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ABSTRACT

In this paper, we establish stability of quartic double centralizers and quartic multipliers on non-Archimedean Banach
algebras.
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INTRODUCTION

The stability problem of functional equations originated from a question of Ulam [28] in 1940, concerning the
stability of group homomorphisms. In 1941, D.H. Hyers [12] gave a first affirmative answer to the question of Ulam for
Banach space. Let f : E —» E’ be a mapping between Banach spaces such that

(TR EIORION B
forall x,y € E, and for some & > 0. Then there exists a unique additive mapping T : E — E’ such that
[t0-T00 <o

for all x e E . Moreover, if f(tx) is continuous in t for each fixed x € E, then T is linear. In 1950, T. Aoki [1] was the
second author to treat this problem for additive mapping. Finally in 1978, Th. M. Rassias [24] proved the following Theorem:
Theorem (Th. M. Rassias). Let f : E —» E’ be a mapping from a norm vector space E into a Banach space E’subject to the

inequality

[tocen-tea-tonf<ed® ™
for all x,y e E where £and p are constants with &> 0and p<1. Then there exists a unique additive mapping
T : E — E’such that

2 P
[ro0-Te0 <=M
2-2
forall x € E . Also, if the function t — f(tx) from R into E’ is continuous for each fixed x in E , then T is linear.
This stability phenomenon of this kind is called the Hyers-Ulam-Rassias stability. In 1991, Z. Gajda [9] answered the
question for the case p <1, which was raised by Rassias. In 1994, a generalization of the Rassias' theorem was obtained by
Gavruta as follows [10]. We refer the readers to [3]-[6], [7], [8], [13]-[15], [19], [22], [25], [26] and references therein for
more detailed results on the stability problems of various functional equations.
The functional equation is called stable if any function satisfying that functional equation "approximately" is near to a true
solution of functional equation. We say that a functional equation is superstable if every approximately solution is an exact
solution of it.
Suppose that A is a Banach algebra. A linear mapping L: A —» Ais said to be left centralizer on A if L(ab) = L(a)b for all

a,b e A. Similarly, a linear mapping R: A — A that R(ab) = aR(b) for all a,b € Ais called right centralized on A. A
double centralizer on A is a pair (L,R), where Lis a left centralizer, R is a right centralizer and aL(b) = R(a)b for all
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a,b e A. For example, (L ,R )is a double centralizer, where L (a):=caand R (a):=ac. The set D(A) of all double
c ¢ Cc C

centralizers equipped with the multiplication (|_1, Rl).(Lz, R2) = (L1L2).(R1R2) is an algebra. The notion of double centralizer

was introduced by Hochschild [11] and by Johnson [16]. Johnson [16] proved that if A is an algebra satisfying
AI (A=A (A) = {0}, and L, R are mappings on A fulfilling aL(b) = R(a)b, (a,b € A), then (L, R) is a double centralizer.
r

We can show that if A2 =A or AI (A)N A (A) = {0} ,then L =Rifandonly if L and R are both left and right centralizer.
r

The functional equation
FX+y)+ fT@2x—y)=4F(x+y)+4f(X-Yy)+24f(x)-6f(y) (1)

is called the quartic functional equation, since the function f(x) = x4 is a solution of this functional equation. Note that f is
called quartic because of the identity

(2x + y)4 +(2x - y)4 =4(x+ y)4 +4(x— y)4 + 24x4 - 6y4 )

A Banach algebra A is said to be quartic commutative if (ab)4 = a4b4 forall a,b € A. We can show that there is a Banach

algebra quartic commutative that is not commutative (see Example 1.4 of the present paper).
Every solution of the quartic functional equation is said to be a quartic mapping. It is In proved in [18] that a function
f 1 X — Y between real normed spaces is quartic if and only if there exists a symmetric biquadratic function f : X x X — Y

such that f(x) = F(x, x) for all x e X . The first result on the stability of the quartic functional equation was obtained by J. M.

