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Abstract

The aim of this work is to study the existence and uniqueness of solution of
non-linear system of integro-differential equation of Volterra type by using Picard
approximation method and Banach fixed point theorem .

The study of such integro-differential equations leads us to extend the
results obtained by Butris for changing the system of non-linear integro-
differential equations to another system of non-linear integro-differential equations
of the Volterra type.

Keywords. Picard approximation method ,Banach fixed point theorem,
Nonlinear system, Integro-Differential Equations, Existence,Uniqueness and

stability Solution .

1. Introduction
The theory of integral equations has been an active research field for many
years and is based on analysis, functional theory, and functional analysis.

An integral equation is a functional equation in which the unknown function
appears under one or several integral signs; if, in addition, the equation contains a
derivative of this function, we call the equations an integro-differential equation. In
an integral or integro-differential equations of Volterra type, the integrals
containing the unknown function are characterized by a variable upper limit of

integration.
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The functional equation (for the unknown function y) is of the form:
y't)=ft.y@t)z) tel,
with

z(t)=[K(ts,y@)ds |
0
is called afirst order Volterra integro-differential equation .

Also, it should be noted that appropriate versions of the method considered
can be applied in many situations for handling periodic in the case of systems of
first or second order ordinary differential equations, integro-differential equations,
equations with retarded arguments, systems containing unknown parameters, and
countable systems of differential equations. A survey of the investigations on the
subject can be found in the studies and researches [2,3,4,5,6,7,8,11,12,13 ] .

Butris [1] used both methods (Picard approximation method) and (Banach
fixed point theorem) which were introduced by Rama [9]and[10] for studying
some theorems in existence and uniqueness of system of non-linear integro-
differential equations having the following form :

d>;t(t) —(A+B @)X (t)+f (t,x (t),HjT g(s,x(s)ds) ,

where x eD <cR", D isa closed and bounded domain.
In this work, we prove the existence, uniqueness and stability Solution .
for another system of non-linear integro-differential equations of Volterra type
Consider the following system of non-linear integro-differential equations

which has the form :

¥=(A +B)x (t)+f (t,x (t),i(jG(t,s)x (s)ds)') (1.1)

141


http://www.ijiset.com/

IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 7, July 2015.

www.ijiset.com

ISSN 2348 — 7968
dx (s,)
ds.

where X (s,) = , 1=1,2,3,...

and X eD cR" ,Disaclosed and bounded domain.

Let the vector functionf (t,x,y)=(f(t,x,y),f,t,x,y),...f . x,y)),
is defined and continuous on the domain ,
(t,x,y)eR'xD xD, =(-o0,0)xD xD, , (1.2)
where D, is a bounded domain subset of Euclidean space R"™.

Suppose that the function f (t, x, y) satisfies the following inequalities:
If t.x,y)|<M (1.3)
If %, y,)—f @x,y,)| <L %, =X, [+ L[|y, -y, (1.4)
forall teR* , x,x,x,eD ,vy,y,y,eD, ,where Mand L,L, are positive
constants.

Suppose that A=[A;;] and B(t)=[B;j(t)] are n xn positive matrices which
are continuous in t, and satisfy the following inequalities:

" ?|<Q <o (15)
[B®[<H - [A[=N (1.6)
%ol =&, (1.7)

where -0 <0<s<t<T <o and Q,H, J,,N are positive constants.

Also G(t,s) is (nxn) continuous positive matrix such that:

[6t,s)ps <K , K >0

S, =3 KM} > (1.8)
s,=>iK'MI*
i=1 J
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We define the non-empty sets as follows:

D, =D-M,

D, =D,-M, } (1.9)
where M,=TQ(HG&+M) , M,=QN & +Q(H5+M), [|=max||
and W =[TQ(H +L,)+QLS,] <1 (1.10)

