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Abstract
In this paper we introduce and study different properties of g -closed sets in the intuitionistic fuzzy
topological spaces. T,-separation axioms in intuitionistic fuzzy topological spaces are also introduced with
the help of g -closed sets.
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1. Introduction

The theory of intuitionistic fuzzy (IF) sets was introduced by Atanassov [1,2] in 1983. In 1997
Coker [4] introduced the notions of intuitionistic fuzzy topological space, some types of intuitionistic
fuzzy continuity and some other related concepts. The concepts of g -closed sets and T,-separation axiom
in fuzzy topological spaces have been discussed in [3]. The objective of this paper is to introduce the
notions of g'-closed sets and T,-separation axiom in intuitionistic fuzzy topological spaces and to study
their properties respectively.

2. Preliminaries
2.1 Definition[1,2] An Intuitionistic Fuzzy (IF) set in X is given by a set of ordered triples
A= {<X, Ha(x),va(X) > : x € X },where pp ,va 1 X — [0,1] are functions such that 0 < pa(x) + va(x) < 1,
V x € X. The numbers ps(x) and va(x) represent the degree of membership and degree of non-membership
for each element xeX to A — X, respectively.
2.2 Definition [5] Let a,p<[0,1] and a+B<1.An IF point X, in X is an IF set in X defined by
X@p) (¥) = (a,p), ify=x and (0,1) ify #x.

x is called the support of x(,, ) and o and P are called the value and the non value of x g ,respectively.
2.3 Definition [8] Let (X,t ) be an IF topological space and x(,p be an IF point of X, an IF set N of X is
said to be IF neighborhood of x( g, if there exists an IF open set A of (X, ) such that x5 € A = N.
2.4 Definition [7] Two IF sets A and B are said to be quasi-coincident, denoted by A ¢ B if and only if
there exists an element x € X such that pa(x) > ve(x) or va(x) < ug(x).
The expression ‘not quasi-coincident’ will be abbreviated as | A ¢B
2.5 Definition [7] An IF point X, is said to be quasi-coincident with the IF set A, denoted by X(,,p q A if
and only if B > va(X) or y < pa(x), where A={<x, pa(x),va(x) > : x € X}.
2.6 Definition An IF set A of an IF topological space (X,t) is said to be

a) IF regular open set if A = int(cl A) [6].

b) IF g-closed if cl(A) < O whenever A < O and O is an IF open set [9].

¢) IF rg-closed if cl(A) < O whenever A < O and O is an IF regular open set [9].
2.1 Result Every IF regular closed (regular open) setis IF closed (respectively IF open) [9] and every IF
closed (respectively IF open) set is IF g-closed (respectively IF g-open) set but the converse may not be
true.
2.7 Definition [10] Two IF sets A and B in an IF topological space ( X , t) are called g-separated if
cl(A)nB=0.=AnclB).
2.8 Definition [9] An IF topological space (X,t) is called an IF T, space if every IF g-closed set in X is IF
closed in X.
2.9 Definition [9] An IF topological space (X,t) is called an IF regular Ty, space if every IF rg-closed set
in X is IF regular closed in X.
2.2 Result [9] Every IF regular T, space is IF Ty, space.
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3. Intuitionistic Fuzzy g*-Closed Sets

In this section, the concept g -closed set in IF topological space is introduced and its different properties
are studied.
3.1 Definition An IF set A in an IF topological space (X,t) is said to be IF g'-closed set if cl(A)
< O whenever A < O and O is an IF g-open set.

An IF set A in the IF topological space (X,t) is said to be IF g -open if and only if its complement
A®is IF g -closed
3.1 Theorem In an IF topological space (X,t) every IF closed set is IF g -closed set.
Proof Let A be an IF closed set and O an IF g-open set in an IF topological space (X,t) such that A < O. A
being closed set, CI(A) = A. Hence, CI(A) < O, whenever A — O and O is an IF g-open set. Thus A is an
IF g'-closed set.
But the converse is not true as shown in the following example.

