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Abstract

In this paper, G-preopen sets are used to de ne some weak
separation axioms and to study some of their basic
properties. The implications of these axioms among
themselves and with the known axioms are investigated.
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1. Introduction

The notion of Ry topological spaces is introduced by Shanin
[12] in 1943. Later, Davis [6] rediscovered it and studied some
properties of this weak separation axiom. Several topologists
(e.0. [71, [8], [10]) further investigated properties of R,
topological spaces and many interesting results have been
obtained in various contexts. In the same paper, Davis also
introduced the notion of R; topological space which are
independent of both T, and T, but strictly weaker than T,. The
idea of grills on a topological space was first introduced by
Choquet [4]. The concept of grills has shown to be a powerful
supporting and useful tool like nets and filters, for getting a
deeper insight into further studying some topological notions
such as proximity spaces, closure spaces and the theory of
compactifications and extension problems of different kinds
(see [2], [3], [13] for details). In [11], Roy and Mukherjee
defined and studied a typical topology associated rather
naturally to the existing topology and a grill on a given
topological space. Quite recently, Hatir and Jafari [9] have
defined new classes of sets in a grill topological space and
obtained a new decomposition of continuity in terms of grills.
In this paper, G-preopen sets are used to de ne some
weak separation axioms and to study some of their basic
properties. The implications of these axioms among
themselves and with the known axioms are investigated.

2. Preliminaries

Let (X, 7)) be a topological space with no separation properties
assumed. For a subset A of a topological space (X, 7), ClI (A)
and Int(A) denote the closure and the interior of A in (X, 7),
respectively. The power set of X will be denoted by P (X).
The definition of grill on a topological space, as given by

Choquet [4], goes as follows: A non-null collection G of sub
sets of a topological space (X, 7) is said to be a grill on X if

1) 0¢G,
2 A AeG andA < Bimpliesthat B €G,

(3) ABc Xand A U B e G implies that A € G or
B e G.
Definition 2.1. [11] Let (X, 7)) be a topological space and G a

grill on X. A mapping: @ : P(X) — P(X) is defined as
follows: @ (A) = D¢ (A7) = {xe X :AnU €G for

every open set U containing X} for each A € P(X). The

mapping is called the operator associated with the grill G and
the topology 7 .

Definition 2.2. [11] Let G be a grill on a topological space (X,
7). Then we defineamap ¥ : P(X) = P(X) by ¥ (A) = A
U @ (A) for all AeP(X). The map V¥ is a Kuratowski
closure axiom. Corresponding to a grill G on a topological

space (X, 7 ), there exists a unique topology 75 on X given
by g = {U 7o X W (X\U) =X\ U} where for any A
X, ¥ (A) =AU D (A) = 75 CI(A). For any grill G on a
topological space (X, 7),7 < 74. If (X,7) is a topological

space with a grill G on X, then we call it a grill topological
space and denote it by (X, 7, G).

Definition 2.3. [9] A subset S of a grill topological space (X,
7, G) is G-preopen if Sc Int(V (S)). The complement of a
G-preopen set is called a G-preclosed set.

Definition 2.4. The intersection of all G-preclosed sets
containing S < X is called the G-preclosure of S and is

denoted by PCl;(S) The family of all G-preopen (resp. G-
preclosed) sets of (X, 7, G) is denoted by GPO(X) (resp.
GPC(X)). The family of all G-preopen (resp. G-preclosed)

sets of (X, 7 ,G) containing a point x € X is denoted by
GPO(X,x) (resp. GPC(X, x).
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Definition 2.5. A subset U of X is called a G-
preneighbourhood of a point x € X if there exists a G-preopen
setVof (X,7,G)suchthat x € V CU.

Definition 2.6. [9] A function f :(X, 7 ,G) — (Y, 0 ) is said to

be G-precontinuous if ft (V) is a G-preopen set in (X, 7
,G) for every openset Vof Y .

Definition 2.7. An grill topological space (X, 7 ,G) is said to
be:

(1) G-pre-T, [5] if for each pair of distinct points x and y
of X, there exist G-preopen sets U and V of X such
thatx eUandy ¢U,andye Vandx¢ V.

(2) G-pre-T, [5] if for each pair of distinct points x and y
in X, there exist disjoint G-preopen sets U and V in
Xsuchthat x €e Uandy € V.

3. ON G-PRE Ry SPACES
Definition 3.1. Let (X, 7 ,G) be an grill topological space and
Ac X. Then the G-prekernel of A, denoted by p Kerg(A) is

defined to be the set p Kerg(A) =) {G € GPO(X) / Ac
G}

Lemma 3.2. Let (X, 7 G) be an grill topological space and x
€ X. Then, y € p Kerg ({ X }) if and only if x € p Clg(

tyh

Proof. Suppose that y ¢ p Kerg ({ X }). Then there exists
U e GPO(X; x) such that y ¢ U.Therefore, we have x & p
CIG(({ y }). The proof of the converse case can be done
similarly.

Lemma 3.3. Let (X, 7 ,G) be an grill topological space and A
a subset of X. Then, p Kerg(A) = {X e X/p CIG({ X }) \

NAZP} .

Proof. Let x 2 p Kerg(A) and p Clg ({ X }) N A= ¢.

Hence x ¢ X \' p CIG({ X}) which is a G-preopen set
containing A. This is impossible, since x € p Kerg(A).
Consequently, p CIG({ X })m A# ¢. Next, let x € X such

that p CIG({ X}) \' N A# ¢ and suppose that x € p
Kerg(A) then, there exists a G-preopen set U containing A
and x ¢ U..Let y & pClg( { X } ) N A.. Hence, U is a

G-preneighbourhood of y which does not contains x. By this
contradiction x € p Kerg(A) and hence the claim.

