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Abstract 

In this paper a parallel algorithm is developed for Hermite 
Interpolation  k-ary n-cube network.  The algorithm involves  
three  phases:  initial phase; main phase and final  phase. The 
computational statistics  for the parallel  algorithm  are also 
discussed. For N = kn   points  Hermite Interpolation the parallel 
algorithm in worst case involves N/2 data communications, 2N+6 
multiplications ,  2N+3 subtractions , N+1 addition and N 
divisions.   
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1. Introduction 

Interpolation is the way of replacing a function by a 
polynomial to some degree of accuracy. There are practical 
problems in scientific computing , engineering and 
business where observational values of the function at 
tabulated points are used to predict  the values of the 
function for new input data. In many situations, where the 
explicit representations of the functions are not known, 
their interpolation is an obvious advantage for  prediction 
of approximate values of the function at new 
input..Various interpolation formulae do exist in 
Mathematics such as Lagrange interpolation formula 
,Newton interpolation formulae ,Hermite interpolation 
formulae etc. 
Goertzel [11]  has introduced a parallel algorithm for 
Lagrange interpolation for a tree topology with N  
processors , augmented with  ring connections The 
algorithm requires N/2+Ο(log N) steps , each composed of  
two subtractions  and four multiplications.   
Capello et al [7] have described a systolic algorithm using 
2 1N −  steps on N/2 processors where  each step, after 
implementation, requires two  subtractions, two 
multiplications and  one division.  . Sarabzi-Azad et al [15] 
discusses the parallel algorithm for Lagrange interpolation 
on k-ary n- cubes.The main phase of their algorithm 

consists of 
2

nk 
 
 

 steps, each comprising four 

multiplications, four subtractions and one communication 
operation, and an additional steps including one division 
and one multiplication. [change refe using star,  Sarbazi-
Azad et al [15] introduced a parallel  algorithm for 
Lagrange  interpolation using  K-ary n-cube,  The  
algorithm  consisting of ( )nO k kn+  steps, each  with  4 

multiplications and  subtractions, for N= nk node 
interpolation. Akl et al [4] have developed an algorithm 
for parallel Lagrange interpolation on the n-star graph. The 
main phase of the algorithm consists of  n!/2  steps and 
each step consists of four multiplications, four subtractions 
and one communication operation, and an additional step 
including one division and one multiplication.] 
It seems the parallel algorithm for Hermit interpolation    
has not been developed for interconnection networks.  The 
objective of the present paper is to develop parallel 
algorithm for Hermite interpolation on k-ary n-cube and 
star graph and study their relative performances. 
The rest of the chapter is organized as follows.Section II 
discusses the mathematical theory of Hermite 
interpolation.Section III and section IV  discuss the 
parallel algorithms for Hermite interpolation on K-ary n-
cube and star network respectively..Section V discusses the 
correctness and relative performances of the parallel 
algorithms along with conclusion. 
 
II. Hermite Interpolation   
 
The Hermite interpolating polynomial (see  [13] ) in 
variable x for the data set 

' '
0 0 0 1 1 1( , ( ), ( )),..., ( , ( ), ( ))N N Nx f x f x x f x f x− − −  is a 

polynomial of degree 2N-1 and is given by  
 

1
' 2

2 1
0

( ) [1 2( ) ( )] ( )
N

N i i i i i
i

H x x x l x l x y
−

−
=

= − − +∑
1

2 '

0
( ) ( )

N

i i i
i

x x l x y
−

=

−∑                   (2.1) 
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where ( )il x  is the Lagrange polynomial in x and is given   
by                          
 

0 1 1 1 1

0 1 1 1 1

( )( )...( )( )...( )( )
( )( )...( )( )...( )

i i N
i

i i i i i i i N

x x x x x x x x x xl x
x x x x x x x x x x

− + −

− + −

− − − − −
=

− − − − −
      

                (2.2) 
 

' ( )i il x being  the derivative of ( )il x  at ix x=  and   

( )i iy f x=  , ' ' ( )i iy f x=   

are the values of the function and its derivative at ix x=  
for i=0,1,2…N-1. 
 
The Hermite interpolating polynomial 2 1( )NH x−  which 
interpolates y=f(x)  
at 0 1 1, ,... Nx x x −  satisfying the following properties 

      2 1( )N i iH x y− =  

     ' '
2 1( )    for 0,1,... 1N i iH x y i N− = = −    

The formula for  ' ( )i il x   is  given  by the following  
lemma. 
Lemma. 
for   i=0,1,….,N-1 

                
1

0

1( )
( )

N
i
i i

j i j
j i

l x
x x

−

=
≠

=
−∑  

Proof : From (2.2) 
           

0 1 1 1 1

0 1 1 1 1

( )( )...( )( )( )( )
( )( )...( )( )( )

i i N
i

i i i i i i i N

x x x x x x x x x xl x
x x x x x x x x x x

− + −

− + −

− − − − −
=

− − − − −
Let∆ = 0 1 1 1 1( )( )...( )( )...( )i i i i i i i Nx x x x x x x x x x− + −− − − − −  

w(x)= 0 1 1 1 1( )( )...( )( )...( )i i Nx x x x x x x x x x− + −− − − − −  
Thus  

