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ABSTRACT: In this paper, some further identities of Rogers-Ramanujan Type related to modulo
5, 6 and 12 has been derived by using some Identities from Lucy Slater’s famous list of 130
identities of Rogers-Ramanujan Type [9] via some general transformation between Basic
Hypergeometric Series.
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Historical Development: The most famous of the “Series = product” Identities are:

For |g|<1,

2
o0 qn o] 1
= ,n#0,£2(mod5)
ré)(q;Q)n gl—q“

1

—,n#0,£1(mod 5 )
41-q"

where (q;q), =(1—Q)(1—q2)--(1—q”)’

which are known as the celebrated original Rogers-Ramanujan Identity. These two identities
have motivated extensive research over the past hundred years. They were first proved by L. J.
Rogers in 1894 in a paper [8] that was completely ignored. They were rediscovered without
proof by Ramanujan sometime before 1913. Also in 1917, these identities were rediscovered and
proved independently by Issai Schur. There are now many different proofs of these Identities. In

the ensuing decades, numerous identities that are similar to the Rogers-Ramanujan Identities has

865


http://www.ijiset.com/

IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 5, May 2015.

www.ijiset.com
ISSN 2348 — 7968

been discovered by several eminent mathematicians like Jackson, W. N. Bailey, G. E. Andrews,
L. J. Slater, A.K. Agarwal, etc.

There are two aspects of these identities: Analytical aspect and the combinatorial aspect.

In this paper we study only the analytical aspect.

1. Introduction: For |g|<1, the g-shifted factorial is defined by
(@q)o=1
(a; Q)n = [17Z5(1 — ag"), for n>1

and (& @)oo = [Ti=1(1 — ag®).

(4;9) 0

It follows that  (a;q), = @D

The multiple g-shifted factorial is defined by
@2z, 8m;0), =(a1:9), @2:9),(am:a),
(ay,8z,80:0),, =(@1:0),,(@2:0),,(am;Q)., -
The Basic Hyper geometric Series is

n(n-1)r
(al,az, ....... ,apﬂ;q;xj_i(al;q)n(az;q)n....(ap+1;q)nXn(_l)nrq 2
(Rl P I = (a:9), (0 :0), (by;9), eene (blw;q)n

The series I0+1(|)p+rconverges for all positive integers r and for all x. For r=0 it converges only

when [x|<1.

Ramanujan’s Theta function: Ramanujan’s Theta function ([4], P.11, Eq. (1.1.5)) is defined as

f(a b)=Xw _,am®+D/2pn(=1/2 " for |ab|<1.

The following special cases of f (a, b) arise so often that they were given their own notation by
Ramanujan ([4], P.11):

() = f (a,9)

Y(@) =f (a,9°)
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f(=a)=f (—q,—q%)

Jacobi’s triple product identity :( See [7], P.2, Eq. (1.1.7))

For |ab| < 1, f (@ b)=(—a,—b,ab; ab)

An immediate corollary ([7], P-2, Eq. (1.1.8), (1.1.9), (1.1.10)) of this identity is thus

f (=)= (Do
P(a) = 2D

— (qziqz)oo
l/)(q) - GUH B

We now list some general transformations. Most of them can be derived as limiting case of

transformations between basic hyper geometric series. Let a, b, ¢, d, y and q €C, |q|<1. Then

. nn-1)/2,_ n . . nn-1)/2,_,\n
yo (a,b;q)nq (=cy/ab)” _ (cy/ab;q)eo ye 0(C/a,C/b,q)nq -=v) (1.1)

(2 H VDo (c.cy/ab,q;q),
L 12
By SO (), i, ST (13)
Ln=0 (qygz(;;nl()c:zq)n e qz) Zin= Oq(ilnz% (1.4)
oo e < Gy A @)
s e e S e

Several of the above transformations follow from identities in Andrews two papers [2]

and [3] and some also follow from Identities in Ramanujan’s notebooks [10].
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The transformation (1.1) is a limiting case of a g-analogue of the Kummer Thomae-Whipple
formula (see [5] P-72, Equation 3.2.7) or (see [7] p-40, Eq. (6.1.2)). The transformation (1.2) is
found in [10] and a proof can be found in [4] or (see [7] p-40, Eqg. (6.1.3)). The equation (1.3)
follows from (1.2) upon letting b—0, or (see [7] p-40, Eq. (6.1.4)). Proofs of (1.4) can be found
in [6], or (see [7] p-40, Eq. (6.1.6)). Whereas (1.5) can be found in Ramanujan’s Lost Note
Book, (see [4], Entry 1.7.3), or (see [7] p-41, Eq. (6.1.16)). Finally, the transformation (1.6) is a
limiting case of Jackson’s Transformation [1] (see also [5], page 14) or (see [7] p-41, Eq.
(6.1.13)).

