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Abstract:

The HIV (human immunodeficiency virus) is the most
important leading cause of death among individuals
infected with the HBV (Hepatitis B virus). The study of the
joint dynamics of HIV and HBV present formidable
mathematical challenges in spite the fact that they share
similar routes of transmission. A deterministic model for
the co-interaction of HBV and HIV in a community is
presented and rigorously analyzed. We calculate the basic
reproduction number R,, the disease-free equilibrium,
boundary equilibria, which we define as the existence of
one disease along with the complete eradication of the
other disease, and the co-infection equilibrium for specific
conditions. We determine stability criteria for the disease-
free and boundary equilibria. Numerical simulations have
been presented to illustrate analytical results.

Kewords:Co-infection,Dynamical systems, Epidemiological
models, HIV , HBV, Mathematical Modeling, Stability.

Introduction:

Hepatitis B is a dynamic disease and an
understanding of its virology and natural history is
imperative if complications are to be reduced and
disease progression limited. The management of
HIV-HBV co-infection is complicated by the use of
drugs with activity against both viruses, the risk of
flares and hepatic decompensation with immune
reconstitution, and the increasing prevalence of
antiviral resistance. Forty million people are infected
with HIV worldwide. Due to shared modes of
transmission, co-infection is common and an
estimated 4 million people worldwide are co-infected
with HBV-HIV. The prevalence of HBV in HIV
infected individuals varies with the population
studied. In the United States, up to 10% of all HIV-
infected individuals have HBV co-infection [3].
Several studies support an increased prevalence of
HBV in HIV-infected populations of sub-Saharan
Africa, with more than 80% of HIV-positive
individuals in some of those countries carrying serum
markers for HBV [1]. People co-infected with both
hepatitis B and HIV are 14 to 17 times more likely to
die than those with hepatitis B alone.

To make matters worse, some medicines used to treat
HIV are toxic to the liver, which may already be
damaged from the hepatitis B infection [4]. In this

study, we formulate and analyze a realistic
mathematical model for HBV-HIV co-
infection,which incorporates the key epidemiological
and biological features of each of the two diseases.
The main contribution of this study is in carrying out
a detailed qualitative analysis of the resulting model.
It is our view that this study represents the very first
modelling work that provides an in-depth analysis of
the qualitative dynamics of HBV-HIV co-infection.

1. Mathematical Modeling of Problem

The formulation of this co-infection closely follows
the epidemiological dynamics of the two diseases.
The model sub-divides the total sexually-active
population at time t denoted by N, into various
mutually-exclusive compartments depending on their
disease status : Susceptible individuals to both
diseases  (S(t)), infected individuals in the
asymptomatic stage of HIV infection (H1(t)), HIV-
infected individuals with clinical symptoms of
AIDS(H2(t)), dually-infected individuals with HBV
acute infection, in the asymptomatic stage of HIV
infection (H1l (t)), dually-infected individuals with
HBV acute infection, displaying symptoms of AIDS
(H2I (1)), dually-infected individuals with HBV
chronic infection, in the asymptomatic stage of HIV
infection (H1C(t)), dually-infected individuals with
HBV chronic infection, displaying symptoms of
AIDS (H2C(t)), HBV recovered individuals with
protective immunity in the asymptomatic stage of
HIV infection (H1R(t)), HBV recovered individuals
with protective immunity displaying symptoms of
AIDS (H2R(t)), HBV vaccinated individuals (V (t)),
individuals with HBV acute infection (IB(t)), HBV
chronic carriers (CB(t)) and HBV recovered with
protective immunity (RB(t)).

The compartmental diagram in Fig. 1 illustrates
the flow of individuals as they face the possibility of
acquiring specific-disease infections or even co-
infections.
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Figure 1.Flowchart of the transmission dynamics of the co-
infection HIV/HBV

The force of infection associated with HBV infection
is given by
Y I+ m(Hir + muaHar) +9(Ce + meHie + m2cHac)
N ‘

where Bj is the effective contact rate for HBV
transmission and the modification parameters n1, n
1h, n, n 1c and n 2c model the relative infectiousness
of individuals in the CB H1l , H2l , H1C and H2C
classes.

