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Abstract

In this Paper, | presented basic notions of Her mite Interpolations, Lagrange Interpolations and their error
analysis with their approximation and Illustrative examples are provided to demons rate the efficiency and
simplicity of the proposed method in solving this type of boundary Value Problems.
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1. Introduction

Lagrange interpolation is one of the most elementary tools in numerical analysis, and it is used to compute the
Values of a function at non-nodal positions according to the Values of the function at given nodes. While Her
mite interpolation can be taken as an extension to Lagrange interpolation, primarily by using the Values of
the function and it is derivatives at given nodes it constricts a polynomial such that at those nodes the
polynomial is equal to the approximate function. Illustrative examples are provided to demons rate the
efficiency and simplicity of the proposed method in solving this type of boundary Value Problems, using mat
lab and more specifically utilizes the embedded function interpolation, solve and find Root.

2. Her mite Interpolation

Her mite Interpolation can be formulated by

() = ). M (Of (0 + ) Ny (OF (1) +E(®) &Y

i=0 k=0
Is now souaht, with M, (x)and Ny (x) being Polynomials of degree (2m+1) to yield sufficient degrees of
freedom to
Satisfy the fitting of f andf". Given data points:

{[x_i-, f':xj ). fr[x_i':l};r;n

we wish to construct a polynomial Such that  H,. € B, 4

Hp l::rj-] = f(xj-] 2y

and Hp(x) = f'(x;) (3

we seek degree (2m+1) polynomials {10 and [N, =g Such that

M (%) = 8 (x7) = 0 4
= [0 kFj

Where, oyj = il k=]

Is the kronecker symbol.to give
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. 0 k+#j et )
we)=(y oI} - Mlg)=ofer
=0,..m

. 0 k=+j .
Ni(x)=0 for 0.L..m . N(x;) = i 1k =} (5)
Itis clear that [L'l-{xj]: is a polynomial of degree  2m which comes close to satisfying some of the

conditions in (4) and (5) . Where we recall the Lagrange basis polynomials used for the standard interpolation
problem,

m
() = r— % .
lix) = P £}

j=nj=k =Xy
Consider the definitions
My (%) = (). [T (x)]? )
&  Ny(x) = Si(x). [ ()] (8)
With ;. and =; being linear functions of x , the required degree of polynomial is attained and four

degrees of freedom remained to complete the satisfaction of (4) and (5) .
Indeed this conditions result the relations

rela ) =1 . rale) + 2l {x) = 0 (9
and S(a)=0 500 0=1 (10
The linear from which satisfy these conditions are
rilx) = 1 — 2l(n )(x — 1) (11}
Splx) =x —xy 1z)
Which give Hermits interpolation formula as
m m
Hp(3) = ) My(Of (5 + NG f i) +E() (13)
k=D =0 -
with My(x) = [1— 200x ) (x — 2 )] [ 1x()]* (14)
and Ni(x) = (x — x) [L{x)]° (15)

Note that since I, € B,, ,wehave M, N € B, ., andasinthe formula Lagrange the problem of
determining E{x) remains. A similar approach to the Lagrange case yields a suitable error from. An error
bound for Her mite interpolation is provided by the expression:

L flEmsagg 2 3
E(x) = I.‘:m+:~.? [ ex — x;) (18}

Where, f € C*™* % [x;, %] .Hp € Py ., SUch that
Hpl(%) = f(x;) and  Hp(x) =f'(x) for j=0,..m andsayat £ € [xp. 2]

3. Compare method® of Her mite and Lagrange Interpolations

I will solve a problem by using Her mite and Lagrange Interpolation methods, to show that which is closed to
exact value or sensible at error analysis.

Example: Assume

fix) =legix). and F(2)=0.3010 . f{2)=0217147 . f{3)=04771 , F'(3)=0.144765 ,
f(4)=0.6021 , F'(4)=0.108574

Evaluate the interpolations of  f (2.4).

Solution:
1) By using Lagrange Interpolations from 6 gives
- (X ATE R A] 4 o (04 (—L.8) - (04) (- 1.8) -
L [2.4_} = ayTay fl:z__l +W fl:g__l + T fl:-ﬂ-__l = 0.377¢

With an actual error

E(x) = f(x) —L{x) = f(2.4) —L(2.4)=0.0026 from1l6E

- o4l —DEN 16 1
Elx) s ——————  =0,0070
I: . B Alae

This is a valid bound.

2) By using Her mite Interpolations:
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m  (x—x) (x—x)(x —x) o (x— x)
L(x) = l_[ (x — Ij] Ty — x )y — x) e (g — 1)
Jj=0 . j=zk
Gives
T - 2 I - T - 3
'zi=—— , I.|_|i3_,| =0 . L:{‘:},' =z

My(x) = (3x — 5)[Ip(x)]°
Mz =L i
My = (13- 3x)[Lx)]°
NplX) = (x— Z)[L0)"
Nix) = (x— 3)L=)]°
No(x) = (x— 4)[L]°

Hence the interpolated value x=2.4 is given by

Hpy(2.4)=0.50688= 0.301030+ 0.4096= 0.477121 4+ 0.08352= 0.6020604 0.09216 = 0.217147
—0.24576 = 0,144765 — 0.02304 = 0,108574 = 0.380232

And the associated actual error is E(x) = f{x) — Hy(X) = f{2.4) — H,(2.4) = 0.000020%

On the other hand , Hermit interpolation® error formula gives us :

X . . . FE . . . 0.514
E(x) = (x —x)%x —x)%(x — x)° = = (0:4)’(06)*(16)" —— = 0.001667

As | said Her mite Interpolation is more better than Lagrange interpolation to give more sensible result.
Because it is more sensible in error analysis.

4. The method for BVPS

We consider described by the following 2™ order differential equation:

v = flxyy) L 0=x =1 (a7

Associated with 2-generally also boundary conditions of the from:

N-2

yO=6 . ym= () (18)
Ne1 i=1

or  y@ =) 6¥(%) . y=¢ (19)
i=1

Where .G ER . & €(0.1) L ¥=12,..N-2

The solve command embedded in mat lab , for the solution of such a higher order differential equation
requires a sufficient set of boundary conditions and the range to solve for as in plats .

Example:
Consider the nonlinear 2™ order BVPS:

41 —x) .
pir———y +yi=xi+2

Such that
y(0) =0
3 .
'[11—2 1 u(t‘]+u?naaa?
VTS TATY R

=0
Withe exact solution y(x) = x*

Using Taylor polynomials, We have :

y(0) =10 . VY1) = 1.000000548 . ¥'(0)=0.000000956359 . ¥1)
= 2.000000469 ,
(1‘] = 0.04000016122 (2\] = 01600003815 (3‘]
LAV SRR AT A AT

4
= 0.3600005687 , L(g] = 0.6400007488
Then using these data in equation (13), we get:
Hy(x) = —0.0000002708684265x% + 1.0000000163x% + 0.0000000956404777 1%
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