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Abstract.

In this paper, we study the existence, uniqueness and stability solution of
integro-differential equations of second order with the operators by using both
method Picard approximation and Banach fixed point theorem.These investigations
lead us to improving and extending the above method. . Thus the integro-
differential equations of second order with the operators are more general and
detailed than those introduced by Butris.

Keywords.Existence, uniqueness and stability solution, nonlinear system,
integro-differential equations ,Picard approximation , Banach theorem.

I. Introduction
The periodic solutions for some nonlinear differential equations and
integro-differential equations have been used to study many problems for example

see [1,2,4,6,8].
Butris [3 ]has been wused the above methods to consider the following

problem:-

dx h(t)
E = (t, X, Ax,f g(s,x(s),Bx(s)) ds)
0

where f(t,x,y,z)and g(t,x,w) are continuous vector functions which are

defined on the domains :
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(t,x,y,z) ER' XD X D; X D, = (—0,0) X D X D; X D,
(t,x,w) € Rt X D X D* = (—0,0) X D X D*

where x € D € R™, D is closed and bounded domain subset of Euclidean space R™
and D, , D, , D* are bounded domains subset of Euclidean space R™ .

In this paper, we study the existence , uniqueness and also stability
solution of integro-differential equations of the second order with the operators by
using both method Picard approximation and Banach fixed point theorem which
aregivenin[5 Jand [ 7 ]respectively and the problem which are studying is the
following form:-
d?x

—=f (t,x,x,Ax,Afc,j
dt? 0

where f(t,x,x,y,y,z) and g(t,x,x, w,w) are continuous vector functions which

h(t)
g(s,x,x,Bx, Bx) ds) . (P)

are defined on the domains :-

(t,x,%,y,9,2) ER XD XDy XDy XDy XD, = (—00,00) XD XDy XD, XDy XD,
(t,x,%,w,W) € R X D X D* X D** = (—00,00) X D X D* x D**

..(1)

where x € D € R™, D is closed and bounded domain subset of Euclidean space R™

and D,,D,,D5,D, D*, D** are bounded domains subset of Euclidean space R™ .
Suppose that in the domain (1) the vector functions f (t,x,x,y,y, z),

g(t, x,x,w,w) and the operators A and B satisfy the following inequalities:-

If (t,x, %y, 9,2 <M, |lgtx,wWw)| <N e (2)

”f(t; X1, X1, Y1 ;371,21) — f(t,x2,%2,y2 :3}2;22)|| < K[ |lxg — x|l + ([ — %[ +

|y, — y2ll + ”5’1,‘5’2” +lzy — 2,7 ---(3)

g (t, x1, %1, Wi, Wy) — g(t, %2, %, Wy, W)l < P [ lxg — x| + (1% — %2 +
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lwy — woll + [y =il ] - (4)
|h(@®) | <h<oo ..(5)

|[Ax; — Axy || < Qqllxy — x|
|Ax; — Ax, || < Qll%; — %, ... (6)
IBx; — Bx; || < Qszllxy — x,]|

|Bxy — B, || < Qqlly — %3]l .. (8)

forallt € RY, x,x,,x, €D, X,%,% €Dy, v,y,V.Dy, V,V1,9, € Dy
Z,71,Zo € D, , w,wy,w, €D*, W,wy,Ww, €D .
where M, N,h and K,L,Q4,Q,, Q3,Q, are a positive constants. We assume
that the operators A and B are defined in the class of continuous functions and
map it into the class continuous functions.

We define the non-empty sets as follows:-

T? \
Di=D-M >
D,y =Dy — MT
T2
Dy =D, — Q1M > ; .. (9)

1+ Q3
2

Dys =Dy — hPMT [ (1 +Q,) + (

)1)

H,T? 'H,T?
We consider the matrix A = < 2 2 )
‘H,T 'H,T

where 'H; = K(1++Ph+ Q3;Ph)
'H, = K(1+Q,+Ph+ Q,Ph)

Furthermore, we assume that
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‘Hy T2+2H,T

that is A ax(A) = -

<1
...(10)
Define the sequences of functions x(t, x,) and x(t, x,) on the domain
(t, xo, Xo) € R* X D X
...(11)
by the following:-

