
IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 2 Issue 8, August 2015. 

www.ijiset.com 

ISSN 2348 – 7968 

 

  Solution of Integro-differential Equation of the second 
order with the operators 

 
Raad N. Butris P

 1
P, Dawoud S.Abdullah P

2 
P

 
PSchool of Basic Education- Faculty of Educational Science- University of Duhok 

( 33TUraad.khlka@yahooU33T .com ) 
P

 
PFaculty of  Science-University of Zahko  

(Dawoud_math@yahoo.com) 
  

Abstract.  

         In this paper, we study the existence, uniqueness and stability solution of 

integro-differential equations of second order with the operators by using both 

method Picard approximation and Banach fixed point theorem.These investigations 

lead us to improving and extending the above method. . Thus the integro-

differential equations of second order with the operators are more general and 

detailed than those introduced by Butris.                                                                                                    
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I. Introduction 

             The periodic solutions for some nonlinear differential equations and 

integro-differential equations  have been used to study many problems for example 

see [1,2,4, 6, 8 ]. 

         Butris [3 ]has been  used the above methods to consider the following 

problem:-    

𝑑𝑥
𝑑𝑡

 =  𝑓 �𝑡, 𝑥, 𝐴𝑥, � 𝑔�𝑠, 𝑥(𝑠), 𝐵𝑥(𝑠)� 𝑑𝑠
ℎ(𝑡)

0

�               

where  𝑓(𝑡, 𝑥, 𝑦, 𝑧) 𝑎𝑛𝑑  𝑔(𝑡, 𝑥, 𝑤)   are continuous vector functions which are 

defined on the domains : 
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(𝑡, 𝑥, 𝑦, 𝑧) ∈ 𝑅1 × 𝐷 × 𝐷1 × 𝐷2 = (−∞,∞) × 𝐷 × 𝐷1 × 𝐷2
 (𝑡, 𝑥, 𝑤) ∈ 𝑅1 × 𝐷 × 𝐷∗ = (−∞,∞) × 𝐷 × 𝐷∗                       

 
�                                                         

where 𝑥 ∈ 𝐷 ⊂ 𝑅𝑛 , 𝐷 is closed and bounded domain subset of Euclidean space 𝑅𝑛 

and 𝐷1 , 𝐷2 , 𝐷∗ are bounded domains subset of Euclidean space 𝑅𝑚 . 

                 In this paper, we study the existence , uniqueness and also stability 

solution of integro-differential equations of the second order with the operators by 

using both method   Picard approximation and Banach fixed point theorem which 

are given in [ 5  ] and [  7  ] respectively  and the problem which are studying is the 

following form:-  

𝑑2𝑥
𝑑𝑡2

=  𝑓 �𝑡, 𝑥, 𝑥 ̇ , 𝐴𝑥, 𝐴𝑥̇,� 𝑔(𝑠, 𝑥, 𝑥̇ , 𝐵𝑥, 𝐵𝑥̇) 𝑑𝑠
ℎ(𝑡)

0
�                                … (𝑃 )  

where  𝑓(𝑡, 𝑥, 𝑥,̇ 𝑦, 𝑦,̇ 𝑧) 𝑎𝑛𝑑  𝑔(𝑡, 𝑥, 𝑥,̇ 𝑤, 𝑤̇) are continuous vector functions which 

are defined on the domains :- 

(𝑡, 𝑥, 𝑥,̇ 𝑦, 𝑦,̇ 𝑧) ∈ 𝑅1 × 𝐷 × 𝐷1 × 𝐷2 × 𝐷3 × 𝐷4 = (−∞,∞) × 𝐷 × 𝐷1 × 𝐷2 × 𝐷3 × 𝐷4
 (𝑡, 𝑥, 𝑥,̇ 𝑤, 𝑤̇) ∈ 𝑅1 × 𝐷 × 𝐷∗ × 𝐷∗∗ = (−∞,∞) × 𝐷 × 𝐷∗ × 𝐷∗∗                                       

 
�   

                                                                                                                                          

…(1)                                                                                                                        

where 𝑥 ∈ 𝐷 ⊂ 𝑅𝑛 , 𝐷 is closed and bounded domain subset of Euclidean space 𝑅𝑛 

and 𝐷1 , 𝐷2 , 𝐷3 , 𝐷4 𝐷∗, 𝐷∗∗ are bounded domains subset of Euclidean space 𝑅𝑚 . 

            Suppose that in the domain (1) the vector functions 𝑓 (𝑡, 𝑥, 𝑥,̇ 𝑦, 𝑦,̇ 𝑧), 

 𝑔(𝑡, 𝑥, 𝑥,̇ 𝑤, 𝑤̇) and the operators A and B satisfy the following inequalities:-  

‖𝑓 (𝑡, 𝑥, 𝑥,̇ 𝑦, 𝑦,̇ 𝑧)‖ ≤ 𝑀  , ‖𝑔(𝑡, 𝑥, 𝑥,̇ 𝑤, 𝑤̇)‖ ≤ 𝑁                         ⋯ (2) 

�𝑓�𝑡, 𝑥1, 𝑥̇1, 𝑦1 , 𝑦̇1 ,𝑧1� − 𝑓(𝑡, 𝑥2, 𝑥̇2, 𝑦2 , 𝑦̇2, 𝑧2)� ≤ 𝐾[ ‖𝑥1 − 𝑥2‖ +  ‖𝑥̇1 − 𝑥̇2‖ + 

