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1.Introduction 

The importance of the concept of entropy in mathematics and physics is referred to the importance of the 
variationalprinciple; since indeed, entropy is a quantity that determines the direction of a 
thermodynamically process. In information theory, entropy is a measure of the uncertainty associated with 
a random variable [1]. The concept was introduced by Claude E. Shannon[2] in 1948. Kolmogorov [3] 
introduced the concept of entropy into ergodic theory. The definition of entropy was improved by Sinai in 
[4]. Adler, Konheim, and also as an analogue of measure theoretic entropy that led to the variational 
principle connected the topological entropy and measure theoretic entropy[5]. Later, Dinaburg [6], and 
Bowen [7] gave anew, but equivalent, definition of topological entropy that led to the variational principle 
connected the topological entropy and measure theoretic entropy. In some dynamical systems, an 
important role is played by rotation numbers, vectors and sets. The classical example and the source of the 
name is the notion of the rotation number of an orientationpreserving homeomorphism of a circle. It has 
been introduced by Poincar´e [8] and has been used extensively since then. It has numerous applications, 
see e.g. [9].Rotation theory has its roots in the theory of rotation of numbers for circle homeomorphisms, 
developed by Poincaré[8]. It is particularly useful for the study and classification of periodic orbits of 
dynamical systems. It deals with ergodic averages and their limits, not only for almost all points, like in 
ergodic theory, but for all points. The theory of dynamical systems began with Henri Poincaré’s approach 
to studying tori flows. It consists in passing to the first return map on a topological circle. Hence, the 
initial requirement is replaced by a qualitative study of dynamical properties of a circle map [10].The 
rotation set is an important associated with a homeomorphism of the two dimensional tours. In the 
literature there are a number of different definitions of the rotation set; however, all of these sets can only 
differ on the boundary. Moreover, all of the sets have the same convex hull which is equal to the 
Misiurewicz andZiemanian’srotation set. This rotation set consists of all asymptotic average winding 
vectors exhibited by the system and is always a compact convex subset of the plane [11].The notion of the 
rotation numbers of an orientation preserving homeomorphism of a circle was introduced by Poincaré 
in[8], and has proved to be very useful. It was generalized to the case of continuous maps a circle of 
degree one by Newhouse, Palis and Takens in 1979 [12]. In this case one gets a rotation interval. This 
concept also is very useful. Therefore it seems natural to try to generalize this notion to many dimensional 
cases [13]. Franks in [14] proved that any orbit of an annulus homeomorphism, isotopic to the identity, 
with finitely many periods has rotation number. Therefore examples with chaotic rotations are a 
topological invariant that roughly tells how many different orbits a map has [15]. Bowen’s definition of 
topological entropy suggests a natural way of measuring the chaotic rotation of a given homeomorphism. 
We designate such number rotational entropy [7].   
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2. Entropy of rotation sets 

Consider the circle T ൌ R
Zൗ with the natural projection π: R → T.Iff: T → T is a continuous map, then there 

is a continuous F: R → R such that the diagram 

 

ܴܴ 

 

 	
݂ 

ܶܶ 

commutes. Such	ܨ is called a lifting of ݂. It is unique up to a translation by an integer (ܶሺݔሻ ൌ ܶሺݔሻ ൅ ݇,
݇ ∈ ܼሻ. There is an integer ݀	 such that ܶሺݔ ൅ 1ሻ ൌ ܶሺݔሻ ൅ ݀ for all ݔ ∈ ܴ. It is called the degree of the 
choice of lifting. Denote by ԧ the family all lifting of continuous degree one maps of  ܶ into itself.Let 
ܶ ∈ 	ԧ. If	݇ ∈ ܼ, then  ܨሺݔሻ ൌ ሻݔሺܨ ൅ ݇. All iterates ofܨ also belong to ԧ,so ܶ௡ሺݔ ൅ ݇ሻ ൌ ሻݔ௡ሺܨ ൅ ݇.We 
define upper and lower rotation numbers of ݔ ∈ ܴ for ܨ ∈ 	ԧ as  

,ܨሺߩ ሻതതതതതതതതതݔ ൌ ݈݅݉
௡→ஶ

݌ݑݏ
ሻݔ௡ሺܨ െ ݔ

݊
,ܨሺߩ				, ሻݔ ൌ ݈݅݉

௡→ஶ
݂݅݊

ሻݔ௡ሺܨ െ ݔ
݊

.	 