Xm+1(t x0) = xo + Xot

t t
b [ [ 17 70 o ), A (5 0) A (5,30,
0 Y0

h(s)
j g (T, %, (T,%0), X1y (T, X)) , BX;y (T, x0), BX, (T, x0)dT ] ds ds  (12)
0

with x,(0,x,) = x¢ + xot, m=0,1,2,....

and

t
xm+1(t' xO) = xO +f [f(S' xm(s, xO)rxm(S' XO),AXm(S, xO)'Axm(S' xO):
0

h(s)
j g (T, %, (T, x0), X1y (T, X)) , Bx;yy (T, x¢), BX, (T, x9)dT ] ds ... (13)
0

Wlth xO(O,xO) = X.O , m = 0,1,2, .

Definition 1.[5]. A continuous function f satisfy a Lipschitz condition on the
domain G = {(t,x):a <t < b,c < x < d} inthevariable x on G if for all
K > 0and (¢t, x,), (t,x,) € G,such that [f(t,x;) — f(t, x3)]| < K|x; — x,].
Definition 2.[7]. A solution x(t) is said to be stable if foreach ¢ > 0,

There exists a § > 0 such that any solution x(t) which satisfies

lx(ty) — x(ty)]l <& for some t, , also satisfies
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lx(t) —x(®)|| < e forallt > ¢, .
Definition 3.[5]. Let (C [0, T], ||. || ) be a norm space if T maps into itself we say
that T is a contraction mapping on C [0,T] if there exists a € R with
0 <a <1 suchthat |ITx — Tyl < a|lx —yll, (x,y) € C[0,T].
Theorem 1. [ 5] .Let E be a Banach space , if T is a contraction mapping on E
then T has one and only one fixed pointin E .
I1. Existence Solution of (P).
In this section, we prove the existence theorem for second integro-differential
equation (P) by using the Picard approximation method.
Theorem 2. (Existence theorem) .Let the vector functions f (¢, x,%,y,, z),
g(t,x, %, w, W) be defined on the domain (1) continuous in t,x, ¥, y,y,z,w,w and
satisfy the inequalities( 2) to (8)and the conditions(9),(10) . Then there exist a
sequence of functions (12) convergent uniformly to the limit functionx, (t, x,) ,

defined on the domain (11) and satisfy the following integral equations:-

t ot
x(t,xy) = xo + Xot + f f [f (s, x(s,x0), %(s,x0),Ax (S, x9) , AX (S, Xq),
0o Jo

h(t)
f g (t,x(t,x9), x(1,x9), Bx(t,x0), Bx(1,x9)dTt ] dsds .. (15)
0

which is a solution of (P).

Proof .

By mathematical induction we can prove that:-
% (6 x0) — X[l MT

(16)

From (16) we obtain the estimate

A k(6 xg) — AXo | < QM T
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Axo(t, xo) € D3y

And from the sequence of functions (12), for all m

lem(t o) = xoll <M.

17)

Also from (17) we have

1A%, (6 x0) = Axo Il < QM T

That is x,,(t, x9) € D , Axp(t, xo) € D, forallte [0,T] and x, € Dy ,
Axy(t, xo) € Dy

Also

h(t)
122 (t6 %) — 20t x0) Il = f 905, %,(5,x%0), %1 (5, %0), Bx1 (5, %0),)
0

h(t)

,Bx,(s,x,))ds — f 9(s,xg, Xo, Bxg, BXy)ds
0

h(t)
< f ”P [ 11 (s, x0) — x0ll + |51 (s, x9) — %ol + [[Bx1 (s, x0) — Bl
0

+ ||B‘x1(s, Xo) — BJ’COH ]|| ds

—9)],

< hPMT [ (1+Q,) + (
i.e z;(t,xo) €D, forallte [0,T]and zy € D,y .
Now, by mathematical induction we can prove that:-
1z (t x0) = 2o(t,20) l| < APMT [ (1+Q,) + (52 ],

i.e zpy(t, xo) €Dy forallte [0,T]and zy € Dys .
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By using the sequence of functions ( 12) when m =1, we get

||, (€, x0) — x4 (t, x0) ||
¢

< f K [lx1(s, x0) = xoll + 121 (s, x9) — %ol + Q11|11 (s, x9) — %0l
0

+Q|[%1 (s, x9) — %ol + Ph (|lx1(s, x0) — x| + l|%1(s, x0) — %ol ]
+Qs3llx1 (s, x9) — x0ll + Q4llx1 (s, x0) — X0l ] ds