‖𝑦1 − 𝑦2‖ + �𝑦̇1 , − 𝑦̇2� + ‖𝑧1 − 𝑧2‖ ]      ⋯ (3) 

‖𝑔(𝑡, 𝑥1, 𝑥̇1, 𝑤1, 𝑤̇1) − 𝑔(𝑡, 𝑥2, 𝑥̇2, 𝑤2, 𝑤̇2)‖ ≤ 𝑃 [ ‖𝑥1 − 𝑥2‖ + ‖𝑥̇1 − 𝑥̇2‖ + 
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                                                  ‖𝑤1 − 𝑤2‖ + ‖𝑤̇1 − 𝑤̇2‖ ]  ⋯ (4) 

‖ ℎ(𝑡) ‖ ≤ ℎ < ∞                                      … (5)  

‖𝐴𝑥1 − 𝐴𝑥2‖ ≤ 𝑄1‖𝑥1 − 𝑥2‖                        

‖𝐴𝑥̇1 − 𝐴𝑥̇2‖ ≤ 𝑄2‖𝑥̇1 − 𝑥̇2‖                     … (6) 

‖𝐵𝑥1 − 𝐵𝑥2‖ ≤ 𝑄3‖𝑥1 − 𝑥2‖                        

‖𝐵𝑥̇1 − 𝐵𝑥̇2‖ ≤ 𝑄4‖𝑥̇1 − 𝑥̇2‖                      … (8) 

 

for all 𝑡 ∈ 𝑅1, 𝑥, 𝑥1 , 𝑥2  ∈ 𝐷,   𝑥̇, 𝑥̇1, 𝑥̇2 ∈ 𝐷1 ,     𝑦, 𝑦1, 𝑦2 𝐷2   ,    𝑦, 𝑦̇1, 𝑦̇2  ∈ 𝐷3 

  𝑧, 𝑧1, 𝑧2 ∈ 𝐷4  ,     𝑤, 𝑤1, 𝑤2 ∈ 𝐷∗,     𝑤̇, 𝑤1̇, 𝑤2̇ ∈ 𝐷∗∗  . 

       wher𝑒 𝑀, 𝑁, ℎ  𝑎𝑛𝑑  𝐾, 𝐿, Q1, Q2, Q3, Q4 are a positive constants. We assume 

that the operators A and B are defined in the class of continuous functions and 

map it into the class continuous functions. 

          We define the non-empty sets as follows:- 

𝐷𝑓 = 𝐷 −𝑀 
𝑇2

2
                                                 

𝐷1𝑓 = 𝐷1 − 𝑀𝑇                                                 

𝐷2𝑓 = 𝐷2 − 𝑄1𝑀 
𝑇2

2
                                        

𝐷3𝑓 = 𝐷3 − 𝑄2𝑀𝑇                                             
 

  

𝐷4𝑓 = 𝐷4 − ℎ𝑃𝑀𝑇 [ (1 + 𝑄4)  +  (
1 + 𝑄3

2
) ]⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

                                    … (9) 

 

        We consider the matrix Ʌ =  �
Ή1𝑇2

2
   Ή2𝑇2

2
  

Ή1𝑇 Ή2𝑇  
� 

where    Ή1  = 𝐾( 1 + +P h +  Q3P h )   

                 Ή2  =  𝐾(1 + Q2 + P h +  Q4P h ) 

         Furthermore, we assume that  
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the largest eigen value λmax of the matix Ʌ dose not exceed unity. 

that is  λmax(Ʌ) =   Ή1 𝑇2+2Ή2𝑇 
2

  < 1                                                                  

…(10) 

           Define the sequences of function𝑠   𝑥(t, 𝑥0) and 𝑥̇(t, 𝑥0) on the domain   

(t, 𝑥0, 𝑥̇0) ∈ 𝑅1 × 𝐷𝑓 ×                                                                                               

….(11) 

by the following:- 

𝑥𝑚+1(t, 𝑥0) = 𝑥0 + 𝑥̇0𝑡

+  � � [ 𝑓(𝑠, 𝑥𝑚(𝑠, 𝑥0), 𝑥̇𝑚(𝑠, 𝑥0), 𝐴𝑥𝑚(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇𝑚(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑥𝑚(𝜏, 𝑥0), 𝑥̇𝑚(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑥𝑚(𝜏, 𝑥0), 𝐵𝑥̇𝑚(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 𝑑𝑠     (12) 

with  𝑥0(0, 𝑥0) = 𝑥0 + 𝑥̇0𝑡 ,   𝑚 =0,1,2,…. 

and 

𝑥̇𝑚+1(t, 𝑥0) = 𝑥̇0 + � [ 𝑓(𝑠, 𝑥𝑚(𝑠, 𝑥0), 𝑥̇𝑚(𝑠, 𝑥0)
𝑡

0
, 𝐴𝑥𝑚(𝑠, 𝑥0), 𝐴𝑥̇𝑚(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑥𝑚(𝜏, 𝑥0), 𝑥̇𝑚(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑥𝑚(𝜏, 𝑥0), 𝐵𝑥̇𝑚(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 … (13) 

with  𝑥0(0, 𝑥0) =  𝑥̇0    ,   𝑚 = 0,1,2, …. . 

