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Abstract.In this study,we firstly introduce Misiurewicz and Zieman’s rotation number androtation set.
Secondly, based onBowen’ topologystudies,using definition of rotation entropy function, Spectrum of rotation
entropy functions will be defined. Thirdly, following to TakensandVerbitskiy’s studies, relation
betweenSpectrum of rotation entropy functions and the variational principle will be investigated.
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1.Introduction

The importance of the concept of entropy in mathematics and physics is referred to the importance of the
variationalprinciple; since indeed, entropy is a quantity that determines the direction of a
thermodynamically process. In information theory, entropy is a measure of the uncertainty associated with
a random variable [1]. The concept was introduced by Claude E. Shannon[2] in 1948. Kolmogorov [3]
introduced the concept of entropy into ergodic theory. The definition of entropy was improved by Sinai in
[4]. Adler, Konheim, and also as an analogue of measure theoretic entropy that led to the variational
principle connected the topological entropy and measure theoretic entropy[5]. Later, Dinaburg [6], and
Bowen [7] gave anew, but equivalent, definition of topological entropy that led to the variational principle
connected the topological entropy and measure theoretic entropy. In some dynamical systems, an
important role is played by rotation numbers, vectors and sets. The classical example and the source of the
name is the notion of the rotation number of an orientationpreserving homeomorphism of a circle. It has
been introduced by Poincar’e [8] and has been used extensively since then. It has numerous applications,
see e.g. [9].Rotation theory has its roots in the theory of rotation of numbers for circle homeomorphisms,
developed by Poincaré[8]. It is particularly useful for the study and classification of periodic orbits of
dynamical systems. It deals with ergodic averages and their limits, not only for almost all points, like in
ergodic theory, but for all points. The theory of dynamical systems began with Henri Poincaré’s approach
to studying tori flows. It consists in passing to the first return map on a topological circle. Hence, the
initial requirement is replaced by a qualitative study of dynamical properties of a circle map [10].The
rotation set is an important associated with a homeomorphism of the two dimensional tours. In the
literature there are a number of different definitions of the rotation set; however, all of these sets can only
differ on the boundary. Moreover, all of the sets have the same convex hull which is equal to the
Misiurewicz andZiemanian’srotation set. This rotation set consists of all asymptotic average winding
vectors exhibited by the system and is always a compact convex subset of the plane [11].The notion of the
rotation numbers of an orientation preserving homeomorphism of a circle was introduced by Poincaré
in[8], and has proved to be very useful. It was generalized to the case of continuous maps a circle of
degree one by Newhouse, Palis and Takens in 1979 [12]. In this case one gets a rotation interval. This
concept also is very useful. Therefore it seems natural to try to generalize this notion to many dimensional
cases [13]. Franks in [14] proved that any orbit of an annulus homeomorphism, isotopic to the identity,
with finitely many periods has rotation number. Therefore examples with chaotic rotations are a
topological invariant that roughly tells how many different orbits a map has [15]. Bowen’s definition of
topological entropy suggests a natural way of measuring the chaotic rotation of a given homeomorphism.
We designate such number rotational entropy [7].
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2. Entropy of rotation sets

Consider the circle T = R/Zwith the natural projection m: R — T.Iff: T — T is a continuous map, then there
is a continuous F: R — R such that the diagram

RR

f
T

commutes. Such F is called a lifting of f. It is unique up to a translation by an integer (T (x) = T(x) + k,
k € Z). There is an integer d such that T(x + 1) = T(x) + d for all x € R. It is called the degree of the
choice of lifting. Denote by C the family all lifting of continuous degree one maps of T into itself.Let
T € C.Ifk € Z, then F(x) = F(x) + k. All iterates of F also belong to C,so T"(x + k) = F™(x) + k.We
define upper and lower rotation numbers of x € R for F € C as

- F'(x) —x F'(x) —x
p(F,x) = lim supL, p(F,x) = lim infL.
n—-oo n _ n—-oo
If
- M(x) —x F*(x) —x
p(F,x) = lim supL = p(F,x) = lim infL,
n-—-oo n B — n—-oo n

we writep(F, x) and call it rotation number of x for F.
Definition 2.1. The set of rotation vectors at all points where they exist is called the rotation set of f.