< HiT |lx,(t x0) — xo || + HoT [|%,(t, x0) — %o |l ... (18)
From (16) and (18) ,the following inequality holds
%11 (6 x0) — X (6 x| < H T x50 (t x0) — X1 (& x0) | +

HoT ([ (6 %0) — Xm—1 (6 x0)[ ... (19)
and from the sequence of function ( 13), when m =1, we get

|22 (€, x0) — x4 (t, x0) ||
t ot

< f j K[ llx1Cs,x9) — xoll + [1%1 (s, x0) — Xoll + Q1llx1(s, x0) — 0l
o Jo

+Q2 %1 (s, x0) — Xoll + Ph |lx1 (s, x0) — x|l + [1%1 (s, x0) — %ol
+Q31x1 (s, x0) — xoll + Qullx1 (s, x0) — %ol ] ds ds

'H, T2 'H, T2 | . .
< 12 |l2¢1 (£, x0) — xo | +ZT |1 (s, x0) — %ol

(20)
Also by(17)and (20) ,the following inequality holds

'Hy T?
X1 (tx0) = X (& Xl < == llxm(tx0) = X1 (6 x| +
'Hy T2 . .
22 126 (t, 20) — X1 (£, x0) I .. (21)
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That is
Vm+1(t: xO) < A (t) Vm(t, xO)

|2m41 (6 x0) — X (& x| )
%41 (8 x0) — X (Ex)II/

H, t? H, t?
A@)= < 2 2 >
‘Hit  'Hyt

where V,,.1(t, xo) = (

and

 (Mom(6%0) = s (& x0)]]
Vm (t,%0) = (uxm(t, xo) = Fa(t x(;)n)

If we assuming the max. of A (t) in [0,T] we have (A = gfg’;,] A (1))

which leads to the estimate:-

m m
Z v, < Z ALY, .(22)
i=1

i=1

M 12
where V; = <M2T>

Since the matrix A has maximum eigen-values

r 2 r
Then the series (22) is uniformly convergent, i. e.
m ©co
lim ) AUV, = ZAi‘l Vi=(E-N1Y -+ (23)
m-—oo
i=1 i=1

The limiting relation (23) signifies a uniform convergence of the sequences of

functionsx,, (t, x,) and x,,, (t, x,) in the domain (3.15) asm — o,
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Let

lim x,, (t,xy) = x(¢t, xg) ]
m—oo

lim %, (t,xo) = x(t, ;) - (24)
m-—oo

Next , we need to prove x(t, x,) € D and x(t, xo) € D,, forallt € [0, T]
Taking

h(s)

t pt
[ [ 1765200, 30), A (5,500, A, 6, [ 9 e, o),
0 J0 0

t ft
Xm (T, X0), Bx, (T, x0), BX,, (T, %0) dT ] ds ds — f f [f (s, x(s,x0), x(s, x0),
0 Jo

h(s)
Ax(s, xy), Ax (s, xO),f g (T, x(t,x¢),x(t,x9) Bx(t,x4), Bx(t, xo))dr lds ds
0

t t
< j j K[ (5, %0) — (5, xo) | + m (s, x0) — (s, x0)
0 Y0

+ Q1llxm (s, x0) — x(s, x0) || + Q2 11%,, (S, x0) — %(S, x0) |
+ Ph (”xm(S: xO) - X(S, Xo)” + ”xm(SJ xO) - X(S, xO)”
+ Qzllxm (s, x0) — x(5, %) || + Qullx, (5, x0) — x(s,x0) [ )] ds ds

t pt
sf J[K(1+Q1+Ph+ QsP h)lx,, (s, %) — x(s, o)l
0 Y0

K(1+ Q, + Ph+ Q4P h)||x,,,(s5,x0) — x(s,x)|| ] ds ds

t t t t
<H, f f (s, x0) — (s, %)l ds ds +H, j j 1, (s, o)
0 Y0 0 Y0

— x(s,x0)|l ds ds
From ( 24), we assume that
IXm (&%) — x(@tx) [| <€ and [[x,((t,x) — x(t,x) || < €
There fore