( ) il x ∆ = 0 1 1 1 1( )( )...( )( )...( )i i Nx x x x x x x x x x− + −− − − − −  
         (2.3)  

Differentiating (2.3)with respect to x we have 
 

 ∆ ' ( )il x = 1 ( )
( )0

N w x
x xj j

j i

−
∑

−=
≠

 

 ⇒   ' ( )il x =
( )w x
∆

1 1
( )0

N

x xj j
j i

−
∑

−=
≠

  

                          (2.4) 
 

Now setting ix x= and using the fact ( )iw x = ∆  in   (2.4)  
we get  
 

             ' ( )il x =
1

0

1
( )

N

j j
j i

x x

−

=
≠

−∑              

Hence the Lemma. 
 
 Goertzel [11]  has introduced a parallel algorithm for 
Lagrange interpolation for a tree topology with N  
processors , augmented with  ring connections The 
algorithms requires N/2+Ο(log N) steps , each composed 
of  two subtractions  and four multiplications. Capello, et 
al.[7] have described another parallel algorithm using 2N-1 
steps on N/2 processors where each step,   requires two 
subtractions, two multiplications and one division .The 
parallel algorithm for Lagrange interpolation discussed in 

[15] by Sarbzi etal , uses a / 2 / 2N N×  nodes mesh 
with toroidal wrap around connections , consisting of 

/ 4 ( / 2)N O N+  steps, each with 12 multiplications 
and subtractions. Sarabzi-Azad et al [17] have developed  
a parallel algorithm for Lagrange interpolation on k-ary n- 

cubes.The main phase of their algorithm consists of 
2

nk 
 
 

 

steps, each comprising four multiplications, four 
subtractions and one communication operation, and an 
additional steps including one division and one 
multiplication. [change refe using star Capello et al [7] 
have described a systolic algorithm using 2 1N −  steps 
on N/2 processors where  each step, after implementation, 
requires two  subtractions, two multiplications and  one 
division. In 1999,  Sarbazi-Azad et al [15] introduced a 
parallel  algorithm for Lagrange  interpolation using  K-ary 
n-cube,  The  algorithm  consisting of ( )nO k kn+  steps, 
each  with  4 multiplications and  subtractions, for N= 

nk node interpolation. Akl et al [4] have developed an 
algorithm for parallel Lagrange interpolation on the n-star 
graph. The main phase of the algorithm consists of  n!/2  
steps and each step consists of four multiplications, four 
subtractions and one communication operation, and an 
additional step including one division and one 
multiplication.]  
III. K-ary n-cube: 
 The   k-ary n-cubes have been the most popular multi 
computer  networks due to their desirable properties, such 
as case of implementation, recursive structures, and ability 
to exploit communication locality to reduce message 
latency .The hyper cube and torus are the most common 
instance of k-any n-cubes. The former has been used in 

1153 
 

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 5, May 2015. 

www.ijiset.com 

ISSN 2348 – 7968 

 

early multi computers  like the cosmic cube[18],  and 
iPSC/2[13] while the later has been popular in recent  
systems,such as the J-machine[8], iWarp[5]and CRAY 
T3D [14].The topological and performance properties of 
the k-ary n- cubes have been widely studied in the 
literature (see[1],[2],[4],[9] and [10] for typical studies). 
Sarabzi-Azad et al [17] have developed  a parallel 
algorithm for Lagrange interpolation on k-ary n- cubes.The 

main phase of their algorithm consists of 
2

nk 
 
 

 steps, 

each comprising four multiplications, four subtractions and 
one communication operation, and an additional steps 
including one division and one multiplication.  
A.  Prelilminaries      
This  section gives  some preliminaries which are 
necessary to develop and describe our parallel algorithm 
later.  
      The k-ary n-cubes, when k is referred to as radix and n 
as dimension, has N=kn nodes, arranged in  n-dimension, 
with k nodes per dimension. Each node P, can be identified 
by an n-digit  radix k address ( 1 2, ,..., na a a )or 

1 2, ,..., na a a . The thi  digit of the address, ia , represents 

the node’s position in the thi dimension. Nodes 
1 2, ,..., na a aP  

and 
1 2, ..., nb b bP are connected if and only if there exists 

i,(1≤ i≤ n),such that ( 1)i ia b= ± mod k and j ja b=  for 

1 ≤ j ≤ n; i≠j. Thus, each node has 2n bidirectional links 
connected to 2n neighbors (2 neighbors in each 
dimension). 
     Fig.1 shows various examples of  k-ary n-cubes 
topologies. The k- ary 1-cube is the well known ring , 
while the k-ary 2-cube is best known as the torus, a 
variation of the mesh with added wrap-around connection . 
Note that when k=2 , the network collapses to the 
hypercube topology. 
   This section proposes a parallel algorithm for computing  
an N=kn point Hermite interpolation on a k-ary n-cube. 
Since k-any n-cubes are the underlying topology of  a 
number of practical parallel machines , it is possible to 
implement our algorithm on these available systems, 
eliminating the need of building any special – purpose  
hardware. This algorithm relies at some stages during 
computation , as we shall see below, on broadcast  
communication. The algorithm needs a Hamiltonian ring 
topology which should be embedded in the host k-ary n-
cube network to ensure efficient broadcast operations . The 
rest of the paper is organized as follows. 
        Section 2 introduces the parallel algorithm ,and 
discusses it main structure. Section 3 draws some 
conclusion from this study.  