If 

,ܨሺߩ ሻതതതതതതതതതݔ ൌ lim
௡→ஶ

݌ݑݏ
ሻݔ௡ሺܨ െ ݔ

݊
ൌ 		 ,ܨሺߩ ሻݔ ൌ lim

௡→ஶ
݂݅݊

ሻݔ௡ሺܨ െ ݔ
݊

,	 

we writeߩሺܨ,  .ܨ for ݔ ሻ and call it rotation number ofݔ

Definition 2.1. The set of rotation vectors at all points where they exist is called the rotation set of ݂. 

Theorem 2.2. If ܨ ∈ ԧ is a lifting of a circle map ݂ then ߩሺܨ, ݔ ሻ exists for allݔ ∈ ܴ and is independent of 
 .Moreover, it sit rotational if and if  ݂ has a periodic point [14] .ݔ

In [16] Botelho, the definition of rotation entropy based on Bowen’s interpretation of the topological 
entropy is introduced. Let f be an annulus endomorphism and Fbe one of its lifts.By using the definitions 
of rotation entropy and Misiurewicz’s rotation set, spectrum of rotation entropy functions will be defined. 

Definition2.3.Asubset E of A is called ሺ݊, ݔ	ሻ-rotational spanning iff for allߝ ∈ ݕ there exists ܣ ∈   so that ܧ

ݔ| െ |ݕ ൏ and ቚ   ߝ
ி೙ሺ௫ሻିி೙ሺ௬ሻ

௡
ቚ ൏  .ߝ

Proposition2.4.There exists minimalሺ݊,    .ሻ-rotational spanning sets and is finite [17]ߝ

We denote by ܧ௡,ఌ௥  a minimal ሺ݊, ௡,ఌ௥ܧ# ሻ-rotational spanning and byߝ  its cardinality. The following two 
facts are straightforward: 

If ݊ ൑ ݉, then #ܧ௡,ఌ௥ ൑ ௠,ఌܧ#
௥ . 

ܨ
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If ߝଵ ൑ ௡,ఌభܧ# ଶ, thenߝ
௥ ൑ ௠,ఌమܧ#

௥ . 

Definition2.5. The ሺ݊,   ሻ-rotational entropy, ݄௥,∈ሺ݂ሻ, is given byߝ

lim௡→ஶ ݌ݑݏ		
ଵ

௡
log	 #ሺ ௡,ఌ௥ܧ ሻ. 

Obviously ifߝଵ ൑ ଶ, then ݄௥,ఌమߝ ൑ ݄௥,ఌభ . 

Definition2.6. The ሺ݊, ,݂ ሻ-rotational entropy ofߝ ݄௥ሺ݂ሻ, is the limit of ݄௥,∈ሺ݂ሻas ߝ approach to zero. 

Definition2.7. Let ܦ ⊆ ܺ be a non-empty set. For ߝ ൐ 0, a set ܦ ⊆ ܺ is called an ሺ݊,  ሻ-rotationalߝ
separated set of ܦ if ݔ, ݕ ∈ ,ܦ ݔ ്   imlplies ݕ

ݔ| െ |ݕ ൐ and ቚ   ߝ
ி೙ሺ௫ሻିி೙ሺ௬ሻ

௡
ቚ ൐  .ߝ

Let ݎ௡ሺܦ, ,ሻdenote the largest cardinality ofሺ݊ߝ  .ܦ	ሻ-rotational separated sets forߝ

Definition 2.8. The ሺ݊,   ሻ-rotational entropy, ݄௥,∈ሺ݂ሻ, is given byߝ

݈݅݉݊→∞ ݌ݑݏ
ଵ

௡
log#(ܦ௡,ఌ௥ ሻ. 