Rassias [23]. Also H. -M. Kim [17], S. H. Lee, S. M. Im and I. S. Hwang [18], Najati [19] and C. Park [24] investigated the
stability of quartic functional equation.

Let K be afield. A non- Archimedean absolute value on K is a function || : K > R such that for any a,b e K we have

(i) [a| 2 0 and equality holds if and only if a = 0,
|- .
b\}

(ii) [a + ] < maxﬂa
The condition (iii) is called the strict triangle inequality. By (ii), we have |1| = |—11 =1. Thus, by induction, it follows from

(iii) that |n| < 1for each integern. We always assume in addition that || is non trivial, i.e., that there is an aq €k such that

e {o1},

Let X be a linear space over a scalar field K with a non- Archimedean non- trivial Valuation || . A function ”” X > Ris

a
0

a non- Archimedean norm (valuation) if it satisfies the following conditions:
(NA1) || = oif and only if x = 0;

(NA2) ”rx” = |r|||x||f0r all reKand xe X ;
(NAB3) the strong triangle inequality (ultrametrie); namely,

oslzmdbl bl e

Then (X, ||||) is called a non-Archimedean spase.

It follows from (NA3) that
< max ||x . - X.
{ j+1 j

Therefore a sequence {X} is Cauchy in X if and if {X+1-Xm} converges to zero in non-Archimedean space. By a complete
non-Archimedean space we mean on in which every Cauchy sequence is convergent. A non-Archimedean Banach algebra is

:Isjgm—l} (m>1),

X +X
m |

a complete non-Archimedean algebra A wich satisfies ||ab|| < ||a||||b|| forall a,b € A. For more detailed definitions of non-

Archimedean Banach algebra, we can refer to [27].

Recently, Baghban and Molaei [2] established the stability of double centralizers to quadratic functional equations in the
framework of non-Archimedean Banach algebras. They also proved the superstability of double centralizers on non-
Archimedean Banach algebras which are weakly without order as follows.

Theorem. Suppose thats e {— 1,1} and that f : A — Aisa mapping with f (0) = 0 for which there exist a mapping g: A - A

with g(0) = 0and functions $j Ax Ax AxA—)[O,oo),l//i :AxA—>[0,oo) (1< j<21<i<3) suchthat

193
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o b (25k a,ZSk b,ZSk c,ZSk d)

(Zj(a,b,c,d):= > <o 1<ij<2),
k=0 |4|5"
w. (25 a, b) v.(a,25"b)
lim ——=0=lim —+—— 1<j<3),
n— o |4|Sn n— oo |4|Sn

Hf(ﬂa+ﬁb)+f(/la—ﬂb)—2/12f(a)—2&2f(b)—2d2f(c) < ¢ (a,b,c,d)
Hg(/1a+/1b)+g(/la—ﬂb)—ZAzg(a)—Z/lzg(b)—Zdzg(c) < ¢o(a,b,c,d)

Hf(ab) - f(a)b2 <y (a,b)

2
Jocan) - a”0)] < vy (a.b)

<y3(ab)

Haz f(b) - g(a)b2

forall a,b e Aandall 2T = {/1 eT: |/1| = 1}. Also, if for each fixed a e Athe mappings t — f(ta)and t — g(ta) from R
to A are continuous, then there exists a unique quadratic double centralizer (L, R)on A satisfying

I @ - L@ < |71|¢3‘1(a, 2,0,0)

lot@ - r@@)|| < ﬁ&z(a, 2,0,0)

forall a e A.

In this paper, we introduce the quartic double centralizers and quartic multipliers on non-Archimedean Banach algebras, and
we establish the stability of both of them.