 
B. The Parallel Algorithm  

 
From(2.1) we have  

            
1

' 2
2 1

0
( ) [1 2( ) ( )] ( )

N

N i i i i i
i

H x x x l x l x y
−

−
=

= − −∑  

+
1

2 '

0
( ) ( )

N

i i i
i

x x l x y
−

=

−∑                               

      =
1

2

0
( ) ( )

N

i i
i

h x l x
−

=
∑             (3.1) 

where      ( )ih x = ' '[1 2( ) ( ) ( ) ]i i i i i ix x l x y x x y− − + −  

Since the calculation of ( )ih x  (0 )i N≤ <  involves the 

calculation of ' ( )i il x ,so the explicit representation of 
' ( )i il x  at ix x=  is needed .In the following Lemma the 

formula for ' ( )i il x for i=0,1…N-1 is given.This formula 
has been used in the main phase of the algorithm to 
calculate ' ( )i il x .  
Our proposed algorithm computes y=f(x) on k-ary n-cube 
using the formula (31) for the given data set 

' '
0 0 0 1 1 1( , , ),..., ( , , )N N Nx y y x y y− − − and the value of x 

,where nN k= .The computation in the course of the 
running of the algorithm is carried out in three phases:  
initialization, main and final phases .First each processor 
(node) is  given a data point( i.e. i-th processor  is given a 
data point ( ix , ',i iy y ))which runs in parallel with other 

processors. Each processor (0 )iP i N≤ < calculates 

( )il x , '
il ( ix ) (see the lemma) and finally the product 

ih (x) × 2
il (x) for a given value of x. Then the partial 

products at all processors are added to obtained the final 
result y = f(x), according to equation (3.1). 
Before describing these phases in more details, this section 
introduces some of notations, which will be used in the 
development of the algorithm. Let us assume each 
processing node has five registers 

1 2 3 4 5, , ,R R R R andR .In each node registers 

1 2R andR  will hold terms required to calculate ( )il x  

and the register 5R  will hold  the term to calculate ' ( )i il x . 

The registers 3 4  R and R  will be used to implement an all 
to all broadcast algorithm over the Hamiltonian ring 
embedded   in the host network k-ary  n-cube. Let  

1 2, , , na a aP   indicate the node located at the ia th position 
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in the i-th dimension and 
1 2, , , ( )

na a a mP R  denote the 

content of register mR (m=1,2,3,4,5) of that node. 

Further more, let 
1 2

( )
, , , ( )

n

t
a a a mP R  indicates the content of 

register Rm of 
1 2, , , 

na a aP  after step t, where a step may 
involve a set of communication and computational 
operations. Symbol ‘ ⇐ ’denotes a communication 
operation between two adjacent nodes. 
 
C. The initialization phase 
In this phase the values x, 

2 (n-1)
1 2 3 n

x
i +i ×k +i ×k +...+i ×k

,  

2 ( 1)
1 2 3 ... n

n

y
i i k i k i k −+ × + × + + ×

 and 

'
2 ( 1)

1 2 3 ... n
n

y
i i k i k i k −+ × + × + + ×

 are first given to 

the processor 
1 2, ,..., n

Pi i i  for mi =0, 1…k-1;   m=1,2,…n. 

the registers 1 5R R− of each processor are then set to their 
initial values by the following instruction  sequence: 
         

1 2

( )
, ,... 1( ) 1

n

o
i i iP R =  ; 

1 2

( )
, ,... 2( ) 1

n

o
i i iP R =  

; 
          2 ( 1)1 2 1 2 3

( )
, ,... 3 ...

( ) nn n

o
i i i i i k i k i k

P R x −+ × + × + + ×
=  ; 

          2 ( 1)1 2 1 2 3

( )
, ,... 4 ...

( ) nn n

o
i i i i i k i k i k

P R x −+ × + × + + ×
=  ;  

           
1 2

( )
, ,... 5( ) 0

n

o
i i iP R =  

 
        Fig. 1. Three examples of k-ary n-cube networks. (a) 
An 18-ary 1-cube or 18-node ring, (b) An 8-ary 2-cube or 
an 8x8 torus, and (c) a 4-ary 3-cube. 
 

The initialization phase can be implemented in a pipeline 
fashion, requiring only communication steps and no 
computation . 
 
D.   Main phase   
            Examining the communication pattern inherent in 
the interpolation algorithm reveals that a given node needs 
at some point to broadcast its x-value 

( 1))
1 2

n
ni i k i k

x −+ × + + ×
to all the other nodes in the network. 

