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Abstract

In this paper, by making use of generalized hypergeometric function we define a new class M(a, b, c; B,y,K) of univalent
functions in the open unit disk . we derived coefficient estimate, distortion theorem, extreme points and application to fractional calculus
operator for the function belonging to this class.
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1. Introduction

Let P be the class of analytic and univalent function in the open unitdisk U = { z € C : |z| < 1} is of the form

f(2) =2+ Xj—p @ 2" (1)
Let f € P given by (1) and g = P given by
0(2) =2 + L= Prz" @
We define the convolution product (or Hadamard) of f and g by
(fxg)(@) = z+ i, Bz = (g (2); (z€W), ®)
Let Q is subclass of P consisting of the functions of the form:
f2)=z- Y5, az" )

Definition 1:- The generalized hypergeometric function ,R; (&, b, ¢; k; z) [1] is defined by
(@), T'(b+kn)z"

- NO)
2R1 (@b, k; z) = F(b)Zn 0 Teeakn) () Jk ERk>0,]z| <1, (5)
Where Re(c-a-b)>0 and (a),, Pochhammer symbol is given by (a),, = F(Fa(;l).

Definition 2:- Let f(z) be in form (4), by using (3) we define a operator ®(a, b, c;Kk): Q = Q by
®(a,b,c; k)f(z) = (Z »R1 (a,b,c; k; z)) * f(z)

[(c) = (a), I'(b + kn)z" N
T &4 Tty @ ) )7 \" 2,

I'(c) voo (@n-1T(b+k(n—1))a,z"
®(a,b, c;k)f(z) =z - Zn=0 r(c1+k(n—1)) (n—1)!

o) a,b,c EN;z eU, k>0 (6)
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Definition 3:- Let f(z) be in the form (4) is said to be in subclass M (a, b, ¢; B, v, k) if and only if

2(®@b,clOf@)  —y(®@b,ck)@)
(CD (a,b,c;k)f(z))” +2(1-y)

<p,z€U, 0 <y<10<p<1, ™

2. COEFFICIENT ESTIMATE

Theorem 1:- Let the function f(z) defined by (4). Then f(z) € M(a,b,c; B,y,K) ifand only if
F(©)@n-1l(b+km-1))a,

Ynan(n =D =24y + ) F Gy oy = 2BA—Y) (®)
above result is sharp for the function of the form
2B(1—y)
fl2)=2z~- TO@TeRey Z 0N = 2 ©)

n(n=D =2+ +8) 5 r etk @-1) m=D)!
Proof:- Suppose that the mequalltles (8) holds true then we obtaln

|Z(d)(a b, c; k)f(z)) —y(dJ(a b, c; k)f(z)) | - B |(d>(a b, c; k)f(z)) +2(1-v)

| 3 3 I'(c)(a),— 1F(b + k(n — 1)) >
Z nn=Dn=2) [+ kn—D) (=11 %

C L T@Q@aaTb+km-1)
+y ) nn=1) TOM(c+km-1) @1 "

A - () (@)n_1T(b +k(n — 1))
—h A=Y= Z n(n—1) FOI(c+km-1D) (-1 "

n=2

= r(©)(@)y_1T(b +k(n — 1))
5 ;n("_ i +y+'8)r‘(b)r‘(c+k(n— D) -1 " —260 =)

<0.
Hence by maximum modulus principle, f(z) € M(a,b, c; B,v,K)
Conversely:- Suppose f(z) € M(a, b,c; By, k) then
Z(CD (a,b,c; k)f(z)) —y((I) (a,b,c; k)f(z))

(Cb(a,b,c,k)f(z)) +2(1-y)

<pB, zelU

then
|Z(CD(a, b, c; k)f(z)) - y(CD(a, b, c; k)f(z)) | <pB |(CD(a, b, c; k)f(z)) +2(1 - y)|
we get
- r(©)@y_1T(b +k(n— 1))
_Z:z = D0 2 S H e+ K= D) (n = 1)1
N r'(c)(@),-1'(b + k(n — 1))
* VZ M= D e + k= D) (= 1)1
= () (@)n_1T'(b + k(n — 1))
<A12A-m- z n(n—1) FO)I(c+km-D) -1 "
thus
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) I'(c)@)n-1T(b+k(n—1))ay, _

finally we can see sharpness follows for the function defined in (9).
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3. DISTORTION BOUNDS