3.1 Example Let X = {a, b} be an non empty set and U = < x, (a/0.5,b/0.4), (a/0.4,b/0.3) >. Then the family

1= {0~ 1-,U}is an IF topology on X. Then the IF set A = <X, (a/0.3, b/0.2), (a/0.6, b/0.5) > is IF g- closed
as A c U gives clA c U. Hence A° is IF g-open. Now the IF set B defined by A = <x, (a/0.3, b/0.4), (a/0.4,
b/0.3) > is IF g -closed set, since B < A° gives cIB — A°. But B is not closed.
3.2 Theorem In an IF topological space (X,t) every IF g'-closed set is IF g- closed set.
Proof Let A be an IF g'-closed set and O an IF open set in an IF topological space (X,t) such that A  O.
Since O is IF open, O is IF g-open. A being g -closed set, CI(A) O, whenever A O and O is an IF g-
open. Hence, CI(A) < O, whenever A — O and O is an IF open set. Thus A is an IF g-closed set.

But the converse is not true as shown in the following example.
3.2 Example Let X = {a, b} be an non empty set and U = < x, (a/0.6,b/0.5),(a/0.4,b/0.5) >. Then the family

= {0~ 1.,U}is an IF topology on X. Then the IF set W = <x, (a/0.1, b/0.3), (a/0.8, b/0.6) > is IF g- closed.
But W is not IF g"-closed.
3.3 Theorem In an IF topological space (X,t) every IF g'-closed set is IF rg- closed set.
Proof Let A is an IF g -closed set and O is an IF regular open set in an IFT space (X,t) such that Ac O.
Since O is IF regular open, O is IF g-open. A being g -closed set, CI(A) < O, whenever A — O and O is an
IF g-open. Hence, CI(A) < O, whenever A < O and O is an IF regular open set. Thus A is an IF rg-closed
set.

But the converse is not true as shown in the following example.
3.3 Example Let X ={a,b} be an non empty set and U = <x, (a/0.5, b/0.6), (a/0.4, b/0.4)>. Then the family

1={0~1.,U}isanIF topology on X. Then the IF set A defined by A = <x, (a/0.5,b/0.4), (a/0.4,b/0.5) > is
an IF rg- closed but not IF g"-closed.

3.1 Remark Every IF g-closed set is IF rg- closed set but its converse may not be true [8]. Hence the
relationship of IF rg- closed set, IF g-closed set and IF g'-closed set are as follows

IF closed set = IF g'- closed set = IF g- closed set = IF rg- closed set
where “IF” means “intuitionistic fuzzy”. However the converses are not true in general.
3.4 Theorem In an intuitionistic fuzzy topological space (X,t) an IF set A is an IF g'-closed set and X(a,p) b
an IF point in X such that x, g)q cl(A) then cl(X(q, [3)) qA.
Proof Let A be an intuitionistic fuzzy open and g -closed set and let X@pd cl(A). If pos51ble cl(Xap)) Iq A,
then A < [cl(X(,p) )] © where [cl(X(,p )] © is an IF open set. Now since A is an IF g -closed set, cl(A) <
[el(X@p) )] ¢ S [X@p]° - Therefore X(qp) —|q cl(A), which is a contradiction to the hypothesis. Hence cl(x,p)
)qA
Theorem 3.5 Let A and B are IF g'-closed sets in an IF topological space (X,t), then
A U B isanIF g -closed set.
Proof Let O is an IF g-open set in X, such that AUB < O. Then A ¢ O and B < O. So cl(A) < O and cl(B)
< O. Therefore cl(AUB) < cl(A) U cl(B) < O. Hence A U B is an IF g*—closed set.
Remark 3.2 The intersection of two IF g'-closed sets in an IF topological space (X,t) may not be IF g'-
closed set.
Example 3.4 Let X ={a,b}be an non empty set and U= <x,(a/0.4, b/0.3), (a/0.5,b/0.4)>.
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Then the family 1= {0~ 1-, U} is an IF topology on X. Then the IF set A = <x, (a/0.5, b/0.3), (a/0.5, b/0.4)
> B =<x, (a/0.3, b/0.6), (a/0.6, b/0.4) > are IF g*- closed sets but A N B is not IF g*-closed.