2. Existence and Uniqueness solution of the equation (1.1).
In this section, we study the existence and uniqueness solution for the
equation (1.1).
Theorem 1. If the system (1 .1) satisfies the inequalities (1.3), (1 .4)
and conditions ( 1.5), ( 1.6) ,( 1.7) ,( 1.8) has a solution x =x(t,x,) , then the

sequence of functions:
K X0) = X" + [eAI[B (8K, (5.X0) +F (5.5, (5,%6), ([ 6 (5, 90%,, (7. x ) ) )]s
0 i=l
(2.1)

with

X,t,x,)=x, ,m=0,12,...
converges, when m — oo , uniformly with respect to:

(t,x,)eR'xD, (2.2)
to the function x (t,x,) defined in domain (2.2 ),and satisfying the following

integral equations:
X (t,X,)=x.e" +tjeA(”)[B ()X (s,X,)+f (s,x (s,xo),i('st (s,7)X (z,X,)d 7)")]ds

(2.3)
provided that :
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X, (t,X,) =X, [ <M, (2.4)
and
X, (X o) =X, @&, X,)| STQW, (1-W )W ™ (2.5)

forall m>1and teR"*.

Proof. Consider the sequence of functions x,(t,x,),X,(t,X,),....X (t,X,),...

defined by the recurrence relation (2.1). Each of these functions of sequence is
defined and continuous in the domain (1.2).

Now, by using (2.1), when m= 0, we get:

X, x6) =X =[x e + [€*[B (s)x, +F (5,%,,0)]ds —x "
0

‘eA(t—s)

[[B ()]l +f (5., 0)[1ds

IA
ol—’.—’

<TQ[HS,+M]=M, ,
and hence,
X, xo) =X [ <M, (2.6)
ie. x,(t,x,)eD ,forall teR', x,eD,
Suppose that x (t,x,)eD ,forall x,eD, , peZ”,
when m= p+1 ,we find that:

%, %) =%, <M,

p+1

ie. x_,({t,x,)eD ,forall teR*, x,eD, ,peZ".

p+1
Therefore, by mathematical induction, we obtain:
X, (%) = X,|| <M, (2.7)
forall m=0,1,2,...

In addition to that , we have:
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[, %)= |x Ae* +e*I[B (t)x, +f (t.X,,0)]|

[[B @)lx] +If ¢ x., 0)]
<o,NQ +Q[H o, +M ]=M,

<[xo[1A [

+HeA(t—s)

and hence ,
X, t.x,)[<M, (2.8)
le. X,(t,x,)eD, ,forall x,eD, .
Also by mathematical induction, we find that:
X, @, x,)[<M, (2.9)

where

X, . t,x,)=xAe* +e*I[B(s)x, (s,x,)+f (s,X, (s,xo),i(]G (s,7)X, (7,x,)d7)")]
forall m=0,12,... o (2.10)

We claim that the sequence of functions (2.1) is uniformly convergent on the
domain (2.2).

Now, when m=1in (2.1) , we get:

I, (€ X0) =X, (X, )= X8 + [ B (5)x,(5,%,)
of (s,xl(s,xo),i(]G(S,r)x'l(r,xo)d 2)ds
—x " —jeA(tS)[B (5)x, +f (s,%,,0)]ds|

[

t
< J‘HeA(t—s)
0

‘B (S)HHXl(S,XO) _XOH

A f (s,xl(s,xo),i(ij(s,r)x‘l(r,xo)dr)‘)—f (5.%,,0) |

By using (2. 6), we have
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t
sz(t,XO) _Xl(t’XO)HSJHeA(t_S) ‘B (S)HHXl(S,XO)—XOH+ L1HX1(S’X0) _XOH
0

+L, 1ds

> ([6(s,e, (%))

where

> (6 (5,0, (r.x ) 7Y

<3 (flo 6. rx)id )

< (ZK MK, (2x,)]
<S [X.(z.x,)|=S.M, . (2.11)
Then, by using equation ( 2.6) and ( 2.11), we get:
sz(t,xo)—xl(t,xo)Hs_t[Q[HM1+ LM, +L,SM,]ds

<TQ[(H +L)M, +L,SM,]
Let
W, =[(H +L)M,+LSM,]
So we have:
X, (t.x0) =%, (t,x,)| <TQW, (2.12)