Theorem 2:- Let the function f (z) defined by (4) be in the class M (a, b, ¢; 3,7V, k) then we have
Iz| — B(1—-y) T(b)I(c+k) B(l-y) T®I(c+k) | |2

Z < <
(y+p) "aTr()r(b+k) AR |f(Z)| < |zl + (y+B) "aT(c)l'(b+k) (10)
furthermore
2B(1—=y) TI'®)I(c+k) ' 2B(1—y) TI(®)I(c+k)
— < <
(y+B) "aT(c)r(b+k) 2| < |f (Z)l =1+ (y+B) “ar(c)r(b+k) ], (1)
the result is sharp for the function defined by
f(z)=z- B(1—y) T(b)I'(c+k) 72 (12)

(y+B) "aT(c)T(b+k)
Proof :- It is easy to see from theorem1 that

aT(OT(b + k) © - r(c)(@), T +k(n — 1)a,
20+ B Tmre+ 1 ;“" = ;"(”_ D =247+ B) F iy rc s k=) (= D!

<2p(1-v)

B(1—y) T(b)I'(c+k)
(y+B) "ar(c)r(b+k)

then

n=2 0y < (13)
by using (13), we have

1,12 ¥ _ B-y) T®I(c+k) 2

and

2 y'oo B(1-y) T()r(c+k) 2
Which proves the assertion (10)
from (13) and theoreml, it follows also that
o 2B(1=y) T®Ir(c+k)
<
n=2M% = 76 5y A T@r o+

consequently, we have
If'@D =1 |z|Zi;na, = 1-

2B(1=y) T (c+k) | |
(+B) "ar(@r+k) "

and

' o 28(1—y) T()T(c+k)

IffD) <1+ |z|X0na, < 1+ 017) TG0

This proves the assertion (11). Since each of equalities in (10) and (11) is satisfied by the function f(z) given by (12), which
proves our theorem.

|z|,

4. EXTREME POINTS

2B(1-y)

I'(c)@n—1T(b+kn-1))
”(n_1)("_2+V+ﬁ)r(b)r(:+k(n—1)) m—1)!

Then f(z) € M(a,b,c; B,y,K) iff it can be expressed in the form f(z) = Yo—q by f,,(2) Where b, > 0 and
me1 b, = 1.
n=1%n

Theorem 3:- Let f1(z) = zand f,,(z) =z — zZ" | n=23,.
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Proof:- Firstly, let
[ee]

f@ =) bfi@
n=1

Z‘” 28(1-v)

= blz + bn zZ — T 7
(©@y-1L(b+k(n—1))

- nn =DM =2+ +B) Faric+ kn = 1)) (1= 1)

=Z <b i ) i ZB(l _ Y) 7N
I T R e

_ i 2p(1-y) Zn

['(c)(@)y_1T(b + k(n —1))
n(n =10 =247+ B FayTc 4 ko = 1) (= 1!
therefore, (z) € M(a,b,c; B,Y,K) |, since

\L(©)(@p-1T(b+kn-1))
ZB(l—Y) n(n—1)(n—2+}/+[)’)1—(b)r(c+k(n 1) (n— 1)| b 1 bl < 1
2

Y FO@a_1TGrk@E-1) * 2B(1—
n( =D =24y ) etk —1) ! -1

Conversely:- Assume that f (z) € M(a,b,c; B,v,K) , then by (8) we may set
I'(c)(@)y-1'(b + k(n — 1))
=D =24y + B r T kn - D) (= 1)

[ee]
n=2

b, = 28(1-7) an,nZZandl—nZ;bnz
thus
_ _ 2B(1 - Y)b, )
f@=z- z ) Z (@ Tb+km—1) ~

n(n—-DMn-2+y+ph) IO +km=-1D) (= D!

zb(z fn(Z))—Z(l—z ) anﬂ(z)

= byz + Z bufi () = Z bufu(2)
n=2 n=1

This proves the theorem.