Susceptible and HBV vaccinated individuals
acquire HIV infection following contact
with people infected with HIV (that is, those in H1,
H2 H1l, H2l , H1C, H2C, H1R and H2R classes) at
rate AH defined as follows :

Ap =0

An=f

HHI +eHy +e1(Hip + sinHoar) + e2(Hic + e2nHac) + 23(Hip + 23

N

where By is the effective contact rate for HIV
infection (contact sufficient to result in HIV
infection). Further, the modification parameters ¢, €
1, e 1h, € 2, € 2h, € 3 and & 3h account for the
relative infectiousness of individuals in the H2 H1l ,
H2l , H1C, H2C, H1R and H2R classes. Putting the
above formulations and assumptions together gives
the following system of differential equations :

V= p(l —w)+ 65 — (Ag + mAp)V — poV,
Hy=[V+(1-8)SAx —¢ea(l —a)ApHy — (po + a)Hy,

Hy, =aH, — w2ApHz — (po + dp ) Ha,

Har = w2 \pHy + a1 Hir — (po + dup + ¢a)Hap,
Hic= pwvy Hye + quér (1 — an )Hap
+t"‘g:;l - '\,g]}\”c‘” — [,rt[] + rfm + kg + 9| :;]. — {12]:Hl[':’.

Hz(.' = pwraHoc + quipaHop + aoHyo — (po + dop + 02)Haoe,

Hop = ¢a(1 — ga)Hap + 0:Hao 4+ aaHip — (po + dag ) Hzn,

fop=[mpV +(1=8)8Ag — i (L —1)Aulp — (po +71)] e,

Bp=7(1—q)p+7Cp —vaduRp — poRap,

where A is the recruitment rate of susceptible
individuals into the population ; 7B is the rate of
waning vaccine-induced immunity ; @1 and ¢ 2 are
the probabilities of acquiring HBV infection of
individuals in the H1 and H2 classes, respectively ;
Y1, ¢ 2 and i 3are respectively, the probabilities of
acquiring HIV of individuals in the 1B, CB and
RBclasses ;  is the birth rate in the population ; w is
the proportion of births without successful
vaccination ; v, v1 and v2 are proportions of
perinatally infected born by carriers mothers in the
CB, H1C and H2C classes, respectively ; § is the
vaccination rate ; y1, ¢p1 and ¢2 are respectively, the
rates moving from IB, H1l and H2I classes to CB,
H1Cand H2C classes ; g, q1, and g2 are respectively,
the average probability that an individual in the 1B,
H1l and H2I classes fail to clear an acute state and
develops a carrier state (CB, H1C and H2C),
respectively ; y2, 681 and 62 are respectively, rates
moving from CB, H1C and H2C classes to RB, H1R
and H2R classes ; dB is the HBV induced death rate
of individuals in the HBV chronic carriers class CB ;
dH, d1H, d2H, d3H and d4H are respectively, the
HIV induced death rate of individuals in the H2, H1l
, H21 , H1C, H2Cand H2R classes. We show that all
feasible solutions of components of system (3) enters
the region :

Q= {(Sr V, le HZ! Hllv HZI! Hl(j, Hz(j, HlRJ HZRJ IB! CBr RB)

+
€RS > 0,N(t) < u_ﬂ} [4]
0
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Hyp =1 —a)AgHy + (1 — ) AgIp — o + é1(1 — oy )|Hyy,

Cp = pvCp + gyl — va(l — v2)AuCr — (po + di + 72)C,

S=A+pw(l —vCp — v, Hyo — voHar) — (1 — 8)(Ag + Ap)S — (6 + 11)S,

Hip =1 (1— o )(1 —qu)Hur +61(1 — az)Hio + ¢ady Bp — (o + a3)Ha.
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2. Analysis of Model
3.1Local stability of the disease-free
equilibrium:
The HBV-HIV model (3) has a DFE given by:
Qo
_ Qe AW e 0) o0 6060,0,0,0,000,)
Mo+ 6 to (ko + 6)
The local stability of the DFE of the HBV-HIV
model is determined by its basic reproduction number
Ry, which is computed using the next generation
operator method proposed by van den Driessche
andWatmough [10]. The associated reproduction
number for the HBV-HIV model denoted by Ryis
given by
Ry = maX{ROB,RBH} [5]
_ Be(A+ngy)[me[d(p+ A) + ppo(l — w)] + po(1 — 8)(A+ luw)].
Alpo + 8)(po + 1) (A +p)

B
R(P

Bu(po + di + c20¢)

R =
0 (1o + ) (20 + dir)

and RE =RY (1 - %) [.6]
With4 = py + dg + vy, — pwv. A threshold condition
for endemicity is given by R, = 1: the disease dies

out if

Ry < 1, and becomes endemic if Ry, > 1. Then, we

can claim the following result.

3.2 Existence and stability of boundary
equilibria

System (3) has four possible nonnegative boundary
equilibria in Q: the disease-free equilibrium (DFE)
Qy, the HBV-only (HIV-free) equilibrium Q" the
HIV-only (HBVfree) equilibrium Q,"and the
HBV/HIV equilibrium Q"

At Qy", the components are Vy = Iz = Cg =
H11 = H21 = Hyc = Hy¢ = Hig = Hyp = 0.