Theorem 2.9.The following limits are equals: 

݄௥ሺ݂ሻ ൌ lim௡→ஶ ݌ݑݏ
ଵ

௡
log	 #ሺ ௡,ఌ௥ܧ ሻ ൌ lim௡→ஶ ݌ݑݏ

ଵ

௡
log	 #ሺ ௡,ఌ௥ܧ ሻ[17]. 

Lemma2.10. For every ߳ߜሺ݊,  into ݇-small ܣ ሻ and every ݉ there exists ܰ such that if ࣛ is a partition ofߝ
sets and ܧ is a subsets of  and	ܧ isa subset of ܣ formed by choosing a point form every element of  ࣛ, 
then  ܧ is	ሺ݊, ሻ-rotational spanning for݊ߝ ൅ ܰ ൅ ݇݉ ൅݉ െ 1	ሾ18ሿ. 

Lemma 2.11. Let ߜ, ܰ and ݉ be given. Then, there exists a constant ܭ such that for every ݇ there exists a 

partition ࣛ௞ of ܣ into k-small setsand  of cardinality not exceeding ܭ ቀ2ܯ ߜ ൅ 1ൗ ቁ
௞

[19]. 

Theorem2.12. Let ݂ be a continuous map of the annulus homotopic to the identity. Then,݄௥ሺ݂ሻ ൌ 0. 

Proof. Fix ߝ ൐ 0.Set ߜ ൌ ߝ
2ൗ . By Lemma 2.1 and 2.2 for every ݉ there exists 	ܰ and ܭ such that for 

every ݇ there is a sets ܧ௞ that ሺ݊, ∈ሻ-rotational spanning sets for ݊ ൌ ܰ ൅ ݇݉ ൅݉ െ 1	(and therefore for 

all small ݊) and has cardinality not larger than ܭ൫4ܯ ߝ ൅ 1ൗ ൯
௞
. Therefore  

݄௥,ఌሺ݂ሻ ൑ lim
௡→ஶ

݌ݑݏ
1

ܰ ൅ ݇݉
log	ሾ	ሺ ܯ൫4ܭ ߝ ൅ 1ൗ ൯

௞
ሿ ൌ

1
݉
ܯሺ4݃݋݈ ⁄ ሺߝ ൅ 1ሻሻ. 

Since ݉ is arbitrary, we get ݄௥,∈ሺ݂ሻ ൌ 0. Therefore ݄௥ሺ݂ሻ ൌ 0. 

 

3. Spectrum of rotation entropy functions 

We use again our standard notationሺܺ, ݂, ߮ሻ. Although ߮ may have nothing to do with the displacement, 
we will pretend it is the displacement. Namely, we will refer to point ݔ ∈ ܺ  moving by ߮ሺݔሻin ܴ௠. For 
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instance, if	߮൫݂௜ሺݔሻ൯ ൌ  as moving uniformly in the direction of the ݔ for all ݅, we will think of the point ݒ
vector ݒ.  The rotation vector at ݔ is the limit 

lim
௡→ஶ

1
݊
෍߮ቀ݂௜ሺݔሻቁ ,

௡ିଵ

௜

 

if this limit exists. 

Lemma 3.1. Let	ܨ be a lifting of a continuous circle map of degree one. If ܨ is non-degreasing then  

lim
௡→ஶ

ሻݕ௡ሺܨ െ ݕ
݊

 

exist and is independent on ݕ ∈  .ሻ[19]ݔଵሺିߨ

Another point of view on maps rotation numbers for degree one circle maps is the following. 