t t h(s)
f f [ £5, %m (5, %0)s £ (5, %0), Axn (5, %0) , A (5, X0), j 9 (%, %m (5, %0),
0 0 0
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t ft
Xm (T, X0), Bx (T, x0), BXy, (T, x0) dT ] ds ds — J f [f (s, x(s,x0), x(s, x0),
0 Jo

h(s)
Ax(s,xq), Ax(s, xo),f g (r, x(1,x0), x(t,x9) Bx(7,x,), BX(T, xo))dr lds ds
0

t ot t ,t
<'H, J f (€, dsds + 'H, j j (€,)ds ds
0 Y0 0 Y0

(H,+H,) T?
<& (—=—)
2€
<€ ,forall m>0 ,where €= ——
(Hi+Hp) T2

So that
t ot
1 [ 1705 %00 5500, Ao (5, ) A (5,30,
o Jo
h(s)
j g (T, %, (T, x0), X (T, X)) , BX;, (T, X0), BX, (T, X) dT ] ds ds
0
t ot
- J f [f(S,X(S, xo),X(S,X()),AX(S,XO),A.?.C(S,XO),
0o Jo
h(s)
j g (T, x(T; xO)J X(T) xO) ) Bx(T, xO)r BX(T) xO) dT ] dS dS
0
t ot
= f j [f(S’ xm(Sl xO)' xm(S; xO)JAxm(S; xO);Axm(S; xO);
o Jo
h(s)
[0 @m0 (5. 20), B (5, 30), B (2, %) d ] ds ds
0

t ot
— J f [f(S,X(S, xo),X(S, XO),AX(S, xo),AJ'C(S, xo);
0 Y0

h(s)
f g (1, x(t,xy), x(t,x0) , Bx(t, x9), Bx(1,x0) dt ] ds ds
0

Thus x(t, xg) € D, X4(t, xo) € D; and x(t, x,) is a solution of (P).
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If the solution of the problem (P). satisfying the inequalities and all
conditions of theorem 2 , then the solution x(t, x,) is a unique of the problem (P).

Proof. Suppose that r(t, x,) is another conditions solution of (P), then

t ot
r(t, xg) = xo + Xot + j J [f(s,7(s,x0),7(s,x0), AT (S, x0) , AT (S, X0),
0o Jo

h(s)
g (t,7r(t,x4),7(1,x9), Br(t, xy), B7 (1, x0)dt | ds ds
0

and

t

7(t, xo) = X, +f [f(s,7r(s,x0),7(s,x0), Ar (S, x0), AT (S, X),
0

h(s)
j g (t,r(t,x0),7(1,x0), Br(t,xg), B¥ (1, x,)dt | ds
0
Taking
|2 (¢, x0) — r(t, x0) |l
t ot
<[ [ TR+ Q+Ph+ QPR - 7670
0o Jo

+K(1+Q, +Ph+QuPh)|[x(t,xg) — 7(t,xy) ||] ds ds

'H,T? 'H,T? |, . )

< —— lIx(t xo) — r(t, x0) II + =— (¢, x0) — 7(¢,x0) |
(25)

and

t
1(t, x0) = 7(t,x0) Il = xo"‘f [f (s, x(s, %0), % (s, X0), Ax (5, %), A% (S, Xo),
0

h(s) t
j g (t,x(t,xg), x(1,x9) Bx(t,x0),Bx(1,%x0) ) dt] ds — x, — f [f(s,7(s, xp),
0 0
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h(s)
7(s,x0), Ar(s, x,), A7 (s, x;), J g (t,r(t,x),7 (T, x0) Br(t, x0), Br (7, x))dt] ds||
0

t
Sf
0

Bx(t,x0), Bx(t,x4)) dt — f(s,7(s,x0),7(s, x0), Ar (s, xo), AT (S, X0),

h(s)
f(s,x(s,x0),%(s,xy),Ax(s, x9), Ax (s, xo),j g (1, x(1,x0), (T, %),
0

ds

h(s)
f g (t,r(t,x0),7(t,x9) Br(t,xy), Br(t,xy) dt
0

<HIT It x0) = 7(tx0) |+ HoT 156 x0) = (6% |
(26)