 

Definition 1.[5]. A continuous function 𝑓 satisfy a Lipschitz condition on the 

domain  𝐺 = {(𝑡, 𝑥): 𝑎 ≤ 𝑡 ≤ 𝑏, 𝑐 ≤ 𝑥 ≤ 𝑑}  in the variable 𝑥 on 𝐺  if for all  

𝐾 > 0 and (𝑡, 𝑥1), (𝑡, 𝑥2) ∈ 𝐺, such that |𝑓(𝑡, 𝑥1) − 𝑓(𝑡, 𝑥2)| ≤ 𝐾|𝑥1 − 𝑥2|. 

Definition 2.[7]. A solution 𝑥(𝑡) is said to be stable if for each 𝜀 > 0 , 

There exists a 𝛿 > 0 such that any solution 𝑥̅(𝑡) which satisfies 

‖𝑥̅(𝑡0) − 𝑥(𝑡0)‖ < 𝛿     for some 𝑡0 , also satisfies 
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‖𝑥̅(𝑡) − 𝑥(𝑡)‖ < 𝜀         for all 𝑡 ≥ 𝑡0 . 

Definition 3.[5]. Let (C [0, T] , ‖. ‖ ) be a norm space if 𝑇 maps into itself we say 

that 𝑇 is a contraction mapping on C [0,T] if there exists  𝛼 ∈ 𝑅 with 

0 < 𝛼 < 1  such that  ‖𝑇𝑥 − 𝑇𝑦‖ ≤ 𝛼‖𝑥 − 𝑦‖, (𝑥, 𝑦) ∈  𝐶 [0, 𝑇]. 

Theorem 1. [ 5 ] .Let 𝐸 be a Banach space , if  𝑇 is a contraction mapping on 𝐸 

then 𝑇 has one and only one fixed point in 𝐸 . 

II. Existence Solution of (P). 

       In this section, we prove the existence theorem for second integro-differential 

equation (P) by using  the Picard approximation method. 

Theorem 2. (Existence theorem) .Let the vector functions 𝑓 (𝑡, 𝑥, 𝑥,̇ 𝑦, 𝑦,̇ 𝑧), 

𝑔(𝑡, 𝑥, 𝑥,̇ 𝑤, 𝑤̇) be defined on the domain (1) continuous in  𝑡, 𝑥, 𝑥,̇ 𝑦, 𝑦,̇ 𝑧̇ , 𝑤, 𝑤̇ and 

satisfy the inequalities( 2) to (8)and the conditions(9),(10) . Then there exist a 

sequence of functions (12) convergent uniformly to the limit function𝑥∞(t, 𝑥0) , 

defined on the domain (11) and satisfy the following integral equations:- 

𝑥(t, 𝑥0) =   𝑥0 + 𝑥̇0𝑡 +  � � [𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0)
ℎ(𝑡)

0
, 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 𝑑𝑠      … (15) 

which is a solution of (P). 

Proof . 

By mathematical induction we can prove that:- 

‖𝑥̇𝑚(t, 𝑥0) −  𝑥̇0 ‖ ≤  𝑀 𝑇                                                                                 … 

(16) 

From (16) we obtain the estimate 

‖𝐴 𝑥̇𝑚(t, 𝑥0) −  𝐴 𝑥̇0 ‖ ≤  𝑄2𝑀 𝑇 
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which gives 𝑥̇𝑚(t, 𝑥0) ∈ 𝐷1 , 𝐴𝑥̇𝑚(t, 𝑥0) ∈ 𝐷3   for all t ∈ [0, 𝑇] and 𝑥̇0 ∈ 𝐷1𝑓  ,   

𝐴𝑥̇0(t, 𝑥0) ∈ 𝐷3𝑓   . 

And from the sequence of functions (12), for all 𝑚 

‖𝑥𝑚(t, 𝑥0) −  𝑥0 ‖   ≤ 𝑀 𝑇
2

2
 .                                                                              … 

(17) 

Also from (17) we have 

‖𝐴𝑥𝑚(t, 𝑥0) −  𝐴 𝑥0 ‖ ≤  𝑄1𝑀 𝑇
2

2
. 

That is 𝑥𝑚(t, 𝑥0) ∈ 𝐷 , 𝐴𝑥𝑚(t, 𝑥0) ∈ 𝐷2   for all t ∈ [0, 𝑇] and 𝑥0 ∈ 𝐷𝑓  ,   

𝐴𝑥0(t, 𝑥0) ∈ 𝐷2𝑓   . 

