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Abstract

In this paper, the concept of the common fixed point theorem in an Intuitionistic Fuzzy Metric
space by extending the use of E A property introduces by Aamri & Moutawakil using implicit

function for three self map satisfying weakly compatible property.
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Introduction

The foundation of fuzzy mathematics is laid by Lofti A Zadeh with the introduction of fuzzy
sets in 1965, as a way to represent vagueness in everyday life. Subsequently several authors
have applied various form from general topology of fuzzy sets and developed the concept of
fuzzy space. A number of fixed point theorems have been obtained by various authors in
fuzzy metric space by using the concept of compatible map, weakly compatible map, R
weakly compatible map. In the study of fixed point of metric space, Popa proved theorem for
Weakly Compatible, Noncontinuous mapping using implicit function. Recently Aamri &
Moutawakil introduces the E.A property and had generalized the concept of non compatible
map. The main objective of this paper is to obtain some common fixed point theorem in
fuzzy metric space using implicit function with EA property. The result is different because it
is the first time implicit function is used with EA property which has three self maps holding
weakly compatible property. Our result generalizes several Comparable results in existing

literature.
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2.1. Definition: A binary operation *: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if * is

satisfying the following conditions:

(@) *is commutative and associative;

(b) * is continuous;

(c) a*b=aforalla€e]0,1];
(d)a*b<c*dwhenevera<cand b<danda,b,c,d €[0,1].

2.2. Definition: A 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an arbitrary set,
* js a continuous t-norm and M is a fuzzy set on X* x (0,%) satisfying the following

conditions; forall x,y,z€ X, s,t>0.

(DHy (x,y, 1) >0;

(2)Hy(x,y,t) =1l ifand only if x = y;
(Hu(X, y, 1) = Hy(y, X, 1);

(DHu(X, Y, )* Hy(y, z, ) < Hy(X, Z, t +3);
(5)Hy (X, Y, .): (0,00)—[ 0, 1 ] is continuous.

Then H,, is called a fuzzy metric on X. The function Hy,(X, y, t) denote the degree of nearness

between x and y with respect to t.

2.3. Example: Let (X, d) be a metric space. Denote a x b = ab fora, b € [0, 1] and let M, be

a fuzzy set on X? x (0, ) defined as follows:M, (X, y, t) = Then (X, My, *)is a

t+d(
fuzzy metric space, we call this fuzzy metric induced by a metric d the standard intuitionistic

fuzzy metric.
2.4. Definition: Let (X, M,*) be a fuzzy metric space, then

(@) A sequence {x,} in X is said to be convergent to x in X if for each € >0 and each t > 0,

there exists ny € N such that Hy, (x,,, x,t) > 1—¢ forall n > n,.

(b) A sequence {x,} in X is said to be Cauchy if for each ¢ > 0 and each t > 0, there exist

ny € N such that Hy, (x,,,x,,, t) > 1—¢ foralln, m>n,.
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(c) A fuzzy metric space in which every Cauchy sequence is convergent is said to be

complete.

2.5. Proposition: In a fuzzy metric space (X, M, *), ifa * a>a for a € [0, 1] then a * b = min
{a, b} forall a, b € [0, 1].

2.6. Definition: Two self-mappings A and S of a fuzzy metric space (X, M, *) are called

compatible if limH,, (ASx,, SAx,, t) = 1 whenever {x,} is a sequence in X such
n—-oo

that lim,,_,, Ax,,= lim,,_,, Sx,= X for some x in X.

2.7. Definition: Two self-maps A and B of a fuzzy metric space (X, M, *) are called weakly
compatible (or coincidentally commuting) if they commute at their coincidence points, i.e. if
Ax = Bx for somex € X then ABx = BAx.

2.8. Definition E A property Let A and B be self maps on a fuzzy metric space (X, M, *).
They are said to satisfy (EA) property if there exists a sequence {x,} in X such that

lim,_, Ax, = lim,_,, Sx,, = x for some x € X.

2.9. Remark: If self-maps A and B of a fuzzy metric space (X, M, *) are compatible then
they are weakly compatible. Let (X, M,*) be a fuzzy metric space with the following

condition: (6) lim,_,., Hy (x,y,t) =1 forall x,y € X.
2.10. Lemma: Let (X, M, *) be a fuzzy metric space. If there exists k € [0,1] such that
Hy (X, y, kt) > Hy (X, y, t) then x = y.