Also when m=1in ( 2.10) ,we get:
%, (%) =X, t,x,)| =[x Ae* +e*[B (t)x,(t,x,)
+f (t,xl(t,xo),i(jG(t,s)x'l(s,xo)ds)‘)]—xOAeAI

_eA(tfs)[B (t)Xo +f (t,XO,O)]”
By using (2.6), we find

HXZ(t X)) — X, (t ’XO)H < HeA(t—s)

[HB (t)””Xl(t,Xo) _X0H+ Lluxl(t’xo) _XOH
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+L,

]

> ([6 (5.0, x,)d7)

From the equations ( 2.6) and ( 2.11), we obtain that
[x, (%) =X, t,x,)|[<Q[HM, + LM, + L,SM,]
<QW,
and hence,
X, (t,x,) =X, (t,x,)| <QW, (2.13)

Suppose that the inequalities

%, %0) =%, (t.x,)| <TQW, W *, (2.14)
and
%, %) =X, tx,)|<Qw,wW **, (2.15)

are holds for m= p, then we can prove the following inequality :

HX p+2(t’xo)_xp+1(tixo) S-I-QW1W P (2.16)

where m=p +1 in (2.2.1) ,we find that:

HX p+2(t ’Xo) —-X p+1(t ’XO)H < j.HeA(ts)
0

[

B, X0) =X, (5.%,)
H 6.%,,6.X). 2 (6 (5,9, (e.x,)d 7))

—f (5,x,(s ,xo),i(]G (s, 7)X, (7,x,)d7)")|Ids
By (2.14) and (2.15) we get

HX p+2(t,Xo)—Xp+1(t,X0)“SjQ[H HX p+1(S’X0)_Xp(S’XO)H+ L1
0

Xp+l(S’X0)_Xp(S’XO)H

+L2(ZiKi|v|;4 X, (5,X,) =X, (5,X,)[lds

And hence

147


http://www.ijiset.com/

III"‘il"l' IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 7, July 2015.
i www.ijiset.com

(t,XO)—X

ISSN 2348 — 7968

Ix (t.X,)| STQIHTQW,W "+ LTQW,W " +L,S QW,W *]

p+2 p+1

<TQW,W "[TQ(H +L,)+L,SQ]
<TQW,W °
Thus, by mathematical induction, the following inequality holds
(t, %) =X, (t,x,)|<TQW,W ™ (2.17)

m+1

[x
form=1, 2, 3,... where W =[TQ(H +L,)+L,SQ].

Also from the inequality (2.17), we conclude that for k >1, the following
inequality holds

0

me+k (t’XO)_Xm(t’Xo)H:Z

j=0

Xm+1+j (t’XO)_Xerj (t’XO)H

for all m.
And hence

me+k (t,XO)—Xm(t,XO)HSZ Xm+l+j (t’XO)_Xm+j (t’Xo)

o0
j=0

<STQW,W "
i =0

<TQW,W ™*SW
<TQW, (1-W )W ™
So
[X i (€% 6) =X (€, %) STQW, (L-W )W " (2.18)

Now by using (2.18)and the condition( 1.10), we have:
limwW "*=0 (2.19)

m—ow

where m=1,273,...
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Relations ( 2.18) and ( 2.19) prove the uniform convergence of the
sequence of functions ( 2.1) in the domain ( 2.2) as m — .

Let
Iriwam(t,xo):xw(t,xo) (2.20)

Since the sequence of functions ( 2.1) is defined and continuous in

the domain ( 2.2) , then the limiting function x_(t,x,) is also defined and

continuous in the domain ( 2.2).

Moreover, by the hypotheses and conditions of the theorem, the inequality
(2.4) and ( 2.5) are satisfied forallm>1 .

Using relation (2.20) and proceeding in (2.1) to the limit , when
m — oo, this shows that the limiting function x_(t,x,) is the solution of the
equation (1.1).
Theorem 2. If all assumptions and conditions of theorem 1 are satisfied, then

the function x (t,x,) is a unique solution of the equation ( 1.1).