2. Finally, we end this part by introducing some identities from the Lucy Slater’s famous
list [9] of Rogers-Ramanujan Type ldentities. Each of them below that appears in [9] is
designated with a “Slater number” S.n.

g "V _ f(-a.-q*
=0 (g:a)n F(-)

) (see [7], Equation (2.5.1) p.11): (S ) (2.1)

o Q"™ f(-q-9" : _
Y=o . - veD , (see [7], Equation (2.5.8) p.12); (S 16 ) (2.2)
2
o 4% _ f(=4*-a*) : _
Din=0 @D. - feo , (see [7], Equation (2.5.3) p.11); (S1s ) (2.3)
2
o a”  _f(-4*-4°) : _
Din=0 T v (see [7], Equation (2.5.9) p.12); (S.20 ) (2.4)
nm+2) (_ 4.2 4 _n5
Zﬁﬂ)q (q4_;4;17'lq n = f(zp?'—q(; ) , (see [7], Equation (2.6.2) p.13) (2.5)
w 4" (-a%9%)n _f(a.9%) : _
Y=o T e (see [7], Equation (2.6.12) p.13); (S ) (2.6)
nZ _ .2 2 4
yoo_ 4 C8a)n S0 - ooq 17, Equation (2.6.14) p.14); (S 50) 2.7)

(@D 2n Y(-q) '
w  q""D (-1;¢*)n_f(-a°-a")-af(~a.-q"")
Zn:O -

,(see [7], Equation (3.12.2) p.27;( S45)  (2.8)

(@9 2n f(=q)
nn+2)/_,4.,2 _ 12 _ 410
q (=4:9)n _f(=q°,—q") .
-_ = 12.2)p.17): (S 2.
Xn=0 - o) (seel7] Equation (2.12.2) p.17); (Ss0) (2.9)
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3. Identities related to modulo 5:

Replacing g by g2 in (1.2) we have

o o e G G L g0 (-ay/b;a*),q" " (-b)"
=0 (b;qM)n(a%aDn  (1:3D0 “T0 (—¥:0Pn (@%4P)n
which for a=0, b= —g and y = g2 reduces to
2

2
qm _ (-4%4%) q

Zin=0 (~4:a®)n@%a®n  (-0:4%)c0 Zin=0 @%9%)n

n

Now, using (2.4) in (3.2), we obtain the following identity:

2+n

g g2 o q" _ (a%.4%.4%9%)w
(=440 Zn=o (-4:9*)n(a%49%*)n (@D

=71 = 1% 0, 2, 3 (mod 5)

Again, settinga= 0, b =—qg3, and y = ¢? in (3.1), we get

ZOO qn2+n (_qz.qz)ooz n(n+2)
=0 (—q3;q2)n(a%a%)n  (—a34%)e =T °(q4 a*)n

Using (2.2) in (3.4), we obtain the following identity:

2
gt _(@,.9%4%0%)

34)n(q%q*)n (CH

(_q3: qZ)OO Z‘?)?:O (_q
=171 =, "% 0, 1, 4 (mod 5)

1
In the transformation (1.4), replacing q by qz , we get

q3n(n—1)/4y ”2 2y

Yo (@GDn

n=0 1 1
WD (a%4%)n Kz q)
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(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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The equation (3.6) for y = q3/2 and y = ql/z yields the following two identities:

( 3 ) Zoo g3n(n+1)/4 200 qn2+n
qZ; q [e'e] n=0 3 T 1 = n=0 _
(4Z0)n(9%:02)n (@:Dn

_ (2.94%4%4%w

. ,(on using (2.1)

= n;f:l#, nz0,1,4(mod5) (3.7)

And

3n2+n n2

1 " q e
@Z:9)n(qZ:92)n 4:q)n

- (@%4%0%07)e

— ,(on using (2.3)

= H;‘;;lﬁ, n£0,2 3(mod5) (3.8)

