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Abstract

The present article is a theoretical study of micropolar elastic materials containing voids.
The constitutive equation and linear field equation are derived. The coupling effect of
micropolar and voids parameters are not considered in the internal energy function.
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1 Introduction

Achenbach [1] discussed classical theory of wave propagation in elastic solid and typical phenom-
ena such as radiation, reflection, refraction, diffraction and propagation in wave guides. Eringen
[2-3] introduced the theory of micropolar continua, which is non-classical theory for material
having certain kind of micro-structure, he also introduced linear theory of micropolar continua.
Chanrasekharaiah [4] found that the linear version of the theory of micropolar thermoelasticity
which admits second sound effect. Goodman and Cowin [5] established a continuum theory for
granular materials, whose matrix or skeletal is elastic and interstices are voids. Nunziato and
Cowin [6] studied non linear theory of elastic materials with voids by employing some basic
ideas of Goodman-Cowin [5] theory. Cowin and Nunziato [7] developed linear theory of elastic
materials with voids, in which a distributed body is written as the product of two fields, the
material density field and volume fractional field. Marin [8] discussed some basic theorems in
elastostatic of micropolar materials with voids. lesan [9] established some general theorem on
thermoelasticity of materials containing voids. Aouadi [10] derived the equations of the linear
theory of thermoelastic diffusion in porous medium based on volume fractional field.

The present theory concern with elastic materials consisting of a distribution of voids. Fol-
lowing Goodman and Cowin [5] theory the voids volume distribution is included among the
kinematics variables. In the present case of micropolar materials containing voids the coupling
effect of voids and micro-structure of the material is not considered in the internal energy of the
system. Thus using Helmholtz free energy the present theory is proposed for the determination
of constitutive equations and field equations of the considered medium.

838



Al IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 12, December 2015.
UISE www.ijiset.com
ISSN 2348 — 7968

2 Basic equations

Definition: A material is called porous material if the voids are filled by some fluid having
viscous nature. And a material is called voids material if the voids are filled by air or vacuum
having no viscous nature.
Let us consider the region By and its boundary 0By in three dimensional vector spaces occupied
by Micropolar Elastic materials with voids in a reference configuration. And let B and 9B be
the region and its boundary at the current configuration. Let v denotes the density of the
matrix material, and ¢ be the volume distribution function, then mass density p of the region
has the form:
p=pv, (1)

where, 0 <v <1, v=v(X,t), ¢=vX,t), p=pX,t).
At a reference state, the density or the voids distribution can be different, thus the equation
(1) will take the form:

Po = Yoo, (2)
where pg, Vg, @o are the equivalent functions to p, v, ¢ in the reference configuration.
The energy balance of micropolar elastic materials with voids has the form [§]

| o (it g+ xp+ E) av = [ o (i + b+ 1) av+
B B

/ (Tﬂll + Mgy + hl@) a5, (3)
aB

where V and S represent volume and surface area of the region B. This equation is valid for
every time and every part of B.
Following Marin [8], the local balance of energy is given by

pE =ty Ey + mu iy — g9 + iy, (4)

where ¢, and my;, are stress tensor and couple stress tensor; €;;, is an alternating symbol; Ej
and Fj, are deformation and wryness tensor respectively; ¢ is intrinsic equilibrated force and is
introduced from the balance of equilibrated stress as follow (Nunziato and Cowin [6])

hig+ g+ pl = pxe. (5)

The above symbols were described as in the referential configuration, although p and ¢ are bulk
mass density and change in volume fraction from reference configuration. The superposed dot
implies partial derivatives with respect to time variable, and the subscript preceded by coma
implies covariant derivatives