Proof. Suppose that:

X (t,x,)=xe" +tfeA(”)[B (S)x(s.x,) +f (s,x (S,Xo),i(]G (s,7)X (r,x,)d7)")lds
and |

z(t,X,)=xe" +jeA“_s)[B (8)z(s.x,)+f (5.2 (S,XO),i(]G (s,7)Z (z.%,)d 7) )lds

—00

are two solutions of the equation (1.1) .

Now, for their difference, we obtain :

X (t,X,)—z(t,Xx,)|=[xe" +teA‘”’[B (s)x(s,X,)
| |=fe+ ]
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+f (s,x(s,xo),i(]e(s,r)x (r,x,)d7) )lds —x e

—]eA(“S)[B (s)z(s,x,)+f (s,z (S,XO),E(_S[G (s,7)Z (z,x,)d7)’ )]dSH

[ (t,x,) =z (t,x,)|< ]He“‘s’ 0B (s)|x (s.%,) =7 (5.%,)]

4 X 6x) (66X (X))

£ (5,2 (s,xo),i(]c;(s,r)z (z,x,)d 7) )[ds

By using all assumptions and conditions of theorem 1,we get

[x (t,x,) -z (t,xo)HSJ.Q[H X (5,X0) =2 (5,X,)||+ Ly X (5, %) =2 (5,%,)|

L, (K MK (5.%,) 2 (5., [Jds
and hence,
HX (t ’Xo) —Z (t,XO)H STQ[(H + Ll)HX (t’xo) -7 (tho)H"' LZSZHX (tho) -z (t’XO)H]
(2.21)

Also, we find:

K x) ~2 )] IB @l @) -2 €.x,)

+[f (t,x(t,xo),i(j.G(t,S)X'(S,Xo)dS)i)

(2 0x,). ([ G (t,5)2(5.x,)ds))]|
And hence
[X %) —Z (t, %) SQIH X (t, %) =z t, %) + L, [x (t,x,) -z (t,%,)|
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+L2(iiK‘M YK (.x,) =7 (5.%,)]
SQ[(I—II_+ L[x (t,x,) =z (t,%,)||+ LS, [X (t.x,) —Z (t,x,)][]
So that
X (X 0) =7 (€, % )| SQI(H + L)X (t, %) =z (t, %, )| + LS, X (t,x,) =7 (t,x,)[]
(2.22)

From the inequalities (2.21) and (2.22), we have
HX (t,XO)—Z (t’Xo)H STQ[(H + Ll)HX (t,XO)—Z (t’Xo)H+ LZSZHX (t,XO)—Z' (t’Xo)H]

<TQ(H +L)IMQ(H +L,)|X (t,x,) =z (t,x,)|+TQL,S, [X (t.x,) = Z (t.X,)[]
+TQL,S,[Q(H + L)X (t,x,) =z (t,%,)[+QL,S,[X (t.x,) —Z (t,x,)][]

Thus
¥ @€ x0) =z € x,)|<TQ(H +L)+LSQTQ(H +L)x (t,x,)—z (t,x,)

+TQL,S, [X (t,x,) —Z (t,x,)|[I
Therefore,
X t,x,) =2z (t,x,)|<CW ,
where C =[TQ(H +L,)[X (t,x,)—z (t,x,)[+TQL,S,[X (t,x,) =7 ., x,)[I.
By mathematical induction , we get:
X %)=z (t,x,)|<CW " (2.23)
From the inequality (2.23) and by using (1.10),when m — o ,W " -0
we find that x(t,x,)=z(t,x,) Hence, x(t,x,) is a unique solution of the
equation (1.1), for allt eR*, x, €D, .
3. Stability solution of the equation (1.1).

In this section, we study the stability solution of the equation (1.1).