 

Also 

‖𝑧1(t, 𝑥0) − 𝑧0(t, 𝑥0) ‖ = �� 𝑔(𝑠, 𝑥1(𝑠, 𝑥0),  𝑥̇1(𝑠, 𝑥0), 𝐵𝑥1(𝑠, 𝑥0), )
ℎ(𝑡)

0
 

, 𝐵𝑥̇1(𝑠, 𝑥0))𝑑𝑠− � 𝑔(𝑠, 𝑥0,  𝑥̇0, 𝐵𝑥0, 𝐵𝑥̇0)𝑑𝑠
ℎ(𝑡)

0
� 

 

≤ � �𝑃 � ‖𝑥1(𝑠, 𝑥0) − 𝑥0‖ + ‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖ + ‖𝐵𝑥1(𝑠, 𝑥0) − 𝐵𝑥0‖  
ℎ(𝑡)

0

+ �𝐵 𝑥̇ 1(𝑠, 𝑥0) − 𝐵𝑥̇0� ��  𝑑𝑠 

≤ ℎ𝑃𝑀𝑇 [ (1+𝑄4) + (1+𝑄3
2

) ], 

i.e  𝑧1(t, 𝑥0) ∈ 𝐷4   for all t ∈ [0, 𝑇] and 𝑧0 ∈ 𝐷4𝑓  . 

Now, by mathematical induction we can prove that:- 

‖𝑧𝑚(t, 𝑥0) − 𝑧0(t, 𝑥0) ‖ ≤  ℎ𝑃𝑀𝑇 [ (1+𝑄4) + (1+𝑄3
2

) ], 

i.e  𝑧𝑚(t, 𝑥0) ∈ 𝐷4   for all t ∈ [0, 𝑇] and 𝑧0 ∈ 𝐷4𝑓  . 
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Next, we shall to prove that the sequence of functions (12) uniformly converges on 

the domain (1) . 

By using the sequence of functions ( 12) when  𝑚 = 1 , we get 

‖𝑥̇2(t, 𝑥0) − 𝑥̇1(t, 𝑥0) ‖ 

≤ � 𝐾 [
𝑡

0
‖𝑥1(𝑠, 𝑥0) − 𝑥0‖ + ‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖ + 𝑄1‖𝑥1(𝑠, 𝑥0) − 𝑥0‖ 

+𝑄2‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖ +  𝑃ℎ (‖𝑥1(𝑠, 𝑥0) − 𝑥0‖ + ‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖ ] 

+𝑄3‖𝑥1(𝑠, 𝑥0) − 𝑥0‖ + 𝑄4‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖ ] 𝑑𝑠 

 

≤ Ή1𝑇  ‖𝑥1(t, 𝑥0) − 𝑥0 ‖ + Ή2𝑇 ‖𝑥̇1(t, 𝑥0) −  𝑥̇0  ‖                                  … (18) 

From (16) and   (18) ,the following inequality holds 

‖𝑥̇𝑚+1(t, 𝑥0) −  𝑥̇𝑚(t, 𝑥0)‖ ≤ Ή1𝑇  ‖𝑥𝑚(t, 𝑥0) −  𝑥𝑚−1(t, 𝑥0)‖ + 

                                            Ή2𝑇  ‖𝑥̇𝑚(t, 𝑥0) −  𝑥̇𝑚−1(t, 𝑥0)‖  ,                         … (19) 

and from the sequence of function ( 13), when  𝑚 = 1 , we get 

‖𝑥2(t, 𝑥0) − 𝑥1(t, 𝑥0) ‖ 

≤ � � 𝐾[ ‖𝑥1(𝑠, 𝑥0) − 𝑥0‖ + ‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖ + 𝑄1‖𝑥1(𝑠, 𝑥0) − 𝑥0‖
𝑡 

0

𝑡

0
 

+𝑄2‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖ + 𝑃ℎ ‖𝑥1(𝑠, 𝑥0) − 𝑥0‖ + ‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖ 

+𝑄3‖𝑥1(𝑠, 𝑥0) − 𝑥0‖ + 𝑄4‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖ ] 𝑑𝑠 𝑑𝑠 

≤ Ή1 𝑇2

2
  ‖𝑥1(t, 𝑥0) − 𝑥0 ‖ + Ή2 𝑇2

2
  ‖𝑥̇1(𝑠, 𝑥0) − 𝑥̇0‖                                        … 

(20) 

Also by(17)and  (20) ,the following inequality holds 

‖𝑥𝑚+1(t, 𝑥0) −  𝑥𝑚(t, 𝑥0)‖ ≤ Ή1 𝑇2

2
  ‖𝑥𝑚(t, 𝑥0) −  𝑥𝑚−1(t, 𝑥0)‖ + 

Ή2 𝑇2

2
   ‖𝑥̇𝑚(t, 𝑥0) −  𝑥̇𝑚−1(t, 𝑥0)‖                                                                        … (21) 
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Now, rewrite the inequalities ( 20) and ( 21) in a vector from:- 

�
‖𝑥𝑚+1(t, 𝑥0) −  𝑥𝑚(t, 𝑥0)‖ 
‖𝑥̇𝑚+1(t, 𝑥0) −  𝑥̇𝑚(t, 𝑥0)‖� ≤ �

Ή1 𝑇2

2
   Ή2 𝑇2

2
Ή1𝑇 Ή2𝑇

� �
‖𝑥𝑚(t, 𝑥0) −  𝑥𝑚−1(t, 𝑥0)‖ 
‖𝑥̇𝑚(t, 𝑥0) −  𝑥̇𝑚−1(t, 𝑥0)‖� 

That is 

𝑉𝑚+1(t, 𝑥0) ≤  Ʌ (t) 𝑉𝑚(t, 𝑥0) 

where  𝑉𝑚+1(t, 𝑥0) = �
‖𝑥𝑚+1(t, 𝑥0) −  𝑥𝑚(t, 𝑥0)‖ 
‖𝑥̇𝑚+1(t, 𝑥0) −  𝑥̇𝑚(t, 𝑥0)‖� , 