Theorem 2.2. If F € C is a lifting of a circle map f then p(F, x) exists for all x € R and is independent of
x. Moreover, it sit rotational if and if f has a periodic point [14].

In [16] Botelho, the definition of rotation entropy based on Bowen’s interpretation of the topological
entropy is introduced. Let f be an annulus endomorphism and Fbe one of its lifts.By using the definitions
of rotation entropy and Misiurewicz’s rotation set, spectrum of rotation entropy functions will be defined.

Definition2.3.Asubset E of A is called (n, £)-rotational spanning iff for all x € A there exists y € E so that

lx —y| <& and W|<s.

Proposition2.4.There exists minimal(n, €)-rotational spanning sets and is finite [17].

We denote by E7 . a minimal (n, £)-rotational spanning and by #Ejy, . its cardinality. The following two
facts are straightforward:

If n < m, then #E7, . < #E7, ..
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Ife; < &, then#Ey, . < #Ep, ..
Definition2.5. The (n, )-rotational entropy, h, <(f), is given by
lim,,_, o sup%log #(E} ).
Obviously ife; < e;,then h,.., < h, . .
Definition2.6. The (n, £)-rotational entropy of f, h,.(f), is the limit of h,. ¢ (f)as € approach to zero.

Definition2.7. Let D € X be a non-empty set. For ¢ >0, a set D € X is called an (n, €)-rotational
separated set of D if x,y € D, x # y imlplies

|x —y| >¢ and

F"(x)—F"(Y)| >
- .

Let r,(D, €)denote the largest cardinality of(n, €)-rotational separated sets for D.

Definition 2.8. The (n, €)-rotational entropy, h,. c(f), is given by
lim,,_,., Sup %Iog#(DﬁE).
Theorem 2.9.The following limits are equals:
h(f) = lim,_, sup%log #(E} ) = lim, o sup%log #(E}, )[17].

Lemmaz2.10. For every §e(n, €) and every m there exists N such that if A is a partition of A into k-small
sets and E is a subsets of and E isa subset of A formed by choosing a point form every element of A,
then E is (n, €)-rotational spanning forn + N + km + m — 1 [18].

Lemma 2.11. Let §, N and m be given. Then, there exists a constant K such that for every k there exists a
k

partition A, of A into k-small setsand of cardinality not exceeding K (ZM/8 n 1) [19].

Theorem?2.12. Let f be a continuous map of the annulus homotopic to the identity. Then,h,.(f) = 0.

Proof. Fix € > 0.Set § = 5/2. By Lemma 2.1 and 2.2 for every m there exists N and K such that for
every k there is a sets Ej that (n, €)-rotational spanning sets for n = N + km + m — 1 (and therefore for

inali 4M "
all small n) and has cardinality not larger than K( /‘S + 1) . Therefore

1
hre(f) < lim sup log [ (K(*M/, . )1 = —log(4M / (e + 1)).

N + km
Since m is arbitrary, we get h,. () = 0. Therefore h,.(f) = 0.

3. Spectrum of rotation entropy functions

We use again our standard notation(X, f, ¢). Although ¢ may have nothing to do with the displacement,
we will pretend it is the displacement. Namely, we will refer to point x € X moving by ¢(x)in R™. For
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instance, if (p(fi(x)) = v for all i, we will think of the point x as moving uniformly in the direction of the
vector v. The rotation vector at x is the limit

n-1

lim o (rm),

if this limit exists.
Lemma 3.1. Let F be a lifting of a continuous circle map of degree one. If F is hon-degreasing then

_ F'(y) -y
hm _—

n—-oo n
exist and is independent on y € w1 (x)[19].
Another point of view on maps rotation numbers for degree one circle maps is the following.

