  is quasi * paranormal if and only if 

( ) ( ) ( ) ( ) 02 22
333 ≥++ τϕτϕτϕτϕτ

λλ
oooooo

CCMCM
BB

kk
 

Proof :  

ϕC   is quasi * paranormal if and only if 

( ) RCCCCCC ∈≥++
∗∗∗

λλλ ϕϕϕϕϕϕ ,02 2
233

 

Using theorem(3.4)  we have 

)2()2(

22

τοφτοϕϕ CMMCC
BB kk=

∗

Now 

 ( ) ϕϕϕϕϕϕ CCCCCC
233 2∗∗∗

=

 = ( ) ( )( ) ϕτϕττ CCMMCM
BBB kkk 22

oo

= ( ) ( ) ( )333 τϕτ oo
CMM

BB kk
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Since ( ) RCCCCCC ∈≥++
∗∗∗

λλλ ϕϕϕϕϕϕ ,02 2
233

 

( ) ( ) ( ) ( ) 02 22
333 ≥++ τϕτϕτϕτϕτ

λλ
oooooo

CMCMMCMM
BBBBB kkkkk

Hence ( ) ( ) ( ) ( ) 02 22
333 ≥++ τϕτϕτϕτϕτ

λλ
oooooo

CCMCM
BB

kk
 

Theorem 3.7 

ϕC  on F  is class ( )∗
2,M  if and only if ϕC  is * paranormal. 

Proof 

If ϕC  on F  is class ( )∗
2,M then ( ) .

222 ∗∗
≥ ϕϕϕϕ CCCC

Now )2()2(

22

τοφτοϕϕ CMMCC
BB kk=

∗

( ) ( )22

τϕϕϕ CMCCC
Bk

=
∗ ( )2

ϕτϕ °°= CM
Bk

Hence 
≥)2()2( τοφτο CMM

BB kk ( )2

ϕτϕ °° CM
Bk

By theorem (3.5) which reduces to * paranormal. 
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