Identities related to modulo 6:

Settinga = —q2,b = —q3,y = q? in (3.1), we have

00 (_qziqz)n qn2+n (_qziqz)oo 00 (_q;qZ)nqn(n+2)
& = _ 3.9
Ln=0 (-2%4)n(@%0)n (0% e Ln=0 (@%q%n (3.9)
Now using (2.5) in (3.9), we get the following identity
(-39 oo yioo (—q%q)nq™ " _ (2.4°4%4%«
1+q =0 (—q3,42),(a%q%n (@D o
= H%Lﬁ, nZ 0, 1,5 (mod 5) (3.10)

1
Again replacing q by gz in the transformation (1.5) and then setting a = q1/4, b= —ql/z we get

(—q'/2;q) g +21)/2
(qziqz)n

1 1 2
(—q'/4,q"/2) qm*+2m)/ _ (-39
(@Y%) (q3/%9Y2) . (@349

Yin=0 Yin=o (3.11)
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Using (2.5) after replacing g by g2 in (3.11), we get the following identity:

2
q"%0)na ™2 _ (4,4%.0%0%) e
(@D (@3%0)n (4D oo

3 [0.0]
(q /2; Q)oo Zn=0
= H?ﬁ:lﬁ' nz0,1,5(mod5) (3.12)

Similarly, replacing g by g# and then settinga = —q,b = —q, y = 1 in (1.6), we get

2(n2+n) 2 qz) qn(n+1)

0 (_q;qz)nq
Zin=0 @%aDn(@%ahHn (- q2 Z" 0 (q qZ) (a%4%)n

_ -9 _(-0 g (-q%q¥)pq D
T (~4%0)00 “0 (@@)ants

which upon using (2.6), yields the following identity:

2
(49w o (-4:qH)n q?" M
n=0

. _ 5 _.6.,6
- _(-9-9.9°:9°) o (3.13)

@3a)n(@%aHn (@9 0

Moreover, replacing g by g2 and then settinga = —1,b = —%, y = % in (1.6), we get

2 2
Zoo (_15q2)n q2n Z (- q;qz)nqn
n=0 (q2;q4)n(q2iq2)n (-q; qz)oo =0 (4;42)n(a2:0*)n

2
Z (- Qqu)nqn
n=0

( q; qz) (@:0)2n

which upon using (2.7), yields the following identity:

oo (_1;q2)n q2n2 (_qz;_ q4;q6iq6)oo
_ = 3.14
Zn—O (@%a9M)n(a%9%)n (@%9%) ( )

Identities related to modulo 12:

Settinga = q,b = —q?,y = —q in (3.1), we have

2
ZOO (—D™@:9*)nq" — ™ ZOO (_1;q2)nqn(n+1)
"0 @hatn (-4%4%e0 =0 (@4 (a%a?)n
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_ (@9 (@90 _yieo (-1, g
T30 “ 0T @)
which upon using (2.8), yields:
(=4%9%) w0 oo (—D™@:a)n g™ _(@%47.9"%4" M0 (4,9%.9%9") e

(@02 oo n=0 " (g%q"), (@) o0 ' (4:0)c0
_ 1 1
= H?::lm + [=1 Py

where n# 0, 5, 7 (mod 12) and n# 0, 1, 11 (mod 12) respectively. (3.15)

Finally, replacing q by g2 and then setting a = —g2,b = —q, ¥ = q in (1.6), we get

g0 (—qz;qz)nqz(nz‘””) o (-4;q?)nq""+?
n=0"(46;,4Hn(a%9%n (-4 qZ) =0 (43,42),(q%q%)n

n(n+2)

(1 q) Z (- q;qz)nq
T (=030 ™0 (@@)anta

which upon using (2.9), yields the following identity:

(-q%q )ooz (—q%qH)n 22+ _ (@%4°4"%4)w
(1-¢) =0 (459" (a%a%)n (@)oo
=n,°l°=11_—1qn, nz 0, 2, 10 (mod 12) (3.16)

4. Conclusion:

This paper has touched a small part of the literature of the Rogers-Ramanuan type Identities.
Though, identities related to modulo 5, 6 and 12 are already there in the literature, it is an
endeavor to find the same in a different way. Perhaps the methods applied here may be helpful in
deriving more other identities of different modulo by some other suitable substitution of the

variables a, b, y and g.
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