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Abstract

We prove an Ito product formula for stochastic integral on
Fermion Fock space by analogy with the same kind of integral
on Boson Fock space. Because of the noncommutativity relation,
the appropriate theory of stochastic intregration must distinguish
between the left and right integral. We have four such
possibilities.
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1. Introduction

First we construct a stochastic integral on Fermion Fock
space [7][2] by analogy with the same kind of integral on
Boson Fock space [4], first of simple processes. We define
the Fermion stochastic integral for square-integrable
integrands. We present the infinitesimal operators like
infinite sums, but we assume they are continuous. Because
of the canonical anticommutation relation we have left,
right and mixt stochastic integrals[1].

We recall, giving only the necessary details some concepts
and notations.

Definition 1.1. Let F,G, H be simple processes
and write

F

FnZ[tnﬂthrl) >
0

o0
0
z n’ n+l ZH n> n+l

0:t0<t1 <t >0

The family of operators M =(|\/| (t),t >0) with

D(l\/l( )) h, ® &, ® h' defined by M (0) 0
M (t)=M(t,)+(A ()= A (t,))F,
+G, (A ()= A (t,))+(t-t,)H,

>

for t, <t<t, is called right stochastic integral of
( F,G,H ) and is denoted by:
t
= [dA'F +GdA +Hds
0

Similarly we can define the left stochastic integral of

(F,G,H )denotedby
N(t)=N(t,)+(A ()= A (t,))F,
+(A ()= A(t,))G, +(t-t,)H,
Fort <t<t t

t
= [dA'F +dA G + Hds
0

And the mixt stochastic integral of (F,G, H)
denoted by:

O Oy

R(t)
R (t)

(FAA +dA G + Hds) or

(dA'F +GdA_+ Hds)

Theorem 1.2. Let F,G,H be simple processes
and we assume that F has a parity & which means that
all F (t) have the parity £ and let be

dM =dA'F + GdA, + Hdt
Ifuveh, Xx=xnA---
Y=Y, A AY, Yioeoo

AX X,...X €H

y, €H
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(M(1)(u®x),v®y)=(M(0)(u®x),v®y)+

+

ped k=1

(-1)"" <G(L+p ® X ).V ® y> Xy

-

=}
m
o

+

+
O ey O ) O C—

(H(u®x),v®y)

Proof: see in [3].

Theorem 1.3. Let F,G,H be simple processes,
dM =dA'F + GdA, + Hdt
For Ueh,, X=X A AX, X,...X, €H

andVeh, y=y A-AY, Y,...Y, € H®
Then:

(M(t)-M(s))(u®x),v®y)=
j w

eJ k=1

=]

r

+

S O e~

(—1)’._l <G(L*p ® X ),v@ y> X

ped j=1

—

+{{(H(u®x),vey)

We generalize the relations of theorem 1.2. as :
VO(Y, A AY) =V (Yo A AY,)
=V'O(Y, A A Ys)
with V'=V®(y1 A A yb), hence we replace K with
k—band W with w—b but Vy,,---,y, €H® and

V € & . Proof: see in [3].

2. Operator’s parity

Definition 2.1. We assume that h is Z, — graded with

even and odd subspaces h+, h_and we denote by @ the

S o1y (Lo®1)F(0u®x),v® Yy, ) ygRo=T 0 andoddit GTO=-T
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parity operator, that is the self — adjoint unitary operator
wich is 1 on h+ and—1on h_.

An operator T :Kch—>h is said to be even if

and T has the sau ¢=1 if

gTo=(-1)'T

parity £=0

Let H be a Hilbert space. We define the antisymmetric
Fock space Fa(H) over H as the linear hull of

all i AXy A AX,N20, X €H (where for N=0

we have the unit element, namely 1) with the following
inner product:

(X AXy A AXL Y AY, AL AY,
=3, det((x.,y;))

for N= k=0 the determinant is considered to be 1).
About this space we mention the following:

Ir,(H)=@H!

o ., where H: is the closed linear hull

i,j=1..,n

i
of all
X, AX Al AX, X e H

Z(_l)k—r—w+8(|:) <( Lp9® 1) F (HU ® X),V ® Yo > ykpii-_|- Xy(l) A A Xy(n) = 6‘(7/) Xy(l) A A Xy(n) where

5(7) is 1 or-1if 7 is even or odd.

If two Xi with different indexes i are equal this product is
null.