Lemma 3.2.Let ܨ ∈ 	ԧ be a lifting of a circle map; define the displacement function ߮: ܶ → ܴby 
߮ሺݔሻ: ܶሺݕሻ → ሻݕሺߨ where ,ݕ ൌ ݕ it is independent of the choice of)ݔ ∈   ሻ). Thenݔଵሺିߨ

෍߮ቀ݂௜ሺݔሻቁ .

௡ିଵ

௜

 

Thus  

݈݅݉
௡→ஶ

ሻݕ௡ሺܨ െ ݕ
݊

ൌ lim
݊→ஶ

1
݊
෍߮൬݂݅ሺݔሻ൰ ሾ18	ሿ.
݊െ1

݅

 

Letܨ ∶ ܴ → ܴ be continuous map of a symbolic systems dynamicalሺܺ, ܶሻ.Throughout this paper we will 
assume that ݂ has rotational entropy.Suppose ߮: ܶ → ܴ is continuous. For ݒ ∈ ܴ define 

࣋ሺܨሻ ൌ ቊ		ݒ ∈ ܴ:		 li	m
௡→ஶ

ሻݕ௡ሺܨ െ ݕ
݊

ൌ ݒ , ݕ ∈  									.ሻቋݔଵሺିߨ

We introduce the following notation 

∁ఝൌ ሼ࣋ሺܨሻ ് ∅ሽ. 

Lemma 3.3.The ∁ఝ is a non-empty bounded subset of ܴ [20]. 

Lemma 3.4.If ݂: ܶ → ܶ satisfies the specification property, and then∁ఝ is an interval . 

We recall that the rotation entropy spectrum ݄ఝሺ. ሻof ߮ is the map assigning to each ݒ ∈ ∁ఝ the value  

݄ఝሺݒሻ ൌ ݄௥ሺ݂,  .ሻሻܨሺߩ

Definition of ઩࣐ሺ࢜ሻ.Here, following the approach of [21,11] we introduce another dimension like 
characteristic Λఝሺݒሻ of the rotation set ߩሺܨሻ.Forݒ ∈ ݄ఝ, any ߜ ൐ 0 and ݊ ∈ ܰ put 

ܲሺݒ, ,ߜ ݊ሻ ൌ ቄ	࢜ ∈ ܴ:	 ቚlim௡→ஶ
ி೙ሺ௬ሻି௬

௡
െ ቚݒ ൏  .ቅߜ
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Cleary, for ݒ ∈ ∁ఝ, any ߜ ൐ 0 the set ܲሺݒ. ,ߜ ݊ሻ is not empty for sufficiently large n. Fix some ߝ ൐ 0 and 
letܰሺݒ, ,ߜ ݊, ,ݔሻ be the minimal number of ballsࣜ௡ሺߝ  ሻ, which is necessary for covering the rotation setߝ
ܲሺݒ, ,ߜ ݊ሻ. This observation guarantees that the following limit exists: 

Λఝሺݒሻ ൌ lim	
ఌ→଴

lim
ఋ→଴

lim
௡→ஶ

݌ݑݏ
1
݊
,ݒሺܰ	݃݋݈ ,ߜ ݊,  .ሻߝ

One can give another equivalent definition of	Λఝሺݒሻ. The equivalence of these definitions will be useful 
for subsequent arguments. Let us recall a notion of ሺ݊, ∈ሻ-rotational separated sets: a set ܧ is called ሺ݊, ∈ሻ-
rotational separated if for any ݔ, ݕ ∈ ,ܧ ݔ ്  	,ݕ

ݔ| െ |ݕ ൐ and ቚ ߜ
ி೙ሺ௫ሻିி೙ሺ௬ሻ

௡
ቚ ൐  .ߝ

By definition, we let ܯሺݒ, ,ߜ ݊, ,ሻ e the cardinality of a maximal ሺ݊ߝ ∈ሻ- separated set in ܲሺݒ, ,ߜ ݊ሻ. Again, 
we put ܯሺݒ, ,ߜ ݊, ሻߝ ൌ 1 if ܲሺݒ, ,ߜ ݊ሻ is empty. A standard argument shows that  

	ܰሺݒ, ,ߜ ݊, ሻߝ ൑ ,ݒሺܯ ,ߜ ሻߝ ൑ ܰ൫ݒ, ,ߜ ݊, ߝ 2ൗ ൯. 