This broadcast operation is best performed according to 
the ring topology. To support efficient communication the 
algorithm needs , in the main phase ,a Hamiltonian ring 
topology  that is embedded in the host  k-ray n-cube; a 
Hamiltonian ring (or cycle) is a ring embedded in the host 
network including all its nodes[2].To achieve this ,we shall 
use the functions Next and Previous applied to processor 

1 2, ,..., ni i iP to denote, respectively ,the next and previous 

nodes  of 
1 2, ,..., ni i iP  in the embedded ring .Fig2 shows these 

two functions. 
         Fig.3 shows a 3-ary 4-cube in which a Hamiltonian 
ring is embedded so that for every node of the embedded 
ring, the next and previous nodes in the ring can be 
determined using functions Next and Previous (the formal 
proof of the Hamiltonian  ring embedding  method used 
here appears in [5]). 
During this phase terms ( )ih x  and partial products 

( )ih x 2 ( )il x×  for i=0, 1,..N-1;are computed. To do this , 
firstly , all the processors perform the following instruction 
sequence simultaneously.  
 
Parallel algorithm to calculate ( )ih x 2 ( )il x×     for   i 
=0, 1,…,N-1; 
 
for     t=0 ,1,…[N/2]-2 
        

1 2

( 1)
, ,..., 3( )

n

t
i i iP R+ ⇐  Next  

1 2

( )
, ,..., 3( )

n

t
i i iP R  

; 
       

1 2

( 1)
, ,..., 4( )

n

t
i i iP R+ ⇐  Previous 

1 2

( )
, ,..., 4( )

n

t
i i iP R  ; 

       
1 2

( 1)
, ,..., 1( )

n

t
i i iP R+ =  

1 2

( )
, ,..., 1( )

n

t
i i iP R × (x-

1 2

( 1)
, ,..., 3( )

n

t
i i iP R+ × (x-

1 2

( 1)
, ,..., 4( )

n

t
i i iP R+ ) ; 

       

1 2

( 1)
, ,..., 2( )

n

t
i i iP R+ =

1 2

( )
, ,..., 2( )

n

t
i i iP R × (

( 1)
1 2 ... n

ni i k i k
x −+ × + + ×

-
1 2

( 1)
, ,..., 3( )

n

t
i i iP R+ ) 
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× ( ( 1)

1 2 ... n
ni i k i k

x −+ × + + ×
-

1 2

( 1)
, ,..., 4( )

n

t
i i iP R+ ); 

         

1 2

( 1)
, ,..., 5( )

n

t
i i iP R+ =

1 2

( )
, ,..., 5( )

n

t
i i iP R +

( 1) 1 21 2

( 1)
, ,..., 3...

1
( ( ))n nn

t
i i ii i k i k

x P R−
+

+ × + + ×
−

 

                                                  
+

( 1) 1 21 2

( 1)
, ,..., 4...

1
( ( ))n nn

t
i i ii i k i k

x P R−
+

+ × + + ×
−

 

; 
end for 
 
          if (N is even)                          
                

1 2

( / 2)
, ,..., 3( )

n

N
i i iP R ⇐ Next 

1 2

( / 2 1)
, ,..., 3( )

n

N
i i iP R− ; 

                

1 2

( / 2)
, ,..., 1( )

n

N
i i iP R =

1 2 1 2

( / 2 1) ( / 2)
, ,..., 1 , ,..., 3( ) ( ( ))

n n

N N
i i i i i iP R x P R− × − ; 

                               
    

1 2

( / 2)
, ,..., 2( )

n

N
i i iP R =

( )

( 1)1 2 ...1, 2,1 2

/ 2( / 2 1)
, ,... 2 3...

( ) ( ( ));nn i i inn

NN
i i i i i k i k

P R x P R−
−

+ × + + ×
× −

     
     

1 2

( / 2)
, ,..., 5( )

n

N
i i iP R =  

1 2
( 1) 1 21 2

( / 2 1)
, ,..., 5 ( / 2)

, ,..., 3...

1( )
( ( ))n

n nn

N
i i i N

i i ii i k i k

P R
x P R−

−

+ × + + ×

+
−

                
         end If 
 else 
       

1 2

( / 2)
, ,..., 3( )

n

N
i i iP R ⇐  Next 

1 2

( / 2 1)
, ,..., 3( )

n

N
i i iP R−  ; 

      
1 2

( / 2)
, ,..., 4( )

n

n
i i iP R ⇐  Previous 

1 2

( / 2 1)
, ,..., 4( )

n

N
i i iP R−  ; 

            

1 2

( / 2)
, ,..., 1( )

n

N
i i iP R =

1 2 1 2

( / 2 1) ( / 2)
, ,..., 1 , ,..., 3( ) ( ( ))

n n

N N
i i i i i iP R x P R− × −

1 2

( / 2)
, ,..., 4( ( ))

n

N
i i ix P R× − ; 

        

1 2

( / 2)
, ,..., 2( )

n

N
i i iP R =

( 1)1 2 1 21 2

( / 2 1) ( / 2)
, ,..., 2 , ,..., 3...