MAIN RESULTS

1. Stability of quartic double centralizer

In this section, let A be a non-Archimedean Banach algebra. We establish the stability of quartic double centralizers.
Definition 1.1. A mapping L : A — Ais a quartic left centralizer if L satisfies the following properties:
1) L isaquartic mapping,

2) L is a quartic homogeneous, that is, L(1a) = |,1|4 L(a) forall a ¢ Aand 1 eC,
4
3) L(ab) = L(a)b for all a,be A.

Definition 1.2. A mapping R: A — A is a quartic right centralizer if R satisfies the following properties:
1) R is aquartic mapping,

2) R is quartic homogeneous, that is, R(4a) = |/1|4 R(a) forall a e Aand 1 eC,
4
3) R(ab) = a R(b) forall & be A.
Definition 1.3. A quartic double centralizer of an algebra A is a pair (L,R), where L is a quartic left centralizer, R is a

quartic right centralizer and a4L(b) = R(a)b4 forall a,be A.

The following example introduces a quartic double centralizer.

Example 1.4. Let(a, ||||) be a non-Archimedean Banach algebra. Let B=AxAxAxAxA.We define
a a

el = =]+ 2
all %20 1% 1l T s

for arbitrarily elements a =(a ,a
1

+ + + +

forall a=(a,a ,a ,a ,a )in B.Itisnot hard to see that (B,|||.|||) is a banach space
12345

,a_,a ,a)and b=( ,b ,b b ,b )in B, we define ab=(0,ab ,a b ,ab ,0).
2 3 4 5 1 2 3 4 5 15 24 33
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since A is a non-Archimedean Banach algebra, we conclude that B is a non-Archimedean Banach algebra. It is easy to see

that B5 = {abcde ta,b,c,d,ee B}: {0} But B4 = {abcd ta,b,c,de B} is not zero. Now we consider the mapping
T : B — B defined by

T(a)=a*(aeB).
Then T is a quartic mapping and quartic homogeneous. Since B° - {0} , we get

T(ab) = (ab)* =0 = a*b? = T(a)p* = a*T(b)

and

a*T ) = a** 0 =T@b*
Forall a,b € B. Hence (T,T) is a quartic double centralizer of B.
In the above example, B is a quartic commutative algebra, but it is not commutative.

Theorem 1.5. Suppose thats e {— 1,1} and that f: A — Ais a mapping with f(0) = 0 for which there exist a mapping
g: A— Awith g(0) = 0and functions ¢J— Wi AxA - [o,oo) (1<j<21<i<3) suchthat

¢j (25k a,ZSk b)

4j(ab):= y — < 1<j<2), (1.1
sk
k=0 |16|
v, (2°"a,b) v, (a2%"b)
lim —————=0= Ilm ————— (1< j<3),
n— o |16|5n n— o |16|5”

Hf (24a+ Ab) + f(24a—b)— 42" f(a+b)— 42" f(a—b)— 242" F(a) + 62° f (b)H <pab)  (12)

Hg(ZAa +ab)+ g(24a— 4b) - 42" g(a+b) - 42%g(a—b) - 242%g(a) + 62" g (b)) < 0y (a,b)
Hf (@b) - f (a)b* | <y (a, b) L.3)
Jocaty -a* o) < vy a.b)
Ha4 f(b) - g(a)b4H <y3(ab) (1.4)

forall a,be Aandall 1T = {ﬂ eT: |/1| = 1}. Also, if for each fixed a e Athe mappings t — f(ta)and t — g(ta) from R
to A are continuous, then there exists a unique quartic double centralizer (L, R)on A satisfying

[t @ - @] = gy e, L5

lot@) - R@)| < o 72 (2, ), 16)
132

forall ae A.
Proof: Let s =1. Putting b=0and 2 =1in (1.2), we have

1
| 2a) - 161 (2| < H(pl(a, a)
forall a € A. One can use induction to show that

PN P

16" 16™M H B |32| K=m |16|k

1.7)

f(2"a)