Theorem 3. Let
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Is a solution of the equation ( 1.1) , then the following inequality :
[x t.x5) = x (¢ %) < (FFQ + FF,FTE QN ) |x - x{
is satisfied forall t eR*, x_,xZeD,,

where E,=Q(H +L,)and E,=QL,S,

Proof. Let x(t,x;) and x(t,x;) be two solutions of integro-differential

equation (1.1) having the form:

X (t,x;)=xe" +]eA“s)[B ($)x (5.x) +f (s,x (S,Xé),i(]G (s,7)X (z,x,)d )’ )]ds
and

X (t,xg)=xge" +]eA(ts)[B ($)x (s.x5) +f (s, (S,Xg),i(]G(S,T)X (z.x;)d7)")lds

Now taking

b x) —x Cox D < xi-x " |+ Jle
0

[

B (s)[[x (s.%5) —x (s, %2)|
HF 66X, 26 (5. 0% (X))

£ (5,x(5,x2), X[ G, (r.x2)d 7Y )[Ids
By using the inequality (1.4), we gét

I (6, —x %) < e = x2[Je + e
0

[

B (s)[[x (s.%5) —x (s, %2)|

LK (5, %) —x (8, x D)+ L, IK "M U)X (5,%2) X (5,x2)[lds

x x5 —x x| <[x; —xZ|Q +.|'Q[H Ix (s.x3)=x (5,x2)|

+L, X (5.%5) =X (5,X )| + LS, [X (5,x3) =X (5% })[Ids
(3.1)
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L x @€ x0) = x (€ x 2)]+ LS, [X €, x2) =% t.x )]l
Hence, we have:
[x @t xg)=x . x )| <[xs =xZ[Q +TQH +L)[x ¢t x5) —x (t,x7)|

+TQL,S, [X (t.x5) =X (t,x)|
X (t,x5) =X (t,x2)|<[xs =xZ[Q +TE,[x (t. x5) = x ¢, x )|+ TE, [x ¢t x5) - x (t.x )|

So
X (t,X5) =X (t,x2)|<@-TE)*|x; —x2[Q + W-TE)'TE,[x (t. x;) - x (t.x)|

X (t,x3) =X (t,x2)|<F[x; -xZ[Q + FTE, [x ¢t x3) - x (t,x2)| (3.2)
where

F=Q1-TE)"
Also, we find:

Wt x2) =x @xD) < [xt —x Ao ] +]e*

[
+f (t,x(t,x;),i(je(t,s)x‘(s,x;)ds)i)

B (t)HHx (t,x2)—x (t,xg)u

f (X%, (]G .s)X (s,x7)ds) )]
By using also the inequality (1.4), we get :

[ @t x)—x x| <|xs —xZ[|A]e*]+ "

[

B (t)]x ., x5)—x t.x2)]
AL X (XD —x (X2 + Lz(giKiM X D -x @, x )]

[t x5) =x . x2)|<[x; —xZ[NQ +Q[H [x (t,x3) = x (t,x)|
L, [ (% g) =X (x| + LS, [x (. x5) = x &, 2)]]

Hence
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and
[ @t x0) =% t,x2)[<@-E,)*[x; —xZNQ + 1—E,)"E, |x (t,x}) —x (t.x])|
% . xg) = x (t.x2)| < F, x5 —=xZ[NQ + F.E, [x (t.x3) —x (t,x2)] - (3.3)
where
F,=Q1-E,)"
Now, by substituting inequality (3.3) in (3.2), we get:
[x @t x5) —x (t.x7)| < F [x; —x7]Q + RFTE,[x; —x2|QN
+FFTEE, X (t,x3) —x (t.x})
So
[x . x5)—x (t.x )| < @-FFTEE,)*F[x; —x¢|Q

+(1-FFTEE,)*FFTE, [x; -x[QN

[ . x5) —x (t.x2)|<FF,[x; —x7|Q + FF,FTE, [x; —x2[QN
where
F,.=0-FFTEE,)™
[x @t x5)—x (t,x?)| < (FFQ +FF,FTE QN )[x; —x¢|
forallt eR*, x,,x;eD,.
4. Existence and Uniqueness solution of the equation (1.1).