5. APPLICATION TO THE FRACTIONAL CALCULUS

Many definitions of fractional calculus are given in the literature ([2], [3], [5]) i.e. fractional derivatives and fractional
integrals. We here recall the following definition which is used by Owa [6] and by Srivastava and Owa [4].

Definition 4:- The fractional integral of order p is defined for a function f (z), by

—u z_ f()
f( )_F(,u)fo (Z t)l —u dt (‘Ll>0),
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Where f(z) is an analytic function in a simply-connected region of the complex z-plane containing the origin and the
multiplicity of (z-t)** is removed by requiring log(z-t) to the real when z-t > 0.

Definition 5:- The fractional derivative of order p is defined, for a function f(z), by

Yf(z) = d (z_f()
Df() F(l ﬂ)dZO(Z Ry dt (OS.U<1),

Where f(z) is an analytic function in a simply-connected region of the complex z-plane containing the origin and the
multiplicity of (z-t)™ is removed by requiring log(z-t) to the real when z-t > 0.

Definition6:- under the hypotheses of definition3, the fractional derivative of order n+p is defined by

dn
D} f(2) == D f(z) (0<u<1LineNy)
Now, we state the definition of fractional integral operator given by [7].

Definition7:- for real number a > 0, 1 and 9, the fractional operator , Ig’zn’s is defined by

1410 =2 e 0 s - 0t o

Where f(z) is analytic function ina simply connected region containing the origin with order
f(z) = 0(|z|%),z = 0,where € > max(0,n — ) — 1,

0 n(D)n
F(a,b,c;z) = Zn=o%zn

and (a), is the Pochhammer symbol defined by
_T@+n) (1 n=20
(@n = T'(a) {a(a +1) ... (a+n—-1) n €N
and the multiplicity of (z-t)** is removed by requiring log(z-t) to the real when z-t > 0. To prove our result we need lemma
given by Srivastava [7].
Lemmal:- Leta>0andn>n-3-1. Then
F(n+1)I(n—n+5+1)

,17 6
VA
f( ) F'(n—+DI(n+a+6+1)
making use of lemmal. We prove the following theorem.
Theoremd:- let <2, a >0, n(a +38) <3 aand a + & > -2. If f(z) be defined by the function (4) is in the class

M(a,b,c; By, k) then

n—nm

,77 ) I['(2-n+94) _ 22 +8)(A—y)I(b)T (c+k)
f( )| T T@-nr+a+d) (1 a(-n)2+a+8)r(c)T'(b+k) |Z|) (14
and
,n o) r2-—n+6) 2B2—n+8)(A—y)L(b)T(c+k)
f( )| T TR-nIrR2+a+d) (1 t a(—n)2+a+8)r(c)T'(b+k) |Z|) (19)
for z € U, where
U = {U n<1
0 U—-—{0} n>1
the result is sharp for the function given by
_ . _B(—-y) T®I(c+k)
f@) =2 =435 arore o
Proof:- By using above lemma, we have
'TI ) ['2—-n+6) 1-n _ Vo Fm+1)I(n—n+8+1) n—n
fl2) = T2 (2+a+d) > Ln=2 T(n—n+ DM (nt+a+s+1) TnZ (16)

taking
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re n)F(2+a+6) 41 I

H(z) = 10 F(2) = 2 — Y0y h(n) @, 2"

2-n+6)
where
2=n+8)n-1(1)n
= > 2 17
h(n) (Z_W)n—1(2+a+6)n—1’(n - ) tn
it can be easily seen that h(n) is non-increasing for n > 2 and thus we have
2(2—n+6)
0<h(n)<h2)=—"7"7—— (18)

2-n)2+a+d)
now by using theorem1 and (18), we have

N 28(2 -1+ 8)(1 — PI(B)T(c + k)
H@)| = |2 —h(2)|z|2nZzan R e Ry e L
and
N 28(2 =71+ 8)(1 —Y)I(B)(c +k)
H@)| < 2] + h(z>|z|2nZ2an < I+ s a e TG TR

This proves (14) and (15) .
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