Theorem 3.6 Let A B < cl(A) and A is IF g'-closed set in an IF topological space (X,t). Then B is IF g -
closed.

Proof Let O is an IF g-open set in X, such that B < O. Then A < O and since A is IF g*—closed, cl(A) < O.
Now B c cl(A) implies cl(B) < cl(A) < O. consequently B is IF g'-closed.

Theorem 3.7 An IF open and IF g'-closed set is IF closed.

Proof Let A be an IF open and g'-closed set. Then CI(A) < O, whenever A < O and O is an IF g-open.
Since A be an IF open and IF open sets are [F g-open and considering A = O, we have cl(A) A that is
cl(A) = A and so A is IF closed.

Theorem 3.8 An IF open and IF g"-closed set is IF closed.

Proof Let A be an IF open and g'-closed set. Then CI(A) < O, whenever A < O and O is an IF g-open.
Since A be an IF open and IF open sets are [F g-open and considering A = O, we have cl(A) A that is
cl(A) = A and so A is IF closed.

Notation 3.1 Let (X,t) be an IF topological space and IFGC(X) (respectively IFGO(X)) be the family of all
IF g-closed (respectively IF g-open) sets of X.

Theorem 3.9 In an IF topological space (X,t ) if IFGC(X) = IFGO(X) and every IF g-closed is IF closed
then every IF subset of X is IF semi g*- closed.

Proof Let A is an IF sub set of X and A < O and O is an IF g- open. Since IFGC(X) = I[FGO(X), O is IF g-
closed also. According to hypothesis O is IF closed. Hence cl(A) < cl(O) = O and A is an IF g’- closed set.
Theorem 3.10 In an IF topological space (X,t ) if every IF subset of X is IF g"- closed then IFGC(X) =
IFGO(X).

Proof Suppose that every IF subset of X is IF g -closed. Let AeIFGO(X), now since every IF g -closed set
is IF g- closed set, AeIFGC(X). Thus IFGO(X) < IFGC(X). Again if AeIFGC(X) then A° eIFGO(X) c
IFGC(X) and hence A eIFGO(X). Consequently, [IFGC(X) < IFGOX). Hence IFGO(X) =IFGC(X).
Theorem 3.11 An IF set A of an IFT space (X,t) is an IF g"-open if and only if F  int (A) whenever F
A and F is an IF g-closed in (X,7).

Proof Let A is an IF g"-open set in X. Let F be an IF g-closed in X such that F  A. Then F° is IF g-open in
X such that A° — F°. Since by hypothesis A® is an IF g'-closed, we have cl(A°) < F°. But cl(A°) = (int(A))°
.Hence (int(A))° < F° or F c int (A).

Conversely, suppose F be an IF g-open in X such that A° < F. Then F° is IF g-closed and F® < A.
Therefore by hypothesis F¢ < int(A). This implies that cl(A° ) = (int(A))° < F. Hence A® is IF g'-closed and
A is IF g"-open in X.

Theorem 3.12 Let A and B are IF g -open sets in an IF topological space (X,t), then

A N Bis an IF g -open set.

Proof Let F is an IF g-closed set in X, such that F c A nB. Then F — A and F < B. So

F cint A and F ¢ int B. Therefore F — int A mint B =int( A n B ). Hence A N B is an IF g*—open set.
Remark 3.3 The union of two IF g"-open sets in an IF topological space (X,t) may not be IF g’-open set.

Example 3.5 Let X ={a, b} be a set and U = < x, (a/0.4,b/0.4), (a/0.6,b/0.5) >. Then the family t ={0-,

1.,U} is an IF topology on X. Then the IF set C = < x, (a/0.6,b/0.4), (a/0.3,b/0.5) > , D = <
x,(a/0.7,b/0.5),(a/0.5,b/0.3) > are IF g - open sets but CUD is not IF g -open.

Theorem 3.13 If A is an IF g -open sub set in an IF topological space (X,t) and

int(A) < B < A, then B is IF g"-open.

Proof Let F is an IF g-open set in X, such that F < B. Then F < A and since A is IF g*—open, F cint A.
Now int(A) < B implies F < int(A) < int(B), hence B is IF g -open.