For every ݊ ∈ ܰ and all ߝ, ߜ ൐ 0. 

Moreover, if ݂ satisfies specification, then taking an upper limit instead of the lover limit with respect to ݊ 
in the definition of Λఝሺݒሻ will give the same number. 

Lemma3.5.If ݂ satisfies specification, then 

Λఝሺݒሻ ൌ lim	
ఌ→଴

lim
ఋ→଴

lim
௡→ஶ

݌ݑݏ
1
݊
,ݒሺܰ	݃݋݈ ,ߜ ݊, ሻߝ ൌ lim	

ఌ→଴
lim
ఋ→଴

lim
௡→ஶ

݌ݑݏ
1
݊
,ݒሺܯ	݃݋݈ ,ߜ ݊,  .ሾ20ሿ	ሻߝ

Theorem 3.6. For any ∁ఝ one has  

݄௥ሺ݂ሻ ൑ Λఝሺݒሻ ൑  .ሻݒఝሺܪ

Proof. The first inequality ݄௥ሺ݂ሻ ൑ Λఝሺݒሻ is quite easy. Its proof is based on a standard ‘box-counting’ 
argument. Following [21], for ݒ ∈ ∁ఝ, ߜ ൐ 0 and ݇ ∈ ܰ consider sets 

,ݒሺܩ ,ߜ ݇ሻ ൌ ሩܲሺݒ, ,ߜ ݊ሻ
ஶ

௡ୀ௞

ൌ ሩቊ	ݒ ∈ ܴ:	 ቤ lim
௡→ஶ

ሻݕ௡ሺܨ െ ݕ
݊

െ ቤݒ ൏ ቋߜ

ஶ

௡ୀ௞

. 

It is clear that for any ߜ ൐ 0 

ሻܨሺߩ ൌ ቊ		ݒ ∈ ܴ:		 lim
௡→ஶ

ሻݕ௡ሺܨ െ ݕ
݊

ൌ ݒ , ݕ ∈ ሻቋݔଵሺିߨ ⊆ሩܩሺݒ, ,ߜ ݇ሻ
ஶ

௞ୀଵ

	. 

We going to show that ݄௥ሺ݂, ,ݒሺܩ ,ߜ ݇ሻ, ߳ሻ ൑ Λఝሺݒሻholds for any ݇ ൒ 1, implying ݄௥ሺ݂, ,ሺܶሻߩ ߳ሻ ൑
Λఝሺݒሻ as well. 

Fix arbitrary ݇ ൒ 1, then	ܩሺݒ, ,ߜ ݇ሻ can be covered by ܰሺݒ, ,ߜ ݊, ,ݔሻ balls ࣜ௡ሺߝ ࣟሻ for all݊ ൒ ݇.  Therefore, 
for every ݏ ൒ 0 and all ݊ ൒ ݇ we have 

݉ሺܩሺݒ, ,ߜ ݇ሻ, s, ε	ሻ ൑ 	ܰሺݒ, ,ߜ ݊,  ሻ.          (1)ߝ
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Supposenow that ݏ ൐ Λఝሺݒሻ and put ߛ ൌ ሺݏ െ Λఝሺݒሻሻ 2⁄ ൐ 0.Since 

Λఝሺݒሻ ൌ lim
ሺఌ,ఋሻ→଴

lim
௡→ஶ

1
݊
,ݒሺܰ	݃݋݈ ,ߜ ݊,  ,ሻߝ

for all sufficiently smallߝ ൐ 0	 and ߜ ൐ 0,there exists a monotonic sequence of integers ݊௜ → ∞ such that  

