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ABSTRACT

Discussion shorten decision problem pertaining to normal daily operation of a
service network. A common assumption in the problem was that travel is
performed along the shortest path to the assigned destination. When the
destination node is the scene of a service coll, it is not appropriate when the
travel has been initiated for other reasons. The service unit is on a casual
travel a call will be moving server will be instantaneously dispatched to he
cash. Therefore, management may consider routing the server; it will stay
close to places. The nodes associated with high demand for service such
power that the shortest path is nt always optimal.
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Introduction
The general constrained optimization problem may be stated as

min F(X) s.t. g(X)=0 ,ien: g(X)20stienl @)

X<R

where objective functions F(x) and the constrained functions a;(x) are all smooth
and real valued functions on a subset of R", I and A are finite indexing sets of
inequality and equality constraints respectively.

The algorithm for constrained optimization problems must possess the
particular properties and structure of the objective and constraint functions.

First of all we observe that whether the problem may be simplified or not.
In some case it is possible to find a solution without using computer. For example,
an examination of the constraints may show that the feasible regions is empty or
that the objective functions is not bounded in the feasible region. It may be
possible to solve Karuh-Kihn-Tucker Conditions directly by quessing which of
the inequality constraints are active at the solution. Knowledge of the active
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constraints reduces the KKT conditions to a system of equations that can be solved
directly. This approach is rarely practical. Algorithms for nonlinear equations are
not guaranteed to find a solution from arbitrary starting points. Thus we require
nonlinear optimization algorithms that directly address general nonlinear
optimization problem of the form (1).

Before solving the problem the attention should also be given to the nature of the
constraints. There may be two types of constraints hard and soft constraints. From
the algorithm point of view, hard constraints are those that must be satisfied in
order that the functions and constrained in (1) be meaningful. Some of these
functions may not even be defined at infeasible points.

Constrained optimization problems with soft constraints are sometimes recast by
the modeler as in an unconstrained problem in which a penalty term including the
constraints is added to the objective functions. Before applying the optimization
algorithm we must decide whether it is preferable to use one of the approaches in
which the constraints are treated explicitly or whether a penalty approach is
adequate. For problems with hard constraints that must be satisfied at all iterates,
we must use feasible algorithm.

There is no requirement to introduce a more complex merit functions that
takes account of the constraint violations, because constraints are always satisfied.

Types of Optimizing Algorithms

We have grouped the various important approaches as follows. We provide
approaches for penalty barrier and augmented Lagrangian methods and
sequential linearly constrained methods.

By combining the objective function and constraints into a penalty function we
can attack (1) by solving a sequence of unconstrained problems. For example if
only equality constraints are present in (), we can define the penalty function as

FOO+— ¥ & (X
2“ ieA (2)
where u >0 is penalty parameter. We then minimize this unconstrained function
for a series of increasing values of p, until the solution of the problem is identified
to sufficient accuracy. If we use an exact penalty function, we can solve (1) with
one single unconstrained minimization . For the equality constrained problem, an
exact penalty function is obtained by setting.

FO)+= 3 Ja (%)
W ieA

for some positive choice of p.
In barrier methods, we add terms to the objective that are insignificant when x is
safety in the interior of the feasible set but approach zero as x approaches the
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boundary. If only equality constraints are present in (1), the logarithmic barrier
function has the form. .

F(0- 1 X l0ga, (x)

where u>0 is barrier parameter. The minimizes of this function can be shown to
approach solution of the original constrained problem as p ¥ 0, under certain
conditions.
In augmented Lagrangian methods, we define a function that combines the
properties of the Lagrangian function and the quadratic penalty function (2). This
so called augmented Lagrangian function has the following form, when only the
equality constraints are present in the problem (1).
L(Am) = F(X) = 5 Aa (04— 3 a2(x)

ieA 2].l ieA
Methods based on this functions proceed by fixing A to some of the estimate of the
optimal Lagrange multipliers and pn >0 to some positive value, and then finding a
value of x that approximately minimizes L. The new X iterate is then used to
update A,u may be decreased and the process is repeated.
In sequential linearly constrained methods we minimize, at every iteration, a
certain Lagrangian function subject to a lineralization of the constrains. There
methods have been used mainly to solve large nonlinear constrained optimization
problems.
In sequential quadratic programming, the idea is to model (1) by a quadratic sub-
problem at each iterate and to define the search direction as its solution.
Particularly in the case of equality constraints in (1), we define the search direction
Py at the iterate (xx Ax) to be the solution of

min%pTWk.p+V.FIp
p

©)
Subjectto Ayp +a, =0
The objective in this sub-problem is an approximation of the Lagrangian function
and the constraints are linearization of the constraints in (1)

The new iterate is obtained by searching along the direction until a certain
merit function is decreased. These methods are effective in practice. They are the
basis of some of the best software for solving constrained optimization problems.

Methods of Elimination of Variables and Constraints
Let us suppose the minimization of a non linear function subject to a set of linear
equality constraints i.e.

min F(x) Subject to Ax =b 4
where A is an mxn matrix with m <n. We can find a subset of m columns of A
that is mearly independent. Collecting the columns into m x m matrix B. and
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defining an n xn permutation matrix P that swaps these columns to the first m
columns positions in A, we can write

AP=[BIN] (5)

where N denotes n-m remaining columns of A.
We define the sub-vectors xg € R™ and xy € R™™. in such a way that

e _[X } 6
P {X N (6)
and call xg the basic variables and B the basis matrix. Also PPT = I, we can rewrite
the constraint Ax=Db as.

b= Ax= AP (P'x) = Bxg + N Xy

Using these we have xg = B b-B™ N. xy (7)

We can compute a feasible point for the constraints Ax=b by choosing any value
of xy and then setting xg accordingly (7), which is simple elimination of variables.
Now (4) is equivalent to the unconstrained problem.