Ʌ (t) = �
Ή1 𝑡2

2
   Ή2 𝑡2

2
Ή1𝑡 Ή2𝑡

� 

and 

  𝑉𝑚(t, 𝑥0) = �
‖𝑥𝑚(t, 𝑥0) −  𝑥𝑚−1(t, 𝑥0)‖ 
‖𝑥̇𝑚(t, 𝑥0) −  𝑥̇𝑚−1(t, 𝑥0)‖� 

If we assuming the max. of Ʌ (t) in [0,T] we have (Ʌ = 𝑚𝑎𝑥
t ∈[0,𝑇]  Ʌ (t) ) 

which leads to the estimate:- 

�𝑉𝑖 ≤�Ʌ𝑖−1
𝑚

𝑖=1

 𝑉1

𝑚

𝑖=1

                                                                                          … (22) 

where  𝑉1 = �
M  𝑇2

2
M 𝑇 � 

Since the matrix Ʌ has maximum eigen-values 

λ1 = 0  and  λ2 = Ή1 𝑇2+2Ή2𝑇 
2

 <  1 

Then the series (22) is uniformly convergent, i. e. 

lim
𝑚→∞

�Ʌ𝑖−1
𝑚

𝑖=1

𝑉1 = �Ʌ𝑖−1
∞

𝑖=1

𝑉1 = (𝐸 − Ʌ)−1 𝑉1                                                  ⋯ (23) 

The limiting relation (23) signifies a uniform convergence of the sequences of 

functions𝑥𝑚(t, 𝑥0) and 𝑥̇𝑚(t, 𝑥0) in the domain (3.15) as 𝑚 → ∞ . 
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Let 

lim
𝑚→∞

𝑥𝑚 (𝑡, 𝑥0) = 𝑥(𝑡, 𝑥0)       

 lim
𝑚→∞

𝑥̇𝑚 (𝑡, 𝑥0) = 𝑥̇(𝑡, 𝑥0)     �                                                                         ⋯ (24) 

Next , we need to prove 𝑥(t, 𝑥0) ∈ 𝐷 and  𝑥̇∞(t, 𝑥0) ∈ 𝐷1, for all t ∈ [0, 𝑇] 

Taking 

�� � [ 𝑓(𝑠, 𝑥𝑚(𝑠, 𝑥0), 𝑥̇𝑚(𝑠, 𝑥0), 𝐴𝑥𝑚(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇𝑚(𝑠, 𝑥0),� 𝑔 (𝜏, 𝑥𝑚(𝑠, 𝑥0),

ℎ(𝑠)

0
  

𝑥̇𝑚(𝜏, 𝑥0), 𝐵𝑥𝑚(𝜏, 𝑥0), 𝐵𝑥̇𝑚(𝜏, 𝑥0) 𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 − � �  [𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0),
𝑡

0

𝑡

0
 

𝐴𝑥(𝑠, 𝑥0), 𝐴𝑥̇(𝑠, 𝑥0),� 𝑔 �𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0) 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0)�𝑑𝜏 ]𝑑𝑠 𝑑𝑠
ℎ(𝑠)

0
� 

≤ � � 𝐾[ ‖𝑥𝑚(𝑠, 𝑥0) − 𝑥(𝑠, 𝑥0)‖ + ‖𝑥̇𝑚(𝑠, 𝑥0) − 𝑥̇(𝑠, 𝑥0)‖
𝑡 

0

𝑡

0

+ 𝑄1‖𝑥𝑚(𝑠, 𝑥0) − 𝑥(𝑠, 𝑥0)‖ + 𝑄2‖𝑥̇𝑚(𝑠, 𝑥0) − 𝑥̇(𝑠, 𝑥0)‖

+  𝑃ℎ (‖𝑥𝑚(𝑠, 𝑥0) − 𝑥(𝑠, 𝑥0)‖ + ‖𝑥̇𝑚(𝑠, 𝑥0) − 𝑥̇(𝑠, 𝑥0)‖

+ 𝑄3‖𝑥𝑚(𝑠, 𝑥0) − 𝑥(𝑠, 𝑥0)‖ + 𝑄4‖𝑥̇𝑚(𝑠, 𝑥0) − 𝑥̇(𝑠, 𝑥0)‖ )] 𝑑𝑠 𝑑𝑠 

≤ � � [ 𝐾( 1 + Q1 + P h +  Q3P h )‖𝑥𝑚(𝑠, 𝑥0) − 𝑥(𝑠, 𝑥0)‖
𝑡

0

𝑡

0
 

𝐾(1 + Q2 + Ph + Q4P h )‖𝑥̇𝑚(𝑠, 𝑥0) − 𝑥̇(𝑠, 𝑥0)‖ ]  𝑑𝑠 𝑑𝑠 

≤ Ή1� �  ‖𝑥𝑚(𝑠, 𝑥0) − 𝑥(𝑠, 𝑥0)‖
𝑡

0

𝑡

0
𝑑𝑠 𝑑𝑠 +Ή2 � � ‖𝑥̇𝑚(𝑠, 𝑥0)

t

0

t

0

− 𝑥̇(𝑠, 𝑥0)‖ 𝑑𝑠 𝑑𝑠 

From ( 24), we assume that 

‖𝑥𝑚((𝑡, 𝑥) −   𝑥(𝑡, 𝑥) ‖ ≤ ∈1    and  ‖𝑥̇𝑚((𝑡, 𝑥) −  𝑥̇(𝑡, 𝑥) ‖ ≤ ∈1 

There fore 

�� � [ 𝑓(𝑠, 𝑥𝑚(𝑠, 𝑥0), 𝑥̇𝑚(𝑠, 𝑥0), 𝐴𝑥𝑚(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇𝑚(𝑠, 𝑥0),� 𝑔 (𝜏, 𝑥𝑚(𝑠, 𝑥0),