A
(1o + a) (o + Ajp)’

alANy
(o + ) (o + dig)(po + A

Hi Hi

u(] +)\H = =

(10 + o) (o + de)(RE - 1)
o+ a+dy

At Qp", the components are H; = H, = Hy; = Hy; =
H].C = HZC = HlR = HZR = 0 and

A=

o AN+ 1)y O — qri(A+p)Ap
B Bppo(A+ngn) +dpriny’  © Bapo(A +ngn) + deqriiy
1 anv(A+p)Ap )
Sy = ——— (A4 pw|l-—-
B (L—8&)Ap + 0+ p0 { ’ ( Beio(A+ngm) + dpgrAy
Vi = L wi—w)
5= TR, + Lo f “ A+
grv(A + p)Ay )
+ ———— A+ pw(1-—
(1—0)Ap + 0+ po { f ( Bepa(A+ng71) + degm Ay
Ig*+nCg™) .
Where 2" = 22021050 with 7, = $," + V" +
B

Ig" + Cg" + Ry"is the force of infection at the steady
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state Q"which satisfies the following quadratic

equation
bz(/lg Y2 +bAg" + by =0 [7]
ba (1 =) (A + p)[rB[A(po +71) + dBgn1] + pwrgyi (1 —6)],

by = —mpu(l—w)[Bpro(l —8)(A+ngv1) +dpgri(pe +9)] — dpgrimpd(A + puw)

+  mgdpegy (A +p) — (1= 8)(A + pw)[mpBppo(A + ngy) + todpgi]

+  pwvgyi (1 — &) (o + 8) (A + p) + Ao + 11 ) (A + p)[Te(Ho + &) + po(1 = 8)],

by = Apo(po +7v1)(po + 8)(A+ p)(1 — RE).
The stability of these boundary equilibria are
described as follows. Two coexistence thresholds
must be calculated : the first separates the region
where only HBV persists from the region of
coexistence ; the second marks the shift from
coexistence to persistence of HIV alone. In order to
derive an expression for the region of stability of the
boundary equilibrium Qy", we measure the capacity
of HBV to invade and persist in a population where
HIV is at equilibrium. Applying the methods in van
den Driessche [10], we find the basic reproduction
ratio of the HBV in a population where HIV are fixed
RE(Qy) = 2L = 05 A+ sl —2) X +1g7]
v Nip[or(L —y1) A + po + ][4 +¥a(1 = 72)A%]
This formalism permits the derivation of a threshold
condition for coexistence, now equivalent to a
threshold condition for HBV endemicity in a
population where HIV is at equilibrium, ROB(QH*) =
1,: only HIV persists for ROB(QH*) < 1, while for
R,® (04" > 1 HBV can invade a population where
HIV state are fixed, that is, to say coexistence
ispossible.Now, let us compute the region of stability
of the boundary equilibrium Q4" We usethe same
reasoning as before. We consider HIV as the
phenotype invading a populationwhere HBV is
already endemic. Applying the methods in [10] once
again, we find thebasic reproduction ratio of the HIV
in a population where HBV is fixed
RE(Qy) = BulteVe + (1 —6)Sp]lpa Ay + to + dy + 2a]
BUB) = Nelor(1 — a)hg + fto + al(@2\y + fto + dr)
Then, HIV can invade a population where HBV is
fixed when R,® (E;, ) > 1.To illustrate the theoretical
results contained in this paper, the model (3) is
simulatedusing the following set of parameters :
A= SOO!T[B: 01, 6:075, n= 016, m= 1.1,7’}1}1: 12,
M= 1.3, .= 14, e= 1.1, &= 1.2, g,= 1.25, &,=
1.5, &,= 1.55,65= 1.3, &3,= 1.35, ¢;= 0.3, ¢,= 0.5,
Y1= 0.4, P,= 0.5, P3= 0.1, up=0.019,u= 0.012, w =
0.35, y1= 4, y,= 0.025, v= 0.11,v;= 0.12, v;= 0.13,
¢1= 2,¢,= 3, q = 0.885, ¢;= 0.9, q,= 0.95, 6,=
0015, 92: 001, a= 1/33, a = 0.04,92: 005, 03:
0.06, dy= 0.01, dyy= 0.03, d,5= 0.05, d3,= 0.02,
d,n=0.06and dg=0.002.

[8]

(9]
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Figure 2 examines changes in infection levels over
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