Lemma 3.2.Let F € C be a lifting of a circle map; define the displacement function ¢:T — Rby
@(x):T(y) — y, where m(y) = x(it is independent of the choice of y € m~*(x)). Then

n-1

2.0 (r'm).
Thus

Fn() 1n—1
. Y=YV _ 0L i
M T o(f'e0)n8)

LetF : R — R be continuous map of a symbolic systems dynamical(X, T).Throughout this paper we will
assume that f has rotational entropy.Suppose ¢: T — R is continuous. For v € R define

F'(y) -y
n

p(F)={vER: lim =v,y€n‘1(x)}.
n—-oo

We introduce the following notation
Co=1{p(F) # 0}.
Lemma 3.3.The C,, is a non-empty bounded subset of R [20].
Lemma 3.4.If f: T — T satisfies the specification property, and thenC,, is an interval .
We recall that the rotation entropy spectrum h, (. )of ¢ is the map assigning to each v € C,, the value
hy(v) = h(f, p(F)).

Definition of A, (v).Here, following the approach of [21,11] we introduce another dimension like
characteristic A, (v) of the rotation set p(F).Forv € h,, any § > 0 andn € N put

P(w,6,n) = {v € R: |limn_,oan(fl¢ — v| < 5}.
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Cleary, for v € Cy, any 6 > 0 the set P(v. 8, n) is not empty for sufficiently large n. Fix some £ > 0 and

letN (v, §,n, &) be the minimal number of ballsB,, (x, €), which is necessary for covering the rotation set
P(v, §,n). This observation guarantees that the following limit exists:

Ayp(v) =lim llIT(l) llmsup—log N(v,8,n,¢).
-0 6-0n-
One can give another equivalent definition of A, (v). The equivalence of these definitions will be useful

for subsequent arguments. Let us recall a notion of (n, €)-rotational separated sets: a set E is called (n, €)-
rotational separated if forany x,y € E,x # y,

n _n
|x —y| > 6 and w|>e.

By definition, we let M (v, §,n, €) e the cardinality of a maximal (n, €)- separated set in P(v, §,n). Again,
we put M(v, 6,n,¢) = 1if P(v,§,n) is empty. A standard argument shows that

N(v,6,n,e) < M(v,6,¢) < N(v,6,n,%/,).
Foreveryn e Nandall g,6 > 0.

Moreover, if f satisfies specification, then taking an upper limit instead of the lover limit with respect to n
in the definition of A, (v) will give the same number.

Lemma3.5.1f f satisfies specification, then

A,(v) = llm llm lim sup—log N, 8,n,¢) = hm llm lim sup—log M(v,6,n,€) [20].

£-0 6-0n— £-0 6-0n—

Theorem 3.6. For any C,, one has
h(f) < Ap(v) < Hy(v).

Proof. The first inequality h,.(f) < A,(v) is quite easy. Its proof is based on a standard ‘box-counting’
argument. Following [21], for v € Cy,,6 > 0 and k € N consider sets

oo

co Fn _
G(U,S,k):ﬂP(U,d,n)zﬂ{veR: limM—v <5}.
n=k n=k " n
It is clear that forany § > 0
F(y) — ~
p(F)={veR: %im%=v,y€n‘l(x)} ﬂ (v, 8,k) .
k=1

We going to show that h,.(f,G(v,8,k),€) < Ay(v)holds for any k =1, implying h,.(f,p(T),€) <
Ay, (v) as well.

Fix arbitrary k = 1, then G (v, 6, k) can be covered by N (v, §,n, €) balls B,,(x, £) for alln > k. Therefore,
for every s = 0 and all n = k we have

m(G(v,6,k),s,e) < N(v,8,n,¢). Q)

1117



el IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 5, May 2015.
ISELA www.ijiset.com
ISSN 2348 — 7968