ℎ(𝑠)

0
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𝑥̇𝑚(𝜏, 𝑥0), 𝐵𝑥𝑚(𝜏, 𝑥0), 𝐵𝑥̇𝑚(𝜏, 𝑥0) 𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 − � �  [𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0),
𝑡

0

𝑡

0
 

𝐴𝑥(𝑠, 𝑥0), 𝐴𝑥̇(𝑠, 𝑥0),� 𝑔 �𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0) 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0)�𝑑𝜏 ]𝑑𝑠 𝑑𝑠
ℎ(𝑠)

0
� 

≤ Ή1 � � ( ∈1
𝑡

0

𝑡

0
) 𝑑𝑠 𝑑𝑠 +  Ή2  � � (∈1)𝑑𝑠 𝑑𝑠

t

0

t

0
 

≤ ∈1 (  (Ή1+Ή2) 𝑇2

2
 ) 

≤ ∈    , for all   m ≥ 0   , where   ∈1 =  2∈
(Ή1+Ή2) 𝑇2

 

So that 

lim
𝑚→∞

� � [ 𝑓(𝑠, 𝑥𝑚(𝑠, 𝑥0), 𝑥̇𝑚(𝑠, 𝑥0), 𝐴𝑥𝑚(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇𝑚(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑥𝑚(𝜏, 𝑥0), 𝑥̇𝑚(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑥𝑚(𝜏, 𝑥0), 𝐵𝑥̇𝑚(𝜏, 𝑥0) 𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 

− � � [ 𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0) 𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 

= � � [ 𝑓(𝑠, 𝑥𝑚(𝑠, 𝑥0), 𝑥̇𝑚(𝑠, 𝑥0), 𝐴𝑥𝑚(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇𝑚(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑥𝑚(𝜏, 𝑥0), 𝑥̇𝑚(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑥𝑚(𝜏, 𝑥0), 𝐵𝑥̇𝑚(𝜏, 𝑥0) 𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 

− � � [ 𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0) 𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 

Thus  𝑥(t, 𝑥0) ∈ 𝐷 ,  𝑥̇∞(t, 𝑥0) ∈ 𝐷1 and 𝑥(t, 𝑥0) is a solution of (P). 
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Theorem 3.(Uniqueness  Theorem ). 

        If the solution of the problem (P).   satisfying the inequalities and all 

conditions of theorem 2 , then the solution 𝑥(t, 𝑥0) is a unique of the problem (P). 

Proof. Suppose that  𝑟(𝑡, 𝑥0)  is another conditions solution of (P), then 

𝑟(t, 𝑥0) = 𝑥0 + 𝑥̇0𝑡 +  � � [𝑓(𝑠, 𝑟(𝑠, 𝑥0), 𝑟̇(𝑠, 𝑥0), 𝐴𝑟(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑟̇(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑟(𝜏, 𝑥0), 𝑟̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑟(𝜏, 𝑥0), 𝐵𝑟̇(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 

and 

𝑟̇(t, 𝑥0) = 𝑥̇0 + � [𝑓(𝑠, 𝑟(𝑠, 𝑥0), 𝑟̇(𝑠, 𝑥0), 𝐴𝑟(𝑠, 𝑥0), 𝐴𝑟̇(𝑠, 𝑥0),
𝑡

0
 

� 𝑔 (𝜏, 𝑟(𝜏, 𝑥0), 𝑟̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑟(𝜏, 𝑥0), 𝐵𝑟̇(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 

Taking 

‖𝑥(𝑡, 𝑥0) − 𝑟(t, 𝑥0)‖ 

≤ � � [ 𝐾( 1 + Q1 + P h +  Q3P h )‖𝑥(t, 𝑥0) −  𝑟(𝑡, 𝑥0) ‖  
𝑡

0

𝑡

0
 

+𝐾(1 + Q2 + P h + Q4P h ) ‖𝑥̇(𝑡, 𝑥0) −  𝑟̇(𝑡, 𝑥0) ‖] 𝑑𝑠 𝑑𝑠 

≤ Ή1𝑇2

2
 ‖𝑥(t, 𝑥0) −  𝑟(𝑡, 𝑥0) ‖ + Ή2𝑇2

2
 ‖𝑥̇(𝑡, 𝑥0) −  𝑟̇(𝑡, 𝑥0) ‖                            … 

(25) 

and 

‖𝑥̇(𝑡, 𝑥0) −  𝑟̇(𝑡, 𝑥0) ‖ = �𝑥0 + � [𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0), 𝐴𝑥̇(𝑠, 𝑥0),
𝑡