Definition 3.4. A grill topological space (X, 7 ,G) is said to be
a G-pre-Ry space if every G-preopen set contains the G-
preclosure of each of its singletons.
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Remark 3.5. Since a grill topological space (X, 7 ,G) is G-
pre-T if and only if the singletones are G-preclosed [5], it is
clear that every G-pre-T; space G-pre-R,. But the converse is
not true in general.

Example 3.6. Let X ={a,b,c}, 7 ={¢,{a},{b,c}, X }and
G={¢,{a}.{a,b},{a,c}, X } Then (X, 7 ,G) is G-pre-R,
but none of G-pre-T, and G-pre-T;.

Remark 3.7. Th following example and Examlpe 3.6 shows
that the notions G-pre-Ty-ness G-pre-Ry-ness are independent.

Proposition 3.9. For an grill topological space (X, 7 ,G), the
following properties are equivalent:

(1) (X,7,G) is G-pre-R, space;

(2) Forany F € GPC(X), x ¢ FimpliesFc U and x ¢ U for

some Ue GP O(X);

(3) Forany F € GPC(X), x ¢ FimpliesF M pCIG({ X }) =¢

(4) For any distinct points x and y of X, either p CIG({ X }) =p Cl

clo({ X)) npcls({ ¥y )= 4.

Proof. 21) = (2): Let F 2 GP C(X) and x ¢ F . Then by (1)

pCls({ X })= X\F.SetU=X\pClg({ X }), thenU e
GPO(X),Fc Uandx ¢ U.

(2) = (3): Let F € GPC(X) and x ¢ F . There exists U €
GPO(X) such that F— U and x ¢ U. Since U € GPO(X), U

A pCle({ X ))=¢ andF N pCls({ X })=¢ .

(3) = (4): Suppose that p CIG({ X });t p CIG({ y }) for
distinct points x; y € X. there exists z € p CIG({ X }) such
thatz ¢ p Clo({ ¥ }) (orz € p Cls({ ¥ }) such that z &

p CIG({ X }). There exists V € GPO(X) such that y ¢ V
and z € V ; hence x € V . Therefore, we have x ¢ p Clg(

{ 'y }). By 3), we obtain p Cls({ X })npCls({ y }) =
@ . The proof for other-wise is similar.

(4) = (1): LetV € GPO(X, x). Foreachy ¢ V,x # yand
x & p Clo({ X }). This shows that p Clo({ X })# p Clg(
Ly h-ey@.pcis({ x hnpcis({ ¥ })= ¢ foreacny
€ X\Vand hence p Clo({ X })N (UGEX\V pCls({ ¥ })
= ¢ .On other hand, since Ve GPO(X) andy € X \ V , we
have p CIG({ y })C X\Vand hence X\V= U ,ewyp
Clo({ Y }). Therefore, we obtain (X \V) N p Cle({ X }) =
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¢ and p Clo({ X })< V . This shows that (X, 7 ,G) is a G-
pre-R, space.

Theorem 3.10. An grill topological space (X, 7 ,G) is a G-
pre-Rq space if and only if for any x and y in X, p CIG({ X })

#pClo({ y })impliespClo({ x ) pCls({ ¥ }) = ¢

Proof. Suppose that (X, 7 ,G) is G-pre-Ry and x, ye X such
that p Clo({ X })#p Cls({ ¥ }). Then, there exists z € p
Clo({ X }) such that z ¢ p Cls({ Y }) (or z & p Clg(

{ y }) such that z ¢ p CIG({ X }). There ex-ists V €
GPO(X) such that y ¢ V and z € V ; hence x € V .

Therefore, we have x ¢ p CIG({ y }). Thus x € X\ p Clg(
{ y})e GPO(X), which implies p Clo({ X })= X \ p
Clo({ y DandpCls({ X ) pCla({ y })= ¢.The
proof for otherwise is similar. Conversely, let V € GPO(X,
x). We will show that p Cle({ X })c V. Lety € X\ V.
Then x # yand X € p CIG({ y }). This shows that p Clg(
{ X });t p CIG({ y }). By assumption, p CIG({ X })r\ p
Clo({ ¥ }) = ¢ Hence y & p Clo({ X }) and therefore p
Clo({ x e V.

Lemma 3.11. The following statements are equivalent for any
points

and y in an grill topological space (X, 7 ,G):
(1) pKerg({x}) # pKers({y}):

@ pCls({x}) # pCls({y});

Proof. (1) = (2): Suppose that p Kerg ({X}) # p Kerg
({y}) . then there exists a point z in X such that z € p Kerg
({x}) and z ¢ p Kerc ({Y}) . It follows from z € p Kerg
({x3}) that {x} N p Cle({Z}) # ¢. This implies that x
e p Kerg ({X}). By z ¢ p Kerg ({Y}), we have{y}
pCls ({z})=¢ since x € p Cls({2}) . p Cle ({X})
p Cls ({z}) and {y} M p Clsc ({X}) = ¢ . Therefore, it
follows that p Cls ({X}) # p Cls ({Y}) .. Now p Kerg
({x}) = p Kers ({y}) implies that p Cls ({X}) = p
Cls ({Y})-

(2) = (1): Suppose that p Cls ({X}) # p Cls ({Y}) .
Then there exists a point z in X such that z € p Clg({X})

and z & p Clg ({Y}). Then, there exists a G-preopen set
containing z and therefore x but not y, namely, y ¢ p Kerg

({x}) and thus p Kerg ({X}) # pKers ({y}).
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Theorem 3.12. A grill topological space (X, 7 ,G) is a G-pre-
R space if and only if for any pair of points x and y in X, p

Kere ({X}) # pKerg({Yy}) impliesp Kerc ({X}) N p
Kers ({Y}) = ¢
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