-1 -1
minG(X )= FHB b-B"N X “D (8)
X X N
Let P=I. by using (6) and (7) we see that any feasible point x. for the linear
constraints in (4) can be written as
X=Yp + ZXn ()
where
Z has n-m linearly independent columns and it satisfies AZ = 0. Thus Z is a basis
for the null space of A. and Y is a basis for the range space of A" by (9) (1) we
observe that yB is a particular solution of the linear constraints Ax = b. The simple
elimination expresses feasible point as the sum of a particular solution of Ax=b.
Simple elimination is inexpensive but can give rise to numerical instabilities.

Reduction Schemes for Constraints
In analogy with (9) we choose matrices ye R"*™and Z € R "*™™ whose
columns form a linearly independent set and express any solution of the linear
constraint Ax =b as
Xy 42 (1D
for some vectors x, and X, of dimensions in and n-m respectively, we need also
that y and Z be chosen such that Z has linearly independent column and so that
A, is non singular and ZA =0 (12)
Putting (11) into the constraints Ax =b we obtain
Ax=(AY) X, =b
So by non singularity of A, x, can be written explicitly as follows,

Xy = (A))" b. (13)
Putting this into (11), we get any vector x of the form
x=y (Ay) b+ 2Zx, (14)
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will satisfy the constraints Ax= b for any choice of x, e R ™. Thus (4) can be
restated as unconstrained problem

min F(y(Ay) b+ Zx,)
XZ

(15)
Computing y and Z by means of a QR factorization of A" which as the form
T R
A T1=[Q: Q; ][O} (16)

where [Q; , Q] is orthogonal
The sub-matrices Q; and Q- have orthonormal columns and are of dimensions
nxm and nx (n-m), while R is m x m upper triangular and non singular and [ is an
mxm permutation matrix . Defining

[y, Z]1=[Q1 Q] (17)
so that y and z form an orthonormal basis of R". By expanding (16) and by little
rearrangement we obtain.
A,=TIR",AZ=0
Any solution of Ax =b can be expressed as
x=Q,RTIT" b +Q,x,
for some vector X,. A simple computation shows that the particular solution
Q4 TI" b can also be written as

X, = AT (AAT) Db
and is therefore, the minimum norm solution of the constraints Ax = b that is
solution of min ||Ax- b||»
Elimination via the orthogonal basis (17) is ideal from the point of view of
numerical stability. The main cost which is associated with this reduction strategy
is in the computation of the QR factorization.

Progressive Measurement of Merit Function

Suppose that an algorithm for solving the nonlinear programming problem (1)
generates a step that gives a substantial. Reduction in the objective functions but
leads us farther away from the feasible region than the current iterate. In
constrained optimization. We deal often conflicting goals of reducing the objective
functions and satisfying the constraints. And we need a measure that strikes the
right balance between these two goals. Merit function is designed to quantify this
balance and control the algorithm. A step p will be accepted only if it leads to a
sufficient reduction in the merit function¢.

In unconstrained optimization, the objective function f is the natural choice for the
merit function. On the other hand. Algorithms that allows iterates to violate at
least some constraints require some way to assess the quality of the steps and
iterates. The most common and simple way to make this assess ment us with a
merit function.

A widely used merit functions for the general. Non linear programming problem
(2). is the I, exact function defined by
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1 1 -
o (X ) =F(X)+; i§A|ai(X)| +E E, [3; ()] (19)

where we use the notation [x]" = max [ 0, —x]. This merit function is called exact
because for a range of values the penalty parametersy, the solution to the non
linear programming problem (1) is a local minizer of ¢(x;w)

Another useful merit function is Flethcher’s augmented Lagrangian. for the case
where only equality constraints are present in (1), merit function is defined as

¢ O6p) =F(X)—MX)Tai(X)+$ ZakZ a0t (20)

where p > 0 is the penalty parameter. and

2 () [A) A ()T A V F () (20)
are called the least squares multiplier estimates. This merit function is
differentiable and is also exact. On the other hand exact I, function is not
differentiable due to the presence of the absolute value and []* functions. To
define this function for problems including inequality constraints we can make use
of slack variables.
More precisely, the merit function ¢ (x;u) is called exact if there i a positive scalar
u* such that for any u € [o, u*], any local solution of the non linear programming
problem (1) is a local minimzer of ¢(x;u). I; merit function ¢ (x;v) is exact for all
u < u*where

1=mm@f

ien abiel)

and where the 2 denote the Lagrange multipliers associated with an optimal
solution x*

Many algorithms based on the I, merit function contains heuristics for adjusting
the penalty parameter whenever the algorithm determines that the current value
probably does not satisfy u > pu*.

The I, merit function is inexpensive to evaluate since function and constraint
values are available at every iteration of constrained optimization algorithm. One
of its potential drawback is that it may reject steps that make good progress
towards the solution a phenomenon known as Maratos effect.

On the other hand Flether is augmented Lagrungian merit function ¢ is
differentiable and does not suffer from the Maratos effect its main drawback is the
expense of evaluating it at trial points. To resolve this problem. We can replace
M(xx +ap) after the first trail value A (x, +p) has been evaluated, by the interplant.
AXk) + o (A (X +P) - A (Xk))

and use this inter polant in the line search for simplicity we restrict our attention to
the case where only equality constraints are present, and assemble the constraint
functions e; (x), i € A into a vector a;(x).
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Conclusion:

We conclude by describing a merit function that is used in several popular
programs for non linear optimization programming, but that is quite different in
nature. Therefore in this paper we discuss fundamentals of algorithms for non
linear constrained optimization problems.
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