2.11. Lemma: Let {x,,} be a sequence in a fuzzy metric space (X, M, *) with the condition
(6). If there exists k € [0, 1] such that Hy, (¥, Yn+1, kt) > Hyy (Vp—1, Y, t) for all t > 0 and
n € N. Then { y, } is a Cauchy sequence in X.

Main Results:

Theorem 3.1: Let A, B, P and Q be self mappings of a complete fuzzy metric space
(X, M, *) satisfy the following:

(@) For all x, y in X and for all t > 0 there exists k € (0, 1) such that
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My, (Ax, By, t) x My, (By, Qx,t),

My, (Px, Ax, t) + rand
MM1(By:Px t) *_< MM (Qx Bx, t)

Ny, (Ax, By, t) x Ny, (By, Qx, t),

Ny. (Px, Ax, t) +
Ny, (By, Px, t) * (ﬁ;((gx ;Cx )t)>

My, (Px, Qy, kt) = max

Ny, (Px, Qy, kt) < min

(b) P(X)  B(X) and Q(X)  A(X)

(c) If one of P(X), B(X), Q(X), A(X) is complete subset of X then P and A have a

coincidence point.

If the pair (P, A) and (Q, B) are weakly compatible then A, B, P and Q have a unique

common fixed point in X.

Proof: As P(X) < B(X) and Q(X) < A(X) so we can define sequence {x,} and {y,,} in X
such that

Yan+1 = PXan = BXons1s Yansz = QXans1 = AXanyo

My, (Axzp, BXon g1, ) * My, (BXop11, QXop, £),

My, (Pxyy, Axgn, t) +
My, (Bxap 41, Pxop, t) * < M;[ (sz sz £)
nr nr

My, (Px25, Qxzn41, Kt) 2 max
Ny, (Axzpn, BXapy1,t) * Ny, (BXan 41, QXop, t)
Ny, (Px3n, QX541 kt) < min

Ny, (Pxyp, Axyp, t) +
NN1(Bx2n+1rPx2n: t) < N;I (QxTZL BXT; t)
nr nr

My, Yan+1, Yonr t) +
My, Van+1 Yono t)

My, (Van+1) Yon+2, Kt) = max
My, (V2n+1 Yon+1, t) *

Ny, OV2n Yon+1,t) * Ny, Vons1s Yona1s t)
Ny Van+1, Yoo t) +
Ny, V2n+1) Yoo t)

My, Van Yan+1, t) * MM1 (Vzn+1 Yons1 O }
NNl(y2n+11 Y2n+2, Kt) ) < min }

Ny, V2n+1, Yone1, t) * (

My, Van+1, Yona2s KO = My, (Vons Yone1, t)
NNl(y2n+17 Yan+2, kt) < NN1 (V2ns Yan+1, t)
and Similarly My, (Y2n+2.Y2n+3, KY) = My, (V2n+1, Yons2, t)

Ny, (Van+2:Y2n+3: KO < Ny, (V2n41, Y2n+2, ) and so on

209


http://www.ijiset.com/

III.I‘il"l‘ IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 6, June 2015.
IR WWw.ijiset.com

ISSN 2348 — 7968

Therefore in general My, (Vi Yn+1, Kt) = My, (-1, ¥, t) @nd

NN1 (Yn’yn+1’ kt) =< NNl(Yn—lr Yn, t)

Hence, by lemma 2.11{y,} is a Cauchy sequence in X. By completeness of X, {y,} is
converges to some point z in X. Therefore, subsequence’s {yon}, {Vans1} {Vans2} CONVErges

to point z i.e.

limBx,,,; = limPx,, = limQx,,,; = limAx,,,, = Z.
Nn-—w0 Nn—w0 n—>o0 n—>o0

Now suppose A (X) is complete, therefore, let w € A1z then Aw = z. Now consider,

MM1 (AWr Bx2n+1' t) * MM1 (Bx2n+1' QWr t) ,
My, (Pw, Aw, t) +
My, (Qw, Bw, t)

My, (PW, Qxzp,41, Kt) > max 1

My, (Bx2p41, PW, t) 5(

NN1 (AWr Bx2n+1' t) * NN1 (Bx2n+1' QW' t) ’

1 (NN1 (Pw, Aw, t) +>

Ny, (Bxznis, PW.O) * 3| . (Qw, Bw, 1)