ܰሺݒ, ,ߜ ݊௜, ሻߝ ൑ exp	ሺ݊௜൫Λఝሺݒሻ ൅  ൯ሻߛ

for all ݅ ൐ 1. Without loss of generality, we may assume that ݊௜ ൒ ݇.Then, form (1) we obtain  

݉ሺܩሺݒ, ,ߜ ݇ሻ, s, ε	ሻ ൑ expሺെ݊௜ߛሻ, 

And hence ݉ሺܩሺݒ, ,ߜ ݇ሻ, s, ε	ሻ ൌ 0. Therefore, ݄௥,கሺ݂, ሺܩሺݒ, ,ߜ ݇ሻ, s, ε	ሻሻ ൑   and ݏ

݄௥,ఢሺ݂, ,ሻܨሺߩ εሻ ൑ ݌ݑݏ
௞
݄௥,கሺ݂, ሺܩሺݒ, ,ߜ ݇ሻ, s, ε	ሻሻ ൑  ݏ

due to (1). Therefore ݄௥൫݂, ሻ൯ܨሺߩ ൌ lim
ሺఌ,ఋሻ→଴

݄௥,ఢሺ݂, ,ሻܨሺߩ εሻ ൑ s as well. Finally, since ݏ ൐ Λఝሺݒሻ was 

chosen arbitrary, we conclude that ݄௥ሺ݂ሻ ൌ ݄௥൫݂, ሻ൯ܨሺߩ ൑ Λఝሺݒሻ . 

The second inequality, Λఝሺݒሻ ൑ Λఝሺݒሻ is closely related to the second statement of Theorem1 by Young 
in [22], and is in fact a large deviation result. 

Theorem3.7 Let ݂: ܶ → ܶ be continuous map of a symbolic dynamicalsystems ሺܺ, ܶሻ. Suppose ߤ is an 
invariant measure andܼ ⊂ ܴ is such that		ߤሺܼሻ ൌ 1, then  

݄௥ሺ݂, ܼሻ ൌ ݄ఓሺ݂ሻሾ23ሿ, 

where݄ఓሺ݂ሻ is the measure entropy. 

Proof of Lemma 3.4. Suppose ߩሺܨሻ ് ∅, Let ݐ ∈ ሺ0,1ሻ and put ݒ ൌ ଵݒݐ ൅ ሺ1 െ  ଶ. Choose someݒሻݐ
௜ݔ ∈ ௜ߤ ሻ and take anyܨሺߩ ∈ ܸሺݔ௜ሻ, ݅ ൌ 1,2, where ܸሺݔሻ is the set of limit points for the sequence 
probability measure 

ሻܨሺߩ ൌ ቊ		ݒ ∈ ܴ:		 lim
௡→ஶ

ሻݕ௡ሺܨ െ ݕ
݊

ൌ ݒ , ݕ ∈ ሻቋݔଵሺିߨ ് ∅. 

Then ߤ௜ is an invariant measure with ݀߮׬ ௜ߤ ൌ ,ݒ ݅ ൌ 1,2. Put ݒ ൌ ଵݒݐ ൅ ሺ1 െ ߤ݀߮׬ ,ଶ. Obviouslyݒሻݐ ൌ
 Now, we apply, which says that for a transformation with the specification property every invariant .ݒ
measure has a generic point, there exists a point ݔ ∈ ܺ such that ݊ → ∞. Hence, for the same point ݔ one 
has  

ሻܨሺߩ ൌ ቊ		ݒ ∈ ܴ:		 lim
௡→ஶ

ሻݕ௡ሺܨ െ ݕ
݊

ൌ ݒ , ݕ ∈ ሻቋݔଵሺିߨ ൌ lim
௡→

1
݊
෍߮ቀ݂௜ሺݔሻቁ ൌ න߮݀ߤ ൌ ݒ ,

௡ିଵ

௜

 

and therefore ߩሺܨሻ ് ∅. 