0
 

� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0) 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0) ) 𝑑𝜏] 𝑑𝑠 −
ℎ(𝑠)

0
𝑥0 − � [𝑓(𝑠, 𝑟(𝑠, 𝑥0),

𝑡

0
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𝑟̇(𝑠, 𝑥0), 𝐴𝑟(𝑠, 𝑥0), 𝐴𝑟̇(𝑠, 𝑥0),� 𝑔 (𝜏, 𝑟(𝜏, 𝑥0),
ℎ(𝑠)

0
𝑟̇(𝜏, 𝑥0) 𝐵𝑟(𝜏, 𝑥0), 𝐵𝑟̇(𝜏, 𝑥0))𝑑𝜏] 𝑑𝑠‖ 

≤ � �𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0), 𝐴𝑥̇(𝑠, 𝑥0),� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0),   
ℎ(𝑠)

0

𝑡

0
 

𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0)) 𝑑𝜏 − 𝑓(𝑠, 𝑟(𝑠, 𝑥0), 𝑟̇(𝑠, 𝑥0), 𝐴𝑟(𝑠, 𝑥0), 𝐴𝑟̇(𝑠, 𝑥0), 

             � 𝑔 (𝜏, 𝑟(𝜏, 𝑥0), 𝑟̇(𝜏, 𝑥0) 𝐵𝑟(𝜏, 𝑥0), 𝐵𝑟̇(𝜏, 𝑥0) 𝑑𝜏
ℎ(𝑠)

0
�  𝑑𝑠 

≤ Ή1𝑇 ‖𝑥(t, 𝑥0) −  𝑟(𝑡, 𝑥0) ‖ + Ή2𝑇 ‖𝑥̇(𝑡, 𝑥0) −  𝑟̇(𝑡, 𝑥0) ‖                             … 

(26) 

From (25) and (26) we have 

� 
‖𝑥(t, 𝑥0) − 𝑟(𝑡, 𝑥0) ‖    
‖𝑥̇(𝑡, 𝑥0) − 𝑟̇(𝑡, 𝑥0) ‖   � ≤ �

Ή1𝑇2

2
   Ή2𝑇2

2
  

Ή1𝑇 Ή2𝑇  
� � 

‖𝑥(t, 𝑥0) −  𝑟(𝑡, 𝑥0) ‖    
‖𝑥̇(𝑡, 𝑥0) −  𝑟̇(𝑡, 𝑥0) ‖   � 

By the condition  𝜆𝑚𝑎𝑥( Ʌ) < 1 , then 

� 
‖𝑥(t, 𝑥0) −  𝑟(𝑡, 𝑥0) ‖  
‖𝑥̇(𝑡, 𝑥0) −  𝑟̇(𝑡, 𝑥0) ‖   �  <  � 

‖𝑥(t, 𝑥0) −  𝑟(𝑡, 𝑥0) ‖   
‖𝑥̇(𝑡, 𝑥0) −  𝑟̇(𝑡, 𝑥0) ‖   � , 

This is contradiction , then � 
‖𝑥(t, 𝑥0) −  𝑟(𝑡, 𝑥0) ‖    
‖𝑥̇(𝑡, 𝑥0) −  𝑟̇(𝑡, 𝑥0) ‖   � = �00� 

Therefore   𝑥(t, 𝑥0) =  𝑟(𝑡, 𝑥0)  ,  𝑥̇(𝑡, 𝑥0) =  𝑟̇(𝑡, 𝑥0)  and hence 𝑥(t, 𝑥0) is a 

unique solution of the problem (P) . 

III.Stability solution of (P). 

         In this section, we study the stability theorem for the solution of the problem 

(P). 

Theorem 4. (stability theorem) : Assume that all inequalities and conditions of 

theorem 1 are satisfies, then the solution of  the problem( P),  is stable for all  

𝑡 ≥ 0 . 

Proof.  Let 𝑟(t, 𝑥0) and 𝑟̇(t, 𝑥0) be any two solutions of the problem (P). 

Then 
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𝑧(t, 𝑥0) = 𝑧0 + 𝑧̇0𝑡 +  � � [𝑓(𝑠, 𝑧(𝑠, 𝑥0), 𝑧̇(𝑠, 𝑥0), 𝐴𝑧(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑧̇(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑧(𝜏, 𝑥0), 𝑧̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑧(𝜏, 𝑥0), 𝐵𝑧̇(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 

and 

𝑧̇(t, 𝑥0) = 𝑧̇0 + � [𝑓(𝑠, 𝑧(𝑠, 𝑥0), 𝑧̇(𝑠, 𝑥0), 𝐴𝑧(𝑠, 𝑥0), 𝐴𝑧̇(𝑠, 𝑥0),
𝑡

0
 

� 𝑔 (𝜏, 𝑧(𝜏, 𝑥0), 𝑧̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑧(𝜏, 𝑥0), 𝐵𝑧̇(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 

Taking 

‖𝑥(𝑠, 𝑥0) − 𝑧(t, 𝑥0)‖ =  �𝑥0 + 𝑥̇0𝑡 + � � [ 𝑓(𝑡, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 

𝐴𝑥̇(𝑠, 𝑥0),� 𝑔 (𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐵𝑥(𝑠, 𝑥0), 𝐵𝑥̇(𝑠, 𝑥0) 𝑑𝑠 ]𝑑𝑠 𝑑𝑠 −
ℎ(𝑡)