Theorem 3.14 An IF closed and IF g -open set is IF open.

Proof Let A be an IF closed and g -open set. Then F < int(A), whenever F — A and F is an IF g-closed.
Since A is an IF closed set and IF closed sets are IF g-closed and considering A = F, we have A < int(A)
that is int(A) = A and so A is IF open.

3.15 Theorem An IF open and IF g - closed set is IF closed.
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Proof Let A be an IF open and g'- closed set. Then cl(A ) < O, whenever A ¢ O and O is an IF g-open.
Since A is an IF open set and IF open sets are IF g-open and considering A =0, we have cl(A ) < O that
is cl(A ) = A and so A is IF closed.

3.16 Theorem Let A and B are g-separated IF g -open sets in an IF topological space (X,t). Then AUB is
an IF g*—open.

Proof Let F be an IF g'-closed set such that F ¢ AUB. Then F N cl(A) < (AUB) N cl(A) =(A N cl(A)) U (
B N cl(A))= A n cl(A), since B n cl(A)= 0~. Therefore F n cl(A) < A. Hence F n cl(A) < int
(A).Similarly F n cl(B) cint (B). Now we have F=F n (A U B) <(F N cl(A)) U (F n cl(B)) < int (A) U
int (B) cint (A U B). Hence F < int (A U B) and hence A U B is an IF g*—open.

3.17 Theorem Let A and B are IF g'-closed sets in an IF topological space (X,t) and suppose that A® and
B¢ are g-separated. Then A N B is IF g"-closed.

Proof Since A° and B are q-separated IF g"-open sets, by theorem 3.16, A° U B¢ = (AnB)“is
IF g"-open. Hence A N B is IF g'-closed.

3.18 Theorem For each x € X, the IF point {x(p} is IF closed or its complement {x(,p}° is IF g"-closed
sets in an IF topological space (X,1).

Proof Suppose that{xg)} is not IF closed in ( X,t ). Then 1. is the only IF g-open set containing{Xg}*
in X. Also cl({X(.p}°) < 1~ holds and hence {x,p)}° is IF g -closed.

4. Intuitionistic Fuzzy T,-Space

In this section, a new notion, called IF T, — space is defined and some of its properties are studied.
4.1 Definition An IF topological space (X,t) is called an IF T,-space if and only if every IF g'-closed set is
IF closed.
4.1 Theorem Every IF Ty, space is an IF T,-space.
Proof Let the IF space (X,t) is an IF T, space and A is an IF g -closed set. Now every IF g'-closed
set is an IF g- closed set. Since (X,t) is an IF T, space so every IF g- closed set in (X,t) is IF closed in
(X,7). Hence A is is IF closed in (X,t). Therefore every IF g -closed set is IF closed in (X,t) and hence
every IF Ty, space is an IF T,-space.
4.2 Theorem Every IF regular T, space is an IF T,-space.
Progf Let the IF topological space (X,t) is an IF regular T, space and A is an IF g'-closed set. Since every
IF g -closed set is an IF rg-closed set and in an IF regular T/, space every IF rg-closed set in X is IF regular
closed in X. Again every IF regular closed set in X is IF closed set in X. Hence A is an IF closed set in X.
Therefore every IF g'-closed set is IF closed in (X,t) and hence every IF regular T, space is an IF
Ta.-space.
4.3 Theorem Let (X,t) be an IF topological space where X is an IF T,-space. An IF set A is an IF g -open
setin X if and only if A is an IF neighbourhood of x, g, for each IF point x, 5, € A.
Proof Necessity Let x5 € A where A is an IF g -open set in X. Since X is an IF T,-space, A is an IF
open set in X. Then clearly Ais an IF neighbourhood of X ) .
Sufficiency Let x(,,p) € A. Since A is an IF neighbourhood of X, ), there is an IF open set B in X such that
Xop € B C A Now A = U{ X@up) : X@p € A} € U{ B xap : X@p € A } < A. This implies
A=U{Bap :Xaup €A }.Since each B is an IF open set, A is an IF open set.
4.4 Theorem For each any IF set A in an IF topological space(X,t) where X is an IF T,-space, A is an IF
g -open set in X if and only if for each IF point X@p) € A, there exists an IF open set B in X such that
Xp € BcCA.
Proof Necessity Let A is an IF g -open set in X, then we can take B = A so that X3y € B < A for each IF
point X(,p) € A.
Sufficiency Let A is an IF set in X and assume that there exists an IF open set B in X such that
Xep € B < A. Since X is an IF T,space, A is an IF open set in X Then
A=y x(a.p) € A { X(a,p) }g*u x(ap) € A { B x(a ,b) } c A. This 1mphes A=uv x(aB) € A { B x(a ,b) }IS an [F open
set and hence A is an IF g -open set.
4.2 Definition An IF g'-closure operator of the IF set A in an IF topological space ( X,t) is defined as
CI'(A)=n { B: AcBand Biis IF g -closed set in X}.
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4.5 Theorem In an IF T,space (X,r), K = K, where K ={ A : ¢l A® is IF closed}and
K'={A: cl" A%is IF g'-closed}.