. Fa(H)Z{ZXn

n=0

x, € H!, {n|x, =0} finite} is

an associative algebra, with unit element 1 and

1
X Avve A Xois the product of Xp>---> Xy, X € H=H_
in established order.

iv. 1f HS K then Fa(H) T, (K),

Let be Fa(H):Fa(H)+@Fa(H)_
(M), - 8 1

T  n even

r(H) = ® H"
a ( )7 noodd "
We denote the parity operator on I', ( H ) by | and

I(xl/\---/\xr):(—l)r X, A A X

804



Remark The operators A(V) and A" (V) have the

parity 1 on h.
We can write:

AT (V)=1®A"(v)

L=L®1

And if h=h ®h®=h &I, (H,)®h",
decompose

A (H-A ()= L, ®I ®A*(;([s’t]ep)

weE can

pej

respectively

AD-A(s)=D2LOIOA (7,8,]
pe]

3. An ITO Product Formula

Theorem 3.1. Let F,G,H be simple processes and
dM =dA’ + GdA + Hdt. We assume that all L have

the same parity.
ForU,Veh X=X A--AX,

Y=Y, A AY, Vi€ H' we have:
(M()(u®x).M(t)(v®y))

~(M (0)(u®x),M (0)(v®Y))

Xith,

where [, (D) and X, will be specificated in the

followings.
Proof: Let be U,V € h,

X=X'AX" X'=X A--AX, €Hg
X"=X_,, AAX, €HS
y=Y'AYy" Y'=YiAAY, € Hg

Y'"=Yp A AY, € H*

Using the theorem 1.3. we have :
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1)
<(ALM = AL(S)FUBX),(A (D) - AL(S))F(v®y) >=

_ <Z(Lq ®1, (Z[S,t]eq /\))(Fl ®1)(U RX'® X")> =

ped

:Z<LpFl(u®x),LqFl (v® y)>(t—s)+

ped

+> <LpF1 (u®x"), LR (v® y')>
p,qed
k=b+1
j=a+l

[ )y

S

We remark that <X"Cj, y"Ck> # 0 implies
r-a—l=w-b—lhence a+b=r+w.

Hence we have:

Z<Lpﬁ(u ®x),L,F (v® y)>(t—s)+

ped
+ i <|_p|=(u®xq),LqF(V® VCk)>

g€
b

— =
rtia

+
+

=)

= Z<LpF1(u®x),LqF1 (ve® y)>(t—s)+

peld

S

k

Zr: <LpF (u ® X, ) LF (V®yq )>(—l)”w+k”;1 (La Xiq ) +

+§(_1)r+w+j La Xjo (@)
S{LF o) LF (voya)) (1) Ufpjda

Using the dominated convergence theorem we have :
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()™ < Z(j Yoo (D) L,F(U®x),

ik e(L)+&(F)+e(u)+r,and
Y X, (8) LF(v®y )da> (A (@)= A (5))F(V®yy) has the parity
peld"
Thesumsz and Z,z are finite. 8(L)+8(F)+1+6‘(V)+W—1.
j.k pel' qed" For
Now J'1J,J"TJ andthelntegrand KLpF(u®x),(A[(a)—A[(s))(9®l)F(9v®ka)>¢0
leq L converges to ZX L, -
o= o< e(L)+e(F)+e(u)+r=g(L)+1+&(F)+e(v)+w-1
| <ZU ykp)L FU®xg), Y X (@)L F(v®yg)>da | <, e e (V) 4w
el eJ
' . ’ Hence Lp must have the same parity.
s E(Lykpj IF ”XqHuH ZJ:XJQ q IF ||ka||V||< We generalize to U,V arbitrary writing U=U, +U and
i q V=V, +V.
t——
172 NG 172 Since Sykpzo . k<b
<M ZLpr [Z(L ykp) J ZL;Lq J‘tqu =0, j<a
p p q s
12 using theorem 1.3 we can consider U,Veh, and
(ijq J X=X A AX; XeH®
Now we have : Y=Y, AAY,; Y eH®

N -A U®Xx A{ A F(v®v)) = Hence:
<—(Z§:-)pF(u(®)x),EpF(vg(y»((t)—s)f e (A 0-A ()7 (u®x)’(A:(t) A (s))F(vey))-

i’ —jz )Ty () (L, OF (u®x),
+Z +5 J‘

< p
(A'(a)-A(s ))(‘9®1) (6\/®yck)>da+ +I Z JrreErT <(AL+ (s))F (u®xy),
(@){(A

(A (a)-A(s))F (u®ka)>da+
+Z )" 5))(0®1) Feu®x;) LpHF(9v®y)>da

LpF(V® y)> da In the same manner we obtain the value of:
2)<(N(t)—A{(s))F(u®x),G(AL(t)—A(s))(v@y)>
e RIS L (A D-AE)ue0.6(A[1)-A () ve)
eof(AL(a)—AL(S))moves in front using (—1) . 4) <(AL( )—AL( ))F(u®x),H(t—s)(v®y)>
then through (6‘a,b> =<a,9b> in front of L, then in 5) < F(u@x) H (t—s)(v®y)>