From (25) and (26) we have

(Ixtx0) —r(e x| )S(H”Z - >(||x(t,xo)—r(t,xo) )

. . 2 2 . .
liCt, o) =7t | ) S\ i NIl xe) = #(tx) |

By the condition A,,,,(A) <1, then
( l1x(t, x0) — 7(t, x0) |l ) < ( [l (t, x0) — 7(t, x0) |l )

(¢, x0) — (&, x0) |l (¢, x0) — 7(&, x0) |l

llx(t, x0) — (&, x0) I\ _ (o
15(t, x0) — 7(t, %) |l )‘ (o)

Therefore x(t,xy) = r(t,xy) , x(t,x5) = 7(t,x,) and hence x(t, x,) is a

This is contradiction , then (

unique solution of the problem (P) .
I11.Stability solution of (P).

In this section, we study the stability theorem for the solution of the problem
(P).
Theorem 4. (stability theorem) : Assume that all inequalities and conditions of
theorem 1 are satisfies, then the solution of the problem( P), is stable for all
t=>0.
Proof. Let r(t, x,) and 7(t, x,) be any two solutions of the problem (P).
Then
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t ot
z(t, x9) = zy + Zot + j;) jo [f(s,z(s,x0),2(s,x0),Az(s,x), AZ (S, xg),

h(s)
f g (t,z(t,xy),2(1,x9) ,Bz(t, x4), BZ(1, x0)dt | ds ds
0

and

t
z(t,xy) = Zy + f [f(s,z(s,xg),2(s,x0),Az(s, xy), AZ (S, xy),
0

h(s)
f g (t,z(t,x4),2(t,x0) , Bz(t,x4), BZ(7, x0)dT | ds
0

Taking

t t
(s, x0) — 2(t x| = ||xo + %ot + f f [ £t x(s, %), (5, %0), Ax(5, %0),
0 Y0

h(t)
Ax(s, xo),j g (s,x(s,xq),x(s,x9), Bx(s, x0), Bx(s,xo) ds |ds ds — zy — Zyt
0

t ot h(t)
— f f [ f(t,z(s,x0),2(s,x0), AZ(S, xg) , AZ (S, xp), f g (s,z(s,xp),
0 0 0

2(s,x0) ,Bz(s, xy), Bz(s, %) ds ] ds ds||

t t
< llxo + %ot — 20 — Zotll + j j £t x (s, x0), (s, %0), Ax (s, xo), A%(s, xo),
0 0

h(t)
g (S,X(S, xO);x(S: xO) BX(S, xO)JBx(SJ xO) dS - f(t;Z(S; XO),Z(S, xO):
0
h(t)
Az(s,x0), Az (s, xo), g (s,2(s,%¢),2(s, x9) Bz(s,x0), BZ(s, %) ds|| ds ds
0
By the definition of stability for |[x, + xot — zo — Zot|| < &6; we get
'H,T? H,T? . .
<8+ flx(txg) — 2(tx0) || + 22 [kt x0) = 2(6x) |, . (27)
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|x(t, x0) — 2(t, x0) Il =

t
Xo +j [f(s,x(s,xq), %(s, x0), Ax (S, x0), Ax (S, ),
0

h(s)

t
g (1, x(t,xy), x(t, x9) Bx(t,x0), Bx(1,x0) ) dt] ds — zy — j [f (s, z(s, xp),
0 0

h(s)

2(s,x9),Az(s, xy),Az(s, xy), g (t,z(1,x4),2(1, x0) Bz(7,x0), BZ(T, x9))d7] ds||
0

t
< llxo — zoll + j 1 (5, %5, x0), (s, %), Ax(, %0), A% (5, %o),
0

h(s)
, f 9 (0,x(5, %0), (1, x%0), Bx(z, %), Bi(x, %)) d7 — £ (5, 2(5, %0), £(5, %o)
0

h(s)
A2G5,30), 426, 30), | g (5,205,000, 22, 30) Ba(r, %), BA(r, o) d| ds
0
And also by the definition of stability for ||x, — z,|| < 8§, we get
< 8; +'HyT lx(t xo) — 7(&, x0) || + HoT ||%(E, x0) — 7(E, x0) || ... (28)

From (27) and (28) we find that
( [12(t, x0) — (¢, xo) | )