Proof Let the IF topological space ( X,t) is T,-space. Then A € K implies cl A° is IF closed implies cl A°
is IF g'-closed implies cl” A° = cl A® is also IF g'-closed (since X is T,-space). This implies that AcK".
Similarly we can show that Ae K’ implies Ae K. Hence K=K

4.3 Definition An IF topological space (X,) is called an IF To-space iff for any two IF points{xp} and
{Yoo}in X such that{xqg}# {yustimplies either{xqgl# clHyws} or {yusol# cHxXwpls

equivalently {X )} #{Y(.s) ) implies cl{xp)i# cl{yo.s)}-
4.6 Theorem Every IF T,- space is an IF Ty-space.

Proof Let the IF topological space (X,t) is an IF T,- space but not IF Ty-space. Then there exist two IF
points{Xp)} and {yus}in X such that{xp}# {yu.s} but cl{Xep = cl{yus)}- Cleagly {X(o,p) 18 not IF
closed otherwise cl{x(p)}={X@p}# cl{yys}- Now by theorem 3.18 {X(p)}° is IF g -closed but not IF
closed otherwise{y(, s} € {X(wp)}* implying cl{yy.s}S{Xwp} and cl{X(p)}# cl{yy.s }-Contradicting our
hypothesis. Hence(X,t) is IF Ty-space.

References
[1] K. Atanasov, Intuituioistic fuzzy sets, VII, ITKR’s session, Sofia (1983) (in Bulgaria).
[2] K. Atanasov, Intuituioistic fuzzy sets, Fuzzy Sets and Systems 20 (1986) 87-96.

[3] RN. Bhaumik, and Md. A. Hussain , Fuzzy g-closed sets and Fuzzy T,-separation
axiom, Acta Ciencia indica ,Vol. XXXIV M. No.4 (2008),1997-2000.

[4] D.Coker, , An introduction to IFT spaces, Fuzzy Sets and Systems 88(1) (1997) 81-89.
[5] D.Coker and M. Demirci, On IF points, Notes on IFS, 1(2) (1995) 79-84.

[6] H. Gurcay, D. Coker and Es. A.H.,On fuzzy continuity in intuitionistic fuzzy topological spaces,
J. Fuzzy Math ,Vol 5 No. 2 (1997) 365-378.

[7] F.G.Luplianez , Quasicoincidence for Intuitionistic Fuzzy Points, Internationa Journal of Mathematics
and Mathematical Sciences 10(2005) 1539-1542.

[8] Seok Jong Lee and Eun Pyo Lee, The category of intuitionistic fuzzy topological spaces, Bulletin
Korean Math. Society 2000, 63-76.

[9] S.S. Thakur and R. Chaturvedi, RG-Closed sets in intuitionistic fuzzy topological spaces,
Universitatea Din Bacau Studii Si Cercetari Stiintifice Seria:Matematica, Nr. 16 (2006),257-272.

[10] N. Turnali and D. Coker, Fuzzy Connectedness in Intuitionistic Fuzzzy Topological Spaces, Fuzzy
Sets and Systems 116(2000)(3),369-375.

855