Supposenow that s > A, (v) and puty = (s — A, (v))/2 > 0.Since
A = i li ! log N(v, 6
(] (v) - (S,ngr)rl)onl—l;glo E Og (vl )’ nr 8);

for all sufficiently smalle > 0 and & > 0,there exists a monotonic sequence of integers n; — oo such that
N(v,68,n;,€) < exp (ni(A(p(V) +v)
for all i > 1. Without loss of generality, we may assume that n; > k.Then, form (1) we obtain
m(G(v,8,k),s, &) < exp(—n;y),
And hence m(G(v, 8, k),s, e ) = 0. Therefore, h, (f,(G(v,5,k),s,e)) < sand

hT‘,(_—'(f' p(F)r S) S Sup hT,E(f! (G(Ur 6' k)r 5, € )) S S
k

due to (1). Therefore h,.(f, p(F)) = : l(isr)n 0hr,E(}‘,p(F), g) < s as well. Finally, since s > A, (v) was
£6)—

chosen arbitrary, we conclude that k. (f) = h,(f, p(F)) < Ay, (V) .

The second inequality, A, (v) < A, (v) is closely related to the second statement of Theorem1 by Young
in [22], and is in fact a large deviation result.

Theorem3.7 Let f: T — T be continuous map of a symbolic dynamicalsystems (X, T). Suppose u is an
invariant measure andZ c R is such that u(Z) = 1, then

he(f,Z2) = hy,(f)[23],
whereh,, (f) is the measure entropy.

Proof of Lemma 3.4. Suppose p(F) # @, Let t € (0,1) and put v = tv, + (1 — t)v,. Choose some
x; € p(F) and take any u; € V(x;), i = 1,2, where V(x) is the set of limit points for the sequence
probability measure

p(F) ={ vV ER: lim%=v,y€n‘l(x)} * 0.

n—-oo

Then y; is an invariant measure with [ od p; = v,i = 1,2. Put v = tv; + (1 — t)v,. Obviously, [ ¢du =
v. Now, we apply, which says that for a transformation with the specification property every invariant
measure has a generic point, there exists a point x € X such that n — oo. Hence, for the same point x one
has
n—1
F™ - 1 .
p(F) = { v €ER: lim M =v,yE€ n_l(x)} = lim—z @ (fl(x)) = fﬁodﬂ =v,
n—-oo n n-n -
L

and therefore p(F) # Q.

Theorem 3.8 Let f:T — T be a continuous map with the specification property and ¢ € C(X,R). Then
for v € C, one has

hy (f) = Ay (V) = Hy (V). )
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Proof. In Theorem 4.6 we proved that for any continuous map f one has h,.(f) < A,(v) < H,(v) for all
v € C,. Hence, it is sufficient for the proof of (2) to show the opposite inequalities h,.(f) = A, (v) =
H,(v). We start with the inequality A, (v) = H,, (v). Our proof relies on the proof of statement 3 of
Theorem 1 in [22], but letus first recall one result Takens and Verbitskiy[20].

Theorem 3.9. SupposeSuppose f: T — Tbe rotation entropy function of a symbolic dynamical systems
(X,T). Let @:T: > R is a continuous map and assume that for some v € R

Fli(y) —
p(E) = {vi €R: lim M =v;,yen 1(x),i =123, ...,n}.

n-oo n;
Then for any v; € R with p(F) # @ one has
h.(f,p(F)) = sup{(hﬂ(f): U invariant and fqodu = v)}
Suppose now that we are also given a entropy function ¢: T — R. For any 9 € R define a rotation set

Fhi(y) —y

4

p((E, @) = {vi € R: lim (p< ) =9;,yen (x),i =123, ...,n}.
n—oo

We are interested in the entropy spectrum of ¢ the function
hT(fl p(F)) = H(p(v)r
defined on set p(F, @) # @.

Theorem 3.10. Suppose f:T — T be continuous map of a symbolic dynamical systems (X,T). Let
@:T:— R is a continuous map and assume that for some v € R

p(F) ={ v ER: lim W= v,yEn‘l(x)} * 0.

n—-oo
Then,

h.(f,p(F)) = sup{(h#(f): p invariant and [ od, = v)}.
This result is a corollary of Theorem 3.8andTheorem 3.9.
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