In this section, we study the existence and uniqueness solution of equation

(1.1) by using Banach fixed point theorem .
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Theorem 4. Let the function f (t,x,y) in equation ( 1.1) be defined and

continuous in the domain ( 1.2), and satisfies all assumptions and conditions of
theorem 1, then equation ( 1.1) has a unique continuous solution on the domain
(1.2).

Proof. Let (S,|.|) be a Banach space which is given in Lemma 1[1] ,we

defined a mapping T on S=[0,T] as follows :
Tz(t,x,)=xge" +je’*“”[B (s)z(s,x,)+f (s,z (s,xo),i(]'G(s,r)z' (7,x,)d7)")lds
(4.1)
Since z (t,x,) is continuous on the domain (1.2), then tjG (t,s)Z(s,x,)ds
Is also continuous on the same domain, and hence the function
F2x).2(]61:9)7(6.x,)ds))

Is continuous on the domain ( 1.2) .

Since B (t) and e*“™® are continuous on t, then we have:

tjeA(t‘s)[B(s)z (5.%,)+ (5,2 (s,xo),i(je(s,r)z (z.%,)d )" )]ds

Is continuous on the domain ( 1.2). So Tz (t,x,) €S and henceTz (t,x,):S —S .
Next, we claim that Tz (t,x ) is a contraction mappingon S, let z,,z, be

any two functions in S .Taking

HTZl(t ’Xo) -1z z(t 1X0)H :tgla¥]{nzl(t’xo) _Tzz(t ’Xo)‘}
HTzl(t’Xo)_Tzz(t’Xo)“:tLRa¥]{‘ t!eAas,)[B ($)(z,(s,%,)—Z,(s,X,)

H (5,2,6,), 26 6,7)2,(,x, )0 7))
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f (52,6436 6.2 (rx ) 1) Do)

By using the inequality (1.4), we get:
Tz, x,)—Tz,(t,x,)|<TQ[H trer[10§1$<]\zl(t,xo)—zz(t,xo)\

+L, max |z, (t,X,) =z, X,)|+ LZSZtrer[gaTX]‘z-l(t,xo) ~7,(t,%,)[]

tef0, T
(4.2)
But
|7, %) =2, X)| STQ(H + L)z, %) —7,(t, X,)|+TQL,S, [Z,(t . x,) - Z,(t.X,)|
So
|12, %) =2, x,)| < M”zl(t Xo) =2, (%) - (4.3)

(1_TQL282)

Substituting the inequality (4.3) in (4.2), we get:

tef0, T

"T21(tixo)_Tzz(t’Xo)|| STQ[H max|zl(t,x0)—22(t,x0)|+threr[])§$<]|zl(t,xo)—zz(t,x0)|

TQ(H +L)
SitaLs, ML) 2]

TQMH +L)
Tz (t.x,)—Tz,(t,x,)|<TQ[H +L,+ Lzszm]trer[z)%\zl(t,xo) —7,(t,x,)|

+L,)-TQLS,(H +L)+LS,TQ(H + Ll)]

Tz,(t.x) =Tz, (t.x,)|<TQI 1-TQLS,

max [z, (t,X,) —z,(t,X,)|

tef0, T1]

TQ(H +L
TQWM +L.) a2, t.x,) ~ 2, x,)
l_TQLZSQ tef0, T

Tz, (t.x,) =Tz, (t.x,)| <
Thus [Tz,(t,X,)-Tz,(t,x,)|<A|z,t.x,)—z,(.%,)|
where

,_TQ(H +L)
1-TQL,S,
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So T is a contraction mapping if 0 <A < 1. Thus, by Banach fixed point

theorem , there exists a fixed point z(t) in S such that Tz(t)=z(t) and

therefore,

Z(t,x,)=xe" +_t[eA(“s)[B (s)z(s,x,)+f (5,2 (s,xo),i(]G (s,7)Z (z,%,)d )" )lds

—0

Is a unique solution of equation ( 1.1) on the domain ( 1.2).
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