Ny, (PW, Qxzp41, kt) < min

MM1 (AW' Yan+1, t) * MM1 (y2n+1r QWr t) ’
My, (PW, Y2341, Kt) > max 1My, (Pw,Aw, t) +
M, Gz PW.O =5y cQw, Bw, ©)
Ny, (AW, Yo 41, t) * Ny, (V2n+1, QW, £),
1 <NN1(PW,AW, t) +>

N, Oznes PW. 3\ N (Qu, Bw, £)

NN1 (PW' Yon+1 kt) < min

My, (Z, Yon+1,t) * My, V2n+1, 2, t)

1 MM]_(ZIZ’ t) +>

My, (Pw, z, kt) > max
M, Oznes PW. O3\ 1y, (2,2,0)

Ny, (Z, Y2n+1,t) * Ny, V2n+1,2%, 1),

1 (NN1 (z,2,t) +>

2\ Ny,(z21t)

Ny, (Pw, z, kt) < min
M Ny, W2n+1, Pw, t) *

Asn - x©

My, (z,2,t) * My, (2,2,t),

1 (MM1 (z,2,t) +>

Muas G P25\ Mgy 22,0

My, (Pw, z, kt) > max
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Ny,(z,2,t) x Ny (z,2,t) ,

1 <NN1(Z, zZ,t) +>

NNl(Z;PW; t) *5 NNI(Z,Z' t)

Ny, (Pw, z, kt) < min

My, (Pw, z, kt) >1and Ny, (Pw, z, kt)< 0

This gives Pw = Aw = z. Therefore w is a coincidence point of P and A. Since P(X) < B(X),

therefore, z= Pw € P(X) < B(X), this gives, z € B(X), let v€ B~z i.e. Bv=2z.

My, (Axp, Bu, t) * My, (Bv, Qxap, t) ,
My, (PX3p, Axap, t) +)
My, (QX2n, Bxap, t)

M, (Px,,, Qv, kt) > max
My ( 2n Q ) MMl(Bv, szn ) t) * %(

NN1 (AxZn, BU, t) * NN1 (BU, Qx2n' t)'
Ny, (Px3y, Axyp, t) +>
Ny, (Qx2n, Bxap, t)

Ny, (Px2p, Qv, kt) < min 1

Ny, (Bv, Pxyp, t) * 5(

My, Y2n, Bv, t) * My, (BV, Yon41,t)

M (3’2 + 'y 71’!) )
1 M n+1,.2

M BU, n+1 , T ' y n t
Ml( y2 ) 2( MMl( 2n+1;3’2 4 )

My, (Yan+1, QV, kt) > max

Ny, (Y2n, BV, t) * Ny, (BV, yan41, ),

1Ny, Van+1, Yoo t) +>
N Bvl ) t *2 .
N, (BV, Yany1,t) 2 < Ny, V2n+1, Yano t)

Ny, (V2n+1, QV, kt) < min

Asn - x©

My, (z,2,t) * My, (2, z,t)

1 (MMl(Z, Z,t) +>

2\ My, (z71)

My, (z, Qv, kt) > max
M, ( Q ) % MMl(Z, z, t) "

Ny,(z,z,t) * Ny, (z,2,t)

Ny, (z,z,t) +
Ny, (z,2,1)

Ny, (z, Qv, kt) < min 1

* Ny, (2,2,t) *5<

My, (z,Qv,kt)>1 and Ny, (z,Qv,kt) <0

This gives Qv = z = Bv. So v is coincidence point of Q and B. Since the Pair (P, A)) is
weakly compatible, therefore P and Q commute at coincidence point i. e. PAw = APw, this
gives, Pz = Az and as (Q, B) is weakly compatible, therefore QBv = BQV this gives, Qz = Bz.

Now, we will show that Pz = z, by 1, we have
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My, (Az, Bxpn i1, t) * My, (BX2pn41,Q2, t),

1\41\/11 (PZ, Qx2n+1, kt) > max 1 MMl(PZ,AZ, t) +
MM1 (Bx2n+1: PZ; t) * E MMl (QZ, BZ, t)

Ny, (Az, Bxyn41,t) * Ny, (BX2n41, 07, ),

1[Ny, (Pz,Az,t) +>

Ny, (Pz, Qxzp41, Kt) < min
NN1 (Bx2n+1' PZ! t) * = NNl (QZ, BZ, t)