3 Constitutive Equation

Following Nunziato and Cowin [6], we shall assumed that the internal energy of the material is
independent of ¢, then ¥ = {E;;, F};, ¢, v} will be independent sets of constitutive variables.
Thus the constitutive equations will take the forms:

tiy =t;(X);  my =m(B); g=g(X);  hi=h(X);  n=n(2), (6)
2
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where 7 is entropy of the system.
Let us introduce Helmholtz free energy function ¢) = ¢(X) defined as:

b=E—qT, (7)

where T is absolute temperature, it is time independent and assumed to be constant throughout
the material. From equation (4) and (7), we obtain:

pt = ty B + muy By, — g + hig, — pirT, (8)

now differentiating ¢ = 1(X) we get,

. oY . oY - 0 . o .
= p—Ep + p—Fjp + p— + p— 9
P P5Ey Pt Pyp Lk p(sgpso pawso,z 9)

From equations (8) and (9) we obtain:

0 . 01 . o . oY\ . .
_ 2\ E —p— ) Epy — e — p— —onT = 1
(tm péEm) lk+<mlk pmk) Ik (g+p5¢)s@+(hz paw ©1—pn 0, (10)

the above relation (10) can be satisfied for arbitrary Ew, Fi, ¢ and ¢, if and only if the
corresponding coefficients vanish, provided

) ) ) ) )
tzkzp%; mmzp%; g=—p£; hzzp%}l; n =0, (11)

these are the constitutive equations of micropolar elastic materials with voids.

We suppose that g is given as derivative of Helmholtz free energy, although some of the possibly
desirable features of visco-elasticity are lost. It is because the function ¢ still involve in ¢ and
this lead to the behaviour of visco-elasticity, for simplicity we shall neglect ¢ from the sets of
constitutive variables.

4 Linear theory

Expanding ¢ = ¥(Ey, Fik., ¢, ¢;) by Quadratic approximation method we obtain;
1 1 1 1
pp = P¢0+AlkEij+BucFij+A<P+A1S0,l+§AijlkEijElk+EBijZkFijEk‘i‘ECSO2+§OZk§0,l80,l+Gijsziijz

+Hyp B + Hypi B i + I EFiee + JiFinp k + L, (12)

at a reference state, the material is free from stress and couple stress with zero entropy, we
shall have the following restriction for the above coefficients:

A =By, =A=A = Jy, = 0. (13)

Since the materials contain voids, and the voids volume distribution is partially through out
the medium, thus we shall assumed that the interaction between voids and micro-rotations of
the medium is no more (i.e. J;; = 0). If the material is homogeneous, we shall have:

Aijkl = Azkij; Bijkl = Blkij; Ci = Ch, (14>
3
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using the above relation, equation (17) will take the form:

1 1 1 1
P = §AijklEijEkl + §B¢jkzFiijl + §C<P2 + E(Jz'j%@,l@,k + Gijui Eij Fa

+Hi Epe + Hii B i + Lippy, (15)

thus, the constitutive equations (9) will take the forms:
te = Aij B + GijFie + Higp + Higip i,
M = BijiFiie + Gijra B,
g=—Cp— HyEy — Liyp,,

hi = Ciepy + Higi By, + L. (16)

Let us define the deformation tensor and wryness tensor as:

By = wp + i ; Fix = o, (17)

and the linearised forms of local balance of motion is defined as:
b + pfi = piiy (18)

my + Elrstrs + Pll = p]lk¢l (19>

In the theory of Nunziato and Cowin [6] the intrinsic equilibrated inertia x is depend on
the coordinate axes and time, but we shall follow Goodman and Cowin [5], assuming it to
be constant for simplicity. Keeping mind equation (17), and putting equation (16) in to the
equation (5), (18) and (19), we obtain the following coupled system:

Aijii(wiji + €0 + Gijdijie) + Hud + Higjds e + pfi = piu;
Guiji(Uijie + €j®jk) + Buji®sik — €rs{Hrsp + Hysipj + Arsji(tij — €510;) + Grsjithji}
ol = plwdr;
Hij(ujm — €xjndng) + Livy + Crep e — Hi(uy — eendn) — Co — Ly

+pl = px$, (20)

these equations forms a complete set of linear coupled system of field equations in the unknown
ui, ;i and ;.
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5 Isotropic Cases
If the media is isotropic, the constitutive coefficient will take the forms [2, 4].
Hy, = sow; Cu. = adi; Jik = JO;