( ) ( ( ))nn nn

N N
i i i i i ii i k i k

P R x P R−
−

+ × + + ×
× −

                                        

( 1) 1 21 2

( / 2)
, ,..., 4...

( ( ))n nn

N
i i ii i k i k

x P R−+ × + + ×
× −

 ; 

        

1 2

( / 2)
, ,..., 5( )

n

N
i i iP R =

1 2

( / 2 1)
, ,..., 5( )

n

N
i i iP R−

( 1) 1 21 2

( / 2)
, ,..., 3...

1
( ( ))n nn

N
i i ii i k i k

x P R−+ × + + ×

+
−  

                                                 

( 1) 1 21 2

( / 2)
, ,..., 4...

1
( ( ))n nn

N
i i ii i k i k

x P R−+ × + + ×

+
−  

end else  
 
The data path used in these / 2N    steps is the 
embedded Hamiltonian ring on which the value 

0 1 1, , , Nx x x −  rotate using an all-to-all broadcasting 
method described in [3].These values rotate through the 
embedded  Hamiltonian cycle enabling each node to obtain 
a copy .Each step consists of one data communication  ( 
note that the first two communication instructions can be 
realized in parallel because of bidirectional links between 
nodes ), four subtractions four multiplications two 
divisions and two additions. Where as after the for loop, 
that is at N/2th step for  N even there are one data 
communication, two subtraction ,one addition and one 
divisionand two multiplications. 
Similarly for N odd, there are one data communication, 
four subtractions, four multiplications, two divisions and 
two additions.The two subtraction ,in the third instruction 
,could be removed by adding two extra registers to 
communicate terms   
(x- 2 ( 1)

1 2 3
n

ni i k i k i k
x −+ × + × + + ×

) through the ring as well as  

2 ( 1)
1 2 3

n
ni i k i k i k

x −+ × + × + + ×
 because the teams 

( 2 ( 1)
1 2 3

n
ni i k i k i k

x x −+ × + × + + ×
−


) are computed over 

and over again by all processors during this phase. It adds 
just one subtraction in the initialization phase.  Using 
temporary registers in each node, it is also possible to 
overlap the communication time in the first two 
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instructions  and the execution time of the next three 
instructions. Fig2 shows the definition of the function Next 
and Previous. 
  
Function Next 

1 2, ,..., ;ni i iP  
     {    
        If ( 1 2 ... 1ni i i+ + + + ) mod k=0 then 

             If ( 2 ... 1ni i+ + + ) mod k=0 then 
                      .  .   . 
                           .  .   . 
                                 .  .    . 
                                   If (     1 1n ni i− + +   ) mod k=0 then 

Return 
1 2, , , 1 mod  ;ni i i kP +   

                                Else 
return

1 2 1, , , 1mod ,n ni i i k iP
− + ; 

                                      .   .   . 
                                  .  .   . 
                             .   .   . 
                         Else Return

1 2 3, 1mod , , ni i k i iP +  ; 

                   Else return
1 21mod , , ni k i iP +  ; 

     }; 
   Function Previous 

1 2, , , ni i iP   ; 
             {    
                If ( 1 2 ... ni i i+ + + ) mod k=0 then 

                 If ( 2 3 ni i i+ + + ) mod k=0 then 
                      .  .   . 
                           .  .   . 
                                 .  .    . 
                                   If ( 1n ni i− +   ) mod k=0  then Return 

1 2, , , 1 mod ni i i kP −  ; 

                                  Else return
1 2 1, , , 1 mod , n ni i i k iP

− − ; 

                                      .   .   . 
                                  .  .   . 
                             .   .   . 
                         Else Return

1 2 3, 1  mod , , ni i k i iP −  ; 

                   Else return
1 21  mod , , ;

ni k i iP −   
     }; 
 

Fig 2. Functions Next and Previous 
At this point , we have  
           

1 2, ,..., 1( )
ni i iP R =

2 ( 1)
1 2 3

0 1( ) ( ) ... ( )n
ni i k i k i k

x x x x x x −+ × + × + + ×
− × − × × −


 

                                  
2 ( 1)

1 2 3 1
( )n

ni i k i k i k
x x −+ × + × + + × +

× −


1... ( )Nx x −× × −  
           

1 2, ,..., 2( )
ni i iP R = ( 1)

1 2
0( )n

ni i k i k
x x−+ × + + ×

−


2 ( 1)
1 2 3

1( )n
ni i k i k i k

x x−+ × + × + + ×
× −


...× ×  

                                                   
( 1) ( 1)

1 2 1 2 1
( )n n

n ni i k i k i i k i k
x x− −+ × + + × + × + + × −

−
 

 

                                                 
2 ( 1) 2 ( 1)1 2 3 11 2 3

( )n nn i i k i k i kn
i i k i k i k

x x−
−+ × + × + + × ++ × + × + + ×

× −


 
                                              

...× × 2 ( 1)
1 2 3

1( )n
n

Ni i k i k i k
x x− −+ × + × + + ×

−


  

and  
         

1 2, ,..., 5( )
ni i iP R =    

( 1)
1 2

0

1
( )n

ni i k i k
x x−+ × + + ×

−


 +…+ 

( 1)
1 2

1

1
( )n

n
Ni i k i k

x x− −+ × + + ×
−



    

   Now  to this end all  processors shall execute the  
following  instructions to calculate the i-th term 
( 2( ) ( )i ih x l x×  for i=0,1,2,…,N-1; see eqn(2.1)) of the 
Hermite interpolation. 
                     