2

My, (Pz, Yon41,t) * My, V2n+1, B2, 1) ,
1 (MM1 (Pz,Pz,t) +>

My, Yznsa, P2, 1) %5 My, (Bz,Bz,t)

My, (PZ, Y242, Kt) = max

Ny, (Pz, Y241, t) * Ny, (V2n41, B2, 1) ,
1(Ny,(Pz,Pz,t) +>

Ny, (Pz, Qxzp41, Kt) < min
N, Ozns1, P2, 8) %5 Ny, (Bz, Bz, t)

Asn - ©

My, (Pz,z,kt) > max {My, (Pz,z,t)* 1 * My, (z, Pz t)™* 1},
Ny, (Pz, z, kt) < min {Ny, (Pz,z,t)* 0 * Ny, (z, Pz,t) * 0} and
My, (Pz,z, kt)>1and Ny, (Pz,z kt) <0

This gives Pz = Az = z, similarly, we prove that Qz = z.

My, (Axzn, Bz, t) * My, (Bz, Qx2p,t) ,

1 (MM1 (Px2p, Axap, t) +>

M,, (Bz,Pxy,,t) * =
u, ( 2n: £) 2\ My, (Qx2p, Bxop, t)

My, (Px2p, Qz, kt) > max

Ny, (Axyp, Bz, t) * Ny, (Bz, Qxzp, t) ,

Ny, (Px2n, Qz, kt) < min 1 [Ny, (Px3p, Axyp, t) +>

Ny.(Bz,Px,,,t) * =
m 2n ) 2<NN1(Qx2n:Bx2n:t)

MM1 (yZn' QZ' t) * MM1 (QZ' Yan+1 t) ,

1 ( My, 2041, Yan £) +>
M Z, yt) * = '
M (Qz,y2n+1,t) 2< MMl(y2n+1:y2n' t)

MM1 (y2n+1! sz kt) 2 max

NN1 (yan QZ' t) * NN1 (QZr Yan+1, t) ’

Ny, (Van+1, Y2n t) +
Ny (Qz, ,t) * l( :
N, (QZ, Yons1 2\ Ny, (V2n+1) Yan, t)

NN1 (y2n+11 QZ! kt) < min

Asn —> o
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MM1 (Z' QZ’ t) * MM1 (QZ’ Z, t) ’

ez 3 )

NNl (Z, QZ! t) * NNl (QZ, Z, t) )
N t) + d
Ny, (Qz,2,t) * _< x;(izzz )t) > an

My, (z,Qz, kt) > 1 and Ny, (z, Qz, kt) <0

ISSN 2348 — 7968

My, (z, Qz, kt) >max

Ny, (z, Qz, kt) < min

This gives Qz = z = Bz. Therefore z is a common fixed point P, A, Q and B.
Uniqueness: Let w be another fixed point of P, A, Q and B then by (1), we have

My, (Az, Bw,t) * My, (Bw, Qz,t) ,
My, (Pz,Az,t) +
My, (Qz, Bz,t)

M,, (Pz, ,kt)>
m, (Pz, Qw, kt)>max My, (BWPZt)*2<

Ny, (Az, Bw, t) * Ny, (Bw, Qz,t),

Ny, (Pz,Qw,kt) < min Ny, (Pz,Az,t) +>

Ny, (Bw, Pz, t) = - <NN (0z,Bz,t)

My, (z,w,t) * My, (w,z,t),

1( My, (z,2,1t) +> ,

My, (z,w,kt) > max
My, (w,z,t) * My, (2,2,0)

Ny, (z,w, t) * Ny, (w, z,t),

1(Ny, (2 z,t) +>

Ny, (z,w,kt) < min
Ny, (w, z,t) * Ny, (2,2,)

My, (z,w,kt) > 1 and Ny, (z,w,kt) < 0.
This gives z = w. Hence z is a unique common fixed point P, A, Q and B.
Conclusions

In the present work we introduced a new concept of fuzzy mappings in the fuzzy metric space
on compact sets, which is a partial generalization of fuzzy contractive mappings in the sense
of M. Aamri and D. E. Moutawakil. Also, we derived the existence of fixed point theorem for
weakly compatible maps in fuzzy metric space. Moreover, we reduced our result from fuzzy
mappings in fuzzy metric spaces. Finally, we showed some relation of multivalued mappings
and fuzzy mappings, which can be utilized to derive fixed point for multivalued mappings.
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