0
𝑧0 − 𝑧̇0𝑡 

−� � [ 𝑓(𝑡, 𝑧(𝑠, 𝑥0), 𝑧̇(𝑠, 𝑥0), 𝐴𝑧(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑧̇(𝑠, 𝑥0),� 𝑔 (𝑠, 𝑧(𝑠, 𝑥0),

ℎ(𝑡)

0
 

𝑧̇(𝑠, 𝑥0) , 𝐵𝑧(𝑠, 𝑥0), 𝐵𝑧̇(𝑠, 𝑥0) 𝑑𝑠 ] 𝑑𝑠 𝑑𝑠‖ 

 

≤ ‖𝑥0 + 𝑥̇0𝑡 − 𝑧0 − 𝑧̇0𝑡‖ + � � ‖𝑓(𝑡, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0), 𝐴𝑥̇(𝑠, 𝑥0),
𝑡

0

𝑡

0
 

� 𝑔 (𝑠, 𝑥(𝑠, 𝑥0),
ℎ(𝑡)

0
𝑥

̇
(𝑠, 𝑥0) 𝐵𝑥(𝑠, 𝑥0), 𝐵𝑥̇(𝑠, 𝑥0) 𝑑𝑠 − 𝑓(𝑡, 𝑧(𝑠, 𝑥0), 𝑧̇(𝑠, 𝑥0), 

𝐴𝑧(𝑠, 𝑥0), 𝐴𝑧̇(𝑠, 𝑥0),� 𝑔 (𝑠, 𝑧(𝑠, 𝑥0), 𝑧̇(𝑠, 𝑥0) 𝐵𝑧(𝑠, 𝑥0), 𝐵𝑧̇(𝑠, 𝑥0) 𝑑𝑠
ℎ(𝑡)

0
�  𝑑𝑠 𝑑𝑠 

By the definition of stability for  ‖𝑥0 + 𝑥̇0𝑡 − 𝑧0 − 𝑧̇0𝑡‖ ≤  δ1  we get 

 

≤ δ1 + Ή1𝑇2

2
 ‖𝑥(t, 𝑥0) −  𝑧(𝑡, 𝑥0) ‖  +  Ή2𝑇2

2
 ‖𝑥̇(𝑡, 𝑥0) −  𝑧̇(𝑡, 𝑥0) ‖ ,          … (27) 
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‖𝑥̇(𝑡, 𝑥0) −  𝑧̇(𝑡, 𝑥0) ‖ = �𝑥0 + � [𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0), 𝐴𝑥̇(𝑠, 𝑥0),
𝑡

0
 

� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0) 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0) ) 𝑑𝜏] 𝑑𝑠 −
ℎ(𝑠)

0
𝑧0 − � [𝑓(𝑠, 𝑧(𝑠, 𝑥0),

𝑡

0
 

𝑧̇(𝑠, 𝑥0), 𝐴𝑧(𝑠, 𝑥0), 𝐴𝑧̇(𝑠, 𝑥0),� 𝑔 (𝜏, 𝑧(𝜏, 𝑥0),
ℎ(𝑠)

0
𝑧̇(𝜏, 𝑥0) 𝐵𝑧(𝜏, 𝑥0), 𝐵𝑧̇(𝜏, 𝑥0))𝑑𝜏] 𝑑𝑠‖ 

≤ ‖𝑥0 − 𝑧0‖ + � ‖𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0), 𝐴𝑥̇(𝑠, 𝑥0),
𝑡

0
 

, � 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0),   
ℎ(𝑠)

0
𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0)) 𝑑𝜏 − 𝑓(𝑠, 𝑧(𝑠, 𝑥0), 𝑧̇(𝑠, 𝑥0) 

           , 𝐴𝑧(𝑠, 𝑥0), 𝐴𝑧̇(𝑠, 𝑥0),� 𝑔 (𝜏, 𝑧(𝜏, 𝑥0), 𝑧̇(𝜏, 𝑥0) 𝐵𝑧(𝜏, 𝑥0), 𝐵𝑧̇(𝜏, 𝑥0) 𝑑𝜏
ℎ(𝑠)

0
�  𝑑𝑠 

And also by the definition of stability for  ‖𝑥0 − 𝑧0‖ ≤  δ2  we get 

 

≤ δ2  + Ή1𝑇 ‖𝑥(t, 𝑥0) −  𝑟(𝑡, 𝑥0) ‖ + Ή2𝑇 ‖𝑥̇(𝑡, 𝑥0) −  𝑟̇(𝑡, 𝑥0) ‖               … (28) 

From (27) and (28) we find that 

� 
‖𝑥(t, 𝑥0) − 𝑧(𝑡, 𝑥0) ‖    
‖𝑥̇(𝑡, 𝑥0) − 𝑧̇(𝑡, 𝑥0) ‖   �

≤ �
δ1
δ2
� + �

Ή1𝑇2

2
   

Ή2𝑇2

2
  

Ή1𝑇 Ή2𝑇  
� � 

‖𝑥(t, 𝑥0) −  𝑧(𝑡, 𝑥0) ‖    
‖𝑥̇(𝑡, 𝑥0) −  𝑧̇(𝑡