16"

forall n>m>0andall ae A. It follows from (1.7) and (1.1) that sequence is Cauchy. Since A is a banach

algebra, this sequence is convergent. Define

195
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f(2"a)
L(a):= lim — (1.8)
n— o 16

Replacing a and b by 2"a and 2"b , respectively, in (1.2), we get
f" @+ ) 2" @aa-w) 4 1@ @+b) 4 f2"(@a-b)
— 4 -4

I +
16" 16" 16" 16"
n n
s 12"a) 4 1@"a) 92 2270)
—2ai = el —— | _
16 16 |15|

Taking the limitas n — «, we obtain

L(24a + Ab) + L(24a — 4b) = |4||/1|4 L(a+b)+ |4||z|4 L(a—b)+ |24||z|4 L(a) - |6||/1|4 L(b) (1.9)
forall a,b e Aandall 2 T .Putting 2 =1in (1.9), we obtain that L is a quartic mapping. Setting b := 0 in (1.9), we get

4
L(24a) = e[| L(a)
forall ae A, 2T .But L isa quartic mapping. So

4
L(za) =|4[" L(a)
for all ae Aand all 2 T . Under the assumption that f(ta)is continuous in t € R for each fixed a € A, by the same

reasoning as in the proof of [26], L(4a) = /14|_(a) forall a e Aandall 2 € R. And [2], we obtain

L(a) = |z,|4 L(a)
forall a e Aand 4 € C(4 # 0). This means that L is quartic homogeneous. It follows from (1.3) and (1.8) that

v (2"a,b)
HL(ab) - L(a)b4H — dim 2 |reNab) - f@Maypd] < tim 2" 9
n — o |16|n n— oo |16|n
forall a,b e A.Hence L isaquartic left centralizer on A. Applying (1.7) with m = 0, we get ||L(a) - f(a)” < ﬁﬁl(a, a)
32

forall a € A. Itis well known that the quartic mapping L satisfying (1.5) is unique. A similar argument gives us a unique
quartic right centralizer R defined by

2n
R(a) = lim u
n—->ow 16"
which satisfies (1.6). Now we let a,b e Aarbitrarily. Since L is a quartic homogeneous, it follows from (1.4) and (1.5) that

a?L(2"b) - 16R(a)b?

a®L(b) - R(a)b4H -

ol
=

16" g(a)b? — 16" R(a)b4H]

<

a?L(2"b) —a*f(2"b)|| +

[ atf@2"p) - g(a)(16nb4)H

+

1 - n on 4 yz(a2"b) 4
e o] +W+|Ig<a>—R<a>ll o]

The right hand side of the last inequality tends to ||g(a) - R(a)” ||b||4 as n—ow.
By (1.6), we obtain

a%L(b) - R(a)b4H -17aa b4H.
|27 "2

Since R is a quartic mapping, we thus obtain
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a?L(b) - R(a)b4H - L‘
n

16" a%L(b) - R(2" a)b4H

< |3_12|;2(2na,2na) o]

¢2(2ka,2ka)

-

1
|32| K

M8

b4H.

Passing to the limitas n — o, we conclude a4L(b) = R(a)b4 . Thus (L, R)is a quartic double centralizer.

The proof for s = —1lissimilarto s =1.

Corollary 1.6. Suppose that f : A — Ais a mapping for which there exist a mapping g : A » Aand constants ¢ >0 and
0 < p < 4such that

< olP <P

< o]+ o],

Hf(2/1a+/1b)+ f(24a—-b)— 44 f(a+b)—4i f(a-b)-242"f(a)+64" f(b)

Hg(2/1a+/1b)+ g(24a—ib)—4itg(a+b)—4aitgla-b)-244 g(a)+ 64 g(b)

< ol 1]

Hf(ab)— f(a)®

ooy < | P

< ol "1l

for all a,be Aand all 2eT .Also, if for each fixed a € Athe mappings t — f(ta)and t — g(ta) from Rto A are
continuous, then there exists a unique quartic double centralizer (L, R)on A satisfying

Hasf(b)—g(a)bg

[f@-L@] s ——]a[".
hef - |2|”
Jo@ - r@] « —=—]a["
hef - J2|”
forall ae A.
Proof: For j = 1,2, putting ¢j (a,b) = g(”a”p + ||b||p yand fori = 1,2, putting y/i(a,b) = g”a”p”b”p in Theorem 1.5, we get

the desired results.