Bikji = a0 + 010k + Y0101;
Apji = N + (10 + £) 005 + (00 (21)
Guji = Hypy = L =0 (22)

where, A, u are elastic constants, k, «, [, v are micropolar parameters, s and a are voids
parameters. Then, the constitutive equation becomes:

tlk = ,u(uLk + uk,l) -+ )\uj,jélk —+ H(ul’k —+ Elkj¢j) -+ s<p61k;

My = o 0w + Bork + YPuk;
g=—suj;—Cp;  hi=ap, (23)
The field equations (20) will take the form:

(1 + R5)ug g + A+ p)ug i — ke din + spu + pfi = pis;

Vo5 + (o + B)dj i + Kewsu,; — 2661 + ply = pjd;
ap i — Suj; — Cp + pl = px¢, (24)

this is the field equation for Micropolar elastic material containing voids. j and x are positive,
they are micro-inertia and equilibrated inertia respectively.

6 Uniqueness of the solution
Let P and K be Biot’s potential and Kinetic energy defined respectively as
P(X) = E — fon, (25)
K = iy, + judidr + x¢°, (26)
using (12) and (13) in equation (25), we get

1 1 1 1
pP = py = §AijklEijEkl + §Bz'jleiijl + 5@92 + §C¢j¢,190,k + Gijr B Fra+

Hi B + Hii B + Lippy, (27)
from (16-19) and (25-26) using divergence theorem, we obtain

4 p(K + P)dV = /

p (fﬂlz + jindy + Xsb) dv + / <tklﬂzmzk¢51 + hk@) n;0S, (28)
dt Jp B o8
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this is also the energy balance of the system.

Let us assigned the function w(x,t), ¢;(z,t) and ¢(x,t) in the region B with its boundary
OB for x € B, and t > 0 for the solution of the equation (20). Now consider the following
conditions:

(i) Initial conditions:

ul:ul—gb:gﬁl:gozo;forxinB, and t = 0. (29)

(ii) Boundary conditions:

* % . _ * . — *
u; =u; on By; ¢y = ¢; on By; ¢ = 7 on By and

tung = t; on BY; mygn, = m; on BS; hyng = h* on Bs; fort >0, (30)

where By, By, Bs and Bf, BS, B are the arbitrary parts of compliment of B. u}, ¢}, ¢;, 1],
m; and h* are the prescribed function in the domains of their definitions.

Now we shall establish the uniqueness of the solution of equation (20). Using the above initial
and boundary conditions, let us assumed that there exist at least one solution. In the absence
of body forces and body couple forces, we shall consider that the boundary condition defined
above is homogeneous having non-negative micro-inertia (ji;) and Biot’s potential (P), then
the solution for the problem described above is trivial. Initially when ¢t = 0 the equation (28)
will be :

4 p(K+ P)dV =0 (31)
dt J,

using equations (27) and (29). We see that K = P = 0 for ¢ = 0, consequently we conclude
that the existence of unique solution.

7 Energy equation

To understand the equation (3) of the energy balance, we may integrate it over the region B,

using divergence theorem, we see that:
d . .
— [ poEdV = / (tij Eji + mijFi)dV — / (9% + hiip)dV, (32)
dt Jp B B ’

where B is the fixed body.
Employing equation (5) with [ = 0 the above equation can be written as:

(poE +

.2 . .
< POXP yay — / (ti;Eji + myy Fy)dV = 0, (33)
dt | 2 .

this equation is a generalized energy balance.

8 Conclusion

The presence of Voids and Porous in a micropolar elastic medium has been discussed. The
cross term between voids distribution and micro-structure is not assumed, whereas this cross

6
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term may not be negligible in case of Porous medium, see Marin (1996). The constitutive
equations and field equations are derived for the micropolar elastic medium containing voids.
The uniqueness of the solution and energy equation are also discussed.
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