A(U)
)(U®X),H (t-s)(vey))

u®x

We assume that all Lp have the same parity 8( L). Then

the right and (—1) disappears. 6) <

We assume that U and V have opposite parities, that

is QU = (—1)8(“) u.
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We summarise these formulas in the following way .We
consider three possibilities, exactly F,G,H and if ¢ is
one of them, we define :

7(F)=(A ()-A(s))F.
7(G)=G(A'(t)-A'(s)). n(H)=H(t-s)
with fixed S. We consider 2 of them ¢, and ¢, and we
have:

(7(8)(u®x).7(4)(v®Y))=
I[ @Z(LF (U®X),L,F(vey))
kz<7a 8) (U@ ) (8) 5, (8) VOV, )

(e, () 8 (8)(UB%osg )74 (8) (VO Vi )))

where:

By (F)=L,0F0, 5,(G)=CL,, £,(H)=Hs,,

_( 1)k+r+w+e(F) X

XlkF Xek XlkH__

ke =(=1)"
akp(F) %0 (3), @6 (G) =i (a),

g (H) =1, ay (F) =¥,y (a), 5 (G) =%, (a)
We recall that P € N and when ¢,

XlkG

3

Xeks Xoxom :X§kla

= H we have only

one term:
We consider F = Z 0 jnnsr] Where
n>0
0=t <...<t,<... and F =F ®]1 relative to

h=h, ®h" and similarly G = ZGn)([m’mH] and

n=0
H = Z Hnl[tn,tml]

n=0

We define

M () =M (0)+ 3 (A (5..)- A (5.))F,

n=0

+G, (A (851) = A (30))+H (5,4 -,)

for t, <t<t , and S =t for 1=0,...,b,s, =t
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Then M ('[):M (tb)Zj/b (¢) where in
¢

we

replace S with
We consider@ =M , 7, (|\/| ) =M (S),then M (tb) and

we remark that the formula

(7, () (U®X), 7, (4,)(v®Y)) is still valid with the

) =0, Xiems Xoxm

and akp(l\/l) arbitrary and we add also the

following  conventions: /3, (M

term: 8,6, <M()(u®x),M(s)<v®v>>
For |\/| z 7, (@ We deduce:
(M (t0) @), M (10)(v® ) +

L:[Zp:<LpF(u®x),LpF(V®Y)>
+ (<M(a)(u®xl,k,¢)’“kp(¢)ﬂp(¢)(V®y2""¢)>)

k,p.¢=M

+(ciy (9) 5, (9) (U®x,,, )M () (v® Yy, ))) da

Where in the place of F,G, H we have Fb, Gb, Hb

Summing with N =0 to @ we obtain:

(M () (u®X),M (t)(v®y))=

(M (0)(u®x),M (0)(v®Yy))

+I[ (L,F (u®x),LF(v®y))

+ Y (< (u®xlk¢),akp(¢)ﬂp(¢)(v®yz,k,¢)>)

K,p,¢=M

+(aiy (9) 5, (9) (U® 1, )M () (v® Yy, ))) da
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Hence:

[7]Serbanescu, C., Fermoin Stochastic Integrals of Continuous
Processes/ Analele Universitatii Bucuresti pg. 277-288;
(M (t)(u®x),M(t)(v®y))

=(M (0)(u®@x).M(0)(v®Y))
Cristina-Mirela Serbanescu
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+ § § E (<M (a)(u ®X1’k’¢)aﬂp (¢)(V® yz,k,¢)> of Bucharest 1980

ped k=1 g=M 3. PhD in Probabilities and Stochastic Processes, University of
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+(B,(9)(U®x,4 )M () (VO Y, )>)) da
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Conferences:

4. Conclusions L WSEAS
2. INASE
The need to build the non-commutative Markov processes 3. Europment
was given by the evolution of probabilities in quantum 4. Keystone
mechanics. e build these processes on antisymmetric Fock Journals:
Space where we do not have exponential commutative 1. Hindawi: Mathematical Problems in Engineering
vectors and where the commutative property does not 2. Buletin des Sciences Mathematiques Roumaines
occur between operators describing disjoint time 3. NAUM: International Journal of Pure Mathematics
4. Analele Universitatii Bucuresti

intervals[5]. For this reason the processes are obtained as
solutions of stochastic integral equations. This
mathematical model creates the possibility to construct
physical processes as stochastic integral equations
solutions, being at the same time a new method of proving
that certain processes are noncommutative. The model
may be used in diffusion processes.
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