                            

1 2

( / 2 1)
, ,..., 1( )

n

N
i i iP R+ = 1 2

1 2

( / 2)
, ,..., 1

( / 2)
, ,..., 2

( )
( )

n

n

N
i i i

N
i i i

P R
P R

; 

                           

1 2

( / 2 1)
, ,..., 5( )

n

N
i i iP R+ =

1 2

( / 2)
, ,..., 5( )

n

N
i i iP R  ; 

                           

1 2

( / 2 2)
, ,..., 1( )

n

N
i i iP R+ =

1 2

( / 2 1)
, ,..., 1( )

n

N
i i iP R+

1 2

( / 2 1)
, ,..., 1( )

n

N
i i iP R+×  ; 

                          

1 2

( / 2 2)
, ,..., 5( )

n

N
i i iP R+ =

1 2

( / 2 1)
, ,..., 5( )

n

N
i i iP R+ ; 

                           

1 2

( / 2 3)
, ,..., 1( )

n

N
i i iP R+ =

1 2

( / 2 2)
, ,..., 1( )

n

N
i i iP R+  

 

2 ( 1) 1 2 ( 1)1 2 3 1 2

( / 2 2)
[{1 2( ) ( )}, ,..., 5n ni i k i k i kn i i k i kn

N
P R yi i in

x x
− −+ × + × + + × + × + + ×

+
× − ×−

 
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 +

2 ( 1)( 1) 1 2 31 2

'( ) ;nn ni i k i kn
i i k i k i k

x x y −
−+ × + + × + × + × + + ×

− ×
 

 
 Therefore at the end of this phase, we have 
                          

1 2, ,..., 1( )
ni i iP R = 2 ( 1)

1 2 3
( )n

ni i k i k i k
h x−+ × + × + + ×

   

 
 

2 ( 1)
1 2 3

2 ( )n
ni i k i k i k

l x−+ × + × + + ×
×


 ; 

     for 0 1;ji k≤ ≤ −   1 j n≤ ≤ ; 

Analysis of   computation statistics       
 
         Let M, S, A, and, D represents the number of 
multiplications, subtractions, additions and divisions 
respectively. Now for N both even and odd, a closer look 
of the algorithm reveals that there are N/2 number of data 
communications at the end of (N/2+3)th step. 
 
 Case 1:- For N even. 
    At the end of N/2th step we have 
               
                M=4(N/2-1) +2=2N-2 
                S=2N-4+2=2N-2 
                A=N-2+1=N-1 
                D=N-2+1=N-1 
 
 At the end of (N/2+1) th step 
                
                 M=2N-2+0=2N-2 
                 S=2N-2+0=2N-2  
                 A=N-1+0=N-1 
                 D=N-1+1=N 
At the end of (N/2+2)th step 
 
                M=2N-2+1=2N-1 
                 S=2N-2+0=2N-2  
                 A=N-1+0=N-1 
                 D=N+0=N 
 
At the end of (N/2+3) th step 
 
                M=2N-1+5=2N+4 
                 S=2N-2+3=2N+1  
                 A=N-1+1=N 
                 D=N+0=N 
 
Case 2:- For N odd. 
 At the end of N/2th step 
 
              M = 4(N/2-1) + 4 = 2N 

               S = 2(N-2) + 4 =2N 
               A = N -2 + 2 = N 
               D = N – 2 + 2 = N 
 
At the end of (N/2+1)th  step 
 
               M = 2N + 0 =2N 
               S = 2N + 0 = 2N 
               A = N + 0 = N 
               D = N + 1 = N 
At the end of (N/2+2) th step 
 
                M = 2N + 1 =2N 
                 S = 2N + 0 = 2N 
                 A = N + 0 = N 
                 D = N + 0 = N 
 
At the end of (N/2 + 3) th step 
 
                  M = (2N + 1) +5 = 2N +6 
                   S = 2N +3 
                   A = N+1 
                   D = N + 0 = N 
 
There fore in main phase for N even, there are N/2 data 
communications, (2N + 4) multiplications, (2N+1) 
subtractions, N additions and N divisions. Where as for N 
odd, there are still (N/2) data communications, (2N + 6) 
multiplications, (2N + 3) subtractions, (N +1) additions and 
N divisions. 
    
Remark :k- ary n-cube is a more generalized inter 
connection network of processors.In particular for n = 1   
k- ary n-cube reduces to ring,  for n =2  it reduces to mesh   
and  for 
 n = 3 it reduces to hypercube. There fore for n = 1, 2, 3 
the algorithm suggested above reduces  to the parallel 
Hermile interpolation for ring, mesh and hypercube 
respectively. 
  