2. Stability of quartic multipliers

Throughout this section, assume that A is a non-Archimedean Banach algebra.
Definition 2.1. We say that a mapping T : A — Alis a quartic multiplier if T satisfies the following properties:
1) T isaquartic mapping,

4
2) T is quartic homogeneous, that is, T(4a) = |/1| T(a)forall aec Aand 21 eC,
4 4
3)a T(b)=T(a) forall a,be A

Example 1.4 introduces a quartic multiplier. We investigate the stability of quartic. multipliers.
Theorem 2.2. Suppose that s e {— 1,1} and that f: A — Ais a mapping with f(0) = 0 for which there exist functions,

viAxA > [o,oo) such that

) sk sk
Z #(2°" a,2 b)<Oo

¢(a,b) = (2.1)

K =0 |16|Sk
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25Na, b a,25Mp
lim Eab o v@27h)
sn sn
n— w |16| n—-ow |16|

Hf (27 + Ab) + (248 — 4b) — 44 f(a+b) — 44" f(a—b) — 244" f (a) + 64 (b)” < 4(a,b),

Ha4 f(b) - f(a)b”

<w(a,b) (22)

foralla,b e Aand all 1 T . Also, if for each fixed a € A the mappings t — f(ta) from R to A are continuous, then there
exists a unique quartic multiplier T on A satisfying

1
(HOBIGIE 2] 7@ ) (23)
forall ae A.
Proof. Let s =1. By the same reasoning as in the proof of Theorem 1.5, there existsa unique quartic mapping T : A —> A
defined by
n
T(a):= lim f(2"a)
n—ow 16"

with satisfying T (1a) = |/1|4T(a) forall ae Aandall 2 € C . Also, ||f(a) 7T(a)|| < ﬁ&(a,a)for all ae A et a,be Abe
32

arbitrarily. Then T is quartic homogeneous.
By using (2.2) and (2.3), we have

a%T(b) —T(a)b4H = a%T(2"b) —16nT(a)b4H

<

a%T(2"b) —a%f(2"b)

[

+

a?f(2"b) - f(a)16" b4)H
el

+|[16" £ (a)b? —16”T(a)b4H]

- (a,2"b) -
swﬁwnb,zn@ o] WIT@M 2 o

It follows from (2.1) that

a7 () - T(a)b4H -1l aa ||b||4.
&
Finally, we obtain
1

a%T(b) —T(a)b4H -

16" a%T(b) - T (2" a)b4H
n

b

g@@(z"a,zna) o[

© k k
Ly § sty
k=n ||
50 as n— o

So a4T(b) =T( a)b4 . Hence T is a quartic multiplier.

The proof for s = —1is similar.

Corollary 2.3. Suppose that f : A —» Aisamapping for which there exist nonnegative real numbers ¢ and p with p = 4
such that
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Hf(22a+lb)+ f(22a- )44 f(a+b) -4 f(a-b)-241"1(a)+ 64 1(b)| < ([fa” +[o]").
< e[l " ]

foralla,b e Aand all 2 €T . Also, if for each fixed a € A the mappings t — f(ta) from R to A are continuous, then there
exists a unique quartic multiplier T on A satisfying

Ha4f(b)f f(a)’

[t@-T@] s ——I"
e - [2f"

forall ae A,

Proof: Putting ¢(a,b) = g(”a”p + ||b||p yandy(a,b) = g”a”p”b”p in Theorem 2.2, we get the desired results.
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