Theorem 3.8 Let ݂: ܶ → ܶ be a continuous map with the specification property and ߮ ∈ ,ሺܺܥ ܴሻ. Then 
for ݒ ∈ ∁ఝ one has  

݄௥ሺ݂ሻ ൌ Λఝሺݒሻ ൌ  ሻ.              (2)ݒఝሺܪ
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Proof. In Theorem 4.6 we proved that for any continuous map ݂ one has ݄௥ሺ݂ሻ ൑ Λఝሺݒሻ ൑  ሻ for allݒఝሺܪ
ݒ ∈ ∁ఝ. Hence, it is sufficient for the proof of (2) to show the opposite inequalities ݄௥ሺ݂ሻ ൒ Λఝሺݒሻ ൒
ሻݒΛఝሺ	ሻ. We start with the inequalityݒఝሺܪ ൒  ሻ. Our proof relies on the proof of statement 3 ofݒఝሺܪ
Theorem 1 in [22], but letus first recall one result Takens and Verbitskiy[20]. 
Theorem 3.9. SupposeSuppose ݂: ܶ → ܶbe  rotation entropy function of a symbolic dynamical systems 
ሺܺ, ܶሻ. Let ߮: ܶ:→ ܴ is a continuous map and assume that for some  ݒ ∈ ܴ 

௡ሻܨሺߩ ൌ ቊݒ௜ ∈ ܴ:		 lim௡→ஶ

ሻݕ௡೔ሺܨ െ ݕ
݊௜

ൌ ௜ݒ , ݕ ∈ ,ሻݔଵሺିߨ ݅ ൌ 1,2,3, … , ݊ቋ.									 

Then for any ݒ௜ ∈ ܴ with ߩሺܨሻ ് ∅ one has  

݄௥ሺ݂, ሻሻܨሺߩ ൌ 	݀݊ܽ	ݐ݊ܽ݅ݎܽݒ݊݅	ߤ	:൛൫݄ఓሺ݂ሻ݌ݑݏ ఓ݀߮׬ ൌ  .൯ൟݒ

Suppose now that we are also given a entropy function ߮: ܶ → ܴ. For any ߴ ∈ ܴ	define a rotation set 

,௡ܨሺሺߩ ߮ሻ ൌ ቊݒ௜ ∈ ܴ:		 lim௡→ஶ
߮ ቆ

ሻݕ௡೔ሺܨ െ ݕ
݊௜

ቇ ൌ ௜ߴ , ݕ ∈ ,ሻݔଵሺିߨ ݅ ൌ 1,2,3, … , ݊ቋ. 

We are interested in the entropy spectrum of ߮ the function 

݄௥ሺ݂, ሻሻܨሺߩ ൌ  ,ሻݒఝሺܪ

defined on set ߩሺܨ, ߮ሻ ് ∅. 

Theorem 3.10. Suppose ݂: ܶ → ܶ be continuous map of a symbolic dynamical systems ሺܺ, ܶሻ. Let 
߮: ܶ:→ ܴ is a continuous map and assume that for some  ݒ ∈ ܴ 

ሻܨሺߩ ൌ ቊ		ݒ ∈ ܴ:		 lim
௡→ஶ

ሻݕ௡ሺܨ െ ݕ
݊

ൌ ݒ , ݕ ∈ ሻቋݔଵሺିߨ ് ∅.									 

Then , 

݄௥ሺ݂, ሻሻܨሺߩ ൌ 	݀݊ܽ	ݐ݊ܽ݅ݎܽݒ݊݅	ߤ	:൛൫݄ఓሺ݂ሻ݌ݑݏ ఓ݀߮׬ ൌ  .൯ൟݒ

This result is a corollary of Theorem 3.8andTheorem 3.9. 
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