% (t, x0) — Z(t, x0) |

H,T?  'H,T?
81 ! 2 llx(t, x0) = z(£, xo) |l

S( >+ ) ) ( . o )
82 rHlT IHZT ”x(t; xO) Z(t; xO) ”

And hence

(IIX(t, xo) — z(t, o) | ) < (E 1)

[1¢(¢, x0) — Z(¢, x0) |l €,
So that the solution of (P) is stable for all t € [0, T]
V.Existence and uniqueness solution of (P) .
In this section, we prove the existence and uniqueness theorem of (P) by

using Banach fixed point theorem .
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Theorem 5. (Banach fixed point theorem). Let the vector functions
(t,x,x,y,v,z) and g(t, x,x,w,w) of the problem (P) are defined and
»y g
continuous on the domain (1) and satisfies assumptions and all conditions of

theorem 1. Then the problem (P) has a unique continuous solution on the domain

(D).

Proof .Let (C [0,T] , ||.]| ) be a Banach space and T* be a mapping on C[0,T] as

follows :-

t t
Tx(t, x0) = %o + Hot + j j [F (5, x(5, %0, (5, x0), Ax (5, %o) , A%(S, %),
0 0

h(s)
f g (t,x(t,x0), x(t,x0) , Bx (1, x0), Bx(t,x0)d7t | ds ds
0

and

t

T*x(t,xy) = Xo + j [f(s,x(s,x0), x(s,x0), Ax (S, x) , Ax(S, x0),
0

ii(s)
-g (T, X(T, xO); x(Tl xo), Bx(Tl xo), BX(T; xO)dT ] dS
0
Since foh(s) g (t,x(t,xp), x(t,x0) , Bx (1, x9), Bx (1, xy) )dt is continuous on the

same domain (1) and also

t t
[ [ 175 5000, 55, 200, Ax(5, 200, A5, o),
0 Y0

h(s)
j g (t,x(t,x4), x(t,x0) , Bx(t, x9), Bx(1,x0)d7 | ds ds
0

IS continuous on the same domain .
There fore T*:C[0,T] — C]I0,T].

Now, we shall to prove that T* is a contraction mapping on C [0,T] .
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Let x(t, xo) , z(t, x,) be a vector functions on C [0,T] , then
I 7% x(t, x0) = T z(t, xo) |l

ISSN 2348 — 7968

h(s)

= ter[gaﬁ f f | £(s,x(s,x0), X(s, x0), Ax (s, x), A% (s, X0), f g (t,x(7, %),
x(t,x0), Bx(t,x0), Bx(1,x9) ) dt — f(5,2(s,x0),2(s,x0),Az(s,x0),AZ (s, x¢),

h(s)
j g (t,z(t,xy),2(t,x9),Bz(t,xy),Bz(1,x,)) dt | ds ds
0

(29)
and also by the same method ,we have
| 7" %(t,x0) — T™ 2(t, x0) l

h(s)
< B [ 105200 205,300,530 45530, 0 (0,70 0,

Bx(t,x0), Bx(t,x4) )dt — f(s,2(s,x0),2(s,%0),Az(s,xy), Az (s, xy),

h(s)
f g (t,z(t,xy),2(t,x0),Bz(1,x0), BZ(1, x0))dT | ds
0

< HyT [[x(t xo) — z(t,x0) | + HoT [[X(E, x0) — 2(&, x0) |l ... (30)
Rewrite ( 29) and (30) in a vector form

(I s = Tt | )

<'H1T2 H,T? )( llx(t, x0) — z(t, x0) | )
2 2 . .
H,T H,T / \IX(Ex0) = 2(8,x0) |l

By the condition A,,,, A <1, then T* is a contraction mapping ,thus by Banach
fixed point theorem, then there exists a fixed point x(t, x,) In
C[0,T], such that T* x(t, xo) = x(t, x;) .

There fore
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t ot
x(t, xo) = Xo + Xt + f f [f(S, x(s, xo), x(s, xo),Ax(s, Xo) ,Ax (s, xo),
o Jo

h(s)
j g (1, x(t,xy), x(t, x0) , Bx (1, x), Bx(1,x0)dt | ds ds
0

IS a unigue continuous solution of the problem (P) .
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