Final Phase. 
 In this phase, the contents of register R1 in all the nodes 
are added together to obtain the final result. This phase 
consists of n sub-phases, each including / 2k   additions. 
We start from the nth dimension, adding the content of all 
registers R1 in the k nodes in that dimension. Dividing the 
dimension into two pieces, one includes the processors 0 to 
k/2 and another the nodes k/2+1 to k-1, and doing the 
addition process in these two parts in parallel , the sum of 
the registers R1 of the nodes in dimension “n” will be in 
the register R1 of node 0 of that dimension after 

/ 2k   steps, each consisting of one data communication 
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and one addition. After each sub-phase, the dimension of 
problem is 

 
Fig. 3. Hamiltonian ring embedding in a 3-ary 4-cube 
employed for an 81-point interpolation 
 
reduced by one until it reaches to the first dimension and 
after that sub-phase (nth subphase),the final result will be 
in register R1 of node  P0 ,..., 0 , 0 . Therefore this phase can 
be realised in / 2n k×    steps. The following parallel 

code must be executed in this phase. 
 Sub-phase 1: 
In parallel 
 { 
     for  i'n = / 2k   , / 2k   -1,…,1 
        for  i'n-1 =0,1,…, k-1 in parallel 
           for  i'n-2 =0,1,…, k-1 in parallel 
  … 
     … 
 
        … 
       for  i'1=0,1,…,k-1 in parallel 
  
 ' ' '

1 2
1, ,..., 1

( )
ni i i

P R
−

⇐

' ' '
1 2

1, ,..., 1
( )

ni i i
P R

−
+ ' ' '

1 2
1, ,...,

( )
ni i i

P R ; 

          for in = / 2k   +1, / 2k   +2,…,k-2 
        for in-1 =0,1,…,k-1 in parallel 
  for in-2 =0,1,…,k-1 in parallel 
   … 
      … 
         … 

         for i1=0,1,…,k-1 in parallel 
   
 

1 2, ,..., 1 1( )
ni i iP R+ ⇐

1 2, ,..., 1 1( )
ni i iP R+ +

1 2, ,..., 1( )
ni i iP R ; 

 }; 
for in-1 =0,1,…,k-1 in parallel 
     for in-2 =0,1,…,k-1 in parallel 
 … 
    … 
       … 
      for i1=0,1,…,k-1 in parallel 
 
 

1 2 1, ,..., 1,0 1( )
ni i iP R
− − ⇐

1 2 1, ,..., 1,0 1( )
ni i iP R
− − +

1 2 1, ,..., 1,k 1 1( )
ni i iP R
− − − ; 

 
Sub-phase 2: 
In parallel 
 { 
    for i'n-1 = / 2k   , / 2k   -1,…,1 
       for i'n-2 =0,1,…, k-1 in parallel 
          for i'n-3 =0,1,…, k-1 in parallel 
  … 
    … 
      … 
    for i'1=0,1,…, k-1 in parallel 
 
 ' ' '

1 2 1
1, ,..., 1,0

( )
ni i i

P R
− −

⇐

' ' '
1 2 1

1, ,..., 1,0
( )

ni i i
P R

− −
+ ' ' '

1 2 1
1, ,..., ,0

( )
ni i i

P R
−

; 

     for in-1 = / 2k   +1, / 2k   +2,…,k-2 
        for in-2 =0,1,…,k-1 in parallel 
  for in-3 =0,1,…,k-1 in parallel 
 
     … 
         … 
            … 
       for i1=0,1,…,k-1 in parallel 
 
 

1 2 1, ,..., 1,0 1( )
ni i iP R
− + ⇐

1 2 1, ,..., 1,0 1( )
ni i iP R
− + + 

1 2 1, ,..., ,0 1( )
ni i iP R
−

 
 }; 
for in-2 =0,1,…, k-1 in parallel 
    for in-3 =0,1,…, k-1 in parallel 
 … 
    … 
       … 
   for i1=0,1,…, k-1 in parallel 

1159 
 

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 5, May 2015. 

www.ijiset.com 

ISSN 2348 – 7968 

 

 
1 2 2, ,..., 1,0,0 1( )

ni i iP R
− − ⇐

1 2 2, ,..., 1,0,0 1( )
ni i iP R
− − +

1 2 2, ,..., 1,k 1,0 1( )
ni i iP R
− − − ; 

     … 
          … 
 … 
Sub-phase n-1: 
In parallel 
 { 

    for  i'2 = / 2k   , / 2k   -1,…,1 
       for i'1=0,1,…,k-1 in parallel 
 ' '

1 2
1, 1,0,...,0

( )
i i

P R
−

⇐ ' '
1 2

1, 1,0,...,0
( )

i i
P R

−
+

' '
1 2

1, ,0,...,0
( )

i i
P R ; 

    for i2 = / 2k   +1, / 2k   +2,…,k-2 
       for i1=0,1,…, k-1 in parallel 
 

1 2, 1,0,...,0 1( )i iP R+ ⇐
1 2, 1,0,...,0 1( )i iP R+ +

1 2, ,0,...,0 1( )i iP R ; 
 }; 
for i1=0,1,…, k-1 in parallel 

1 ,0,...,0 1( )iP R ⇐
1 ,0,...,0 1( )iP R +

1, 1,0,...,0 1( )i kP R−  

 
Sub-phase n: 
In parallel 
 { 

     for i'1 = / 2k   , / 2k   - 1,…,1 

 '
1

11,0,...,0
( )

i
P R

−
⇐ '

1
11,0,...,0

( )
i

P R
−

+

'
1

1,0,...,0
( )

i
P R ; 

     for i2 = / 2k   +1, / 2k   +2,…,k-2 

 
1 1,0,...,0 1( )iP R+ ⇐

1 1,0,...,0 1( )iP R+ +

1 ,0,...,0 1( )iP R ; 
 }; 

0,0,...,0 1( )P R ⇐ 0,0,...,0 1( )P R + 1,0,...,0 1( )kP R−  
 
Fig.4 shows the data paths used in this phase for an 81-
point interpolation. As can be seen in this figure, since the 
employed network is an 3-ary 4-cube, the final phase is 
carried out in 4 sub-phases. 
 

 
Fig. 4. The data paths used in the final phase for an 81-
point interpolation 
 
IV.  Conclusion 
 
k-ary n-cubes have been widely used in practice due to 
their desirable properties, such as ease of implementation 
and ability to exploit communication locality.This paper 
proposed a parallel algorithm for Hermite interpolation on 
a k-ary n- cube. The algorithm computes N-points Hermite 
interpolation, for N= nk . In the main phase each processor 
performs N/2 data communications,(2N+6) multiplications, 
(2N+3) subtractions, (N+1) addition and N divisions for 
the value of N is odd. When N is even each processor in 
the main phase performs N/2 data communications, (2N+4) 
multiplications, (2N+1) subtractions, N additions and N 
divisions. In the final phase the contents of register R1 in 
all nodes are added together to obtain the final result. This 
phase consists of n- subphases, each including 

2
k 
 
  

additions, resulting in / 2n k×     number of 

additions in total.  
V. References 

[1]. Ashir, Y., Stewart, I.A.: On embedding cycles in k-ary 
n-cubes. Parall. Process. Lett. 
7 (1997) 49-55. 
[2]. Ashir, Y., Stewart, I.A.: Fault tolerant embedding of 
Hamiltonian circuits in k-ary ncubes.Technical report, 
Dept of Math. Computer Sci., Univ. of Leicester, 
Leicester,U.K (1997). 
[3]. Bertsekas, D., Tsitsiklis, J.: Parallel and Distributed 
computation: Numerical methods. Prentice-Hall (1989). 
[4]. Bettayeb, S.: On the k-ary hypercube. Theoret. Comp. 
Sci. 140 (1995) 333-339. 

1160 
 

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 5, May 2015. 

www.ijiset.com 

ISSN 2348 – 7968 

 

[5]. Borkar, S., et al.: iWarp: an integrated solution to high 
speed parallel computing. Proc. Supercomputing'88, IEEE 
Computer Society Press (1988) 330-339. 
[6]. Bose, B., Broeg, B., Kwon, Y., Ashir, Y. : Lee 
distance and topological properties of 
k-ary n-cubes. IEEE Trans. Computers 44 (1995) 1021-
1030. 
[7]. Capello, B., Gallopoulos, Koc : Systolic computation 
of interpolation polynomials. Parallel Computing Journal 
45 (1990) 95-117. 
[8]. Dally, W.J., et al.: The J-machine: a fine-grain 
concurrent computer. Information Processing'89, Elsevier 
Science Publisher (1989) 114-1153. 
[9]. Dally,W.J.: Performance analysis of k-ary n-cube 
interconnection networks. IEEE Trans. Computers 39 
(1990) 775-785. 
[10]. Day, K., Al-Ayyoub, A.: Fault diameter of k-ary n-
cube networks. IEEE Trans. Parallel & Distributed 
Systems 8 (1997) 903-907. 
[11]. Goertzel, B.: Lagrange interpolation on a tree of 
processors with ring connections. Journal Parallel & 
Distributed Computing 22 (1994) 321-323. 
[12]. Nugent, S.F.: The iPSC/2 direct-connect 
communication technology. Proc. Conf. Hypercube 
Concurrent Computers & Applications Vol. 1 (1988) 51-
60. 
[13] Jain  M.K. , Iyengar S.R.K., Jain R.K, “Numerical 
methods for  scientific  and Engineering  computation” 3e, 
Wiley Eastern limited. 

1161 
 

http://www.ijiset.com/

	Parallel  Hermite Interpolation on Faulty K-ary n-cubes Network
	In this paper a parallel algorithm is developed for Hermite Interpolation  k-ary n-cube network.  The algorithm involves  three  phases:  initial phase; main phase and final  phase. The computational statistics  for the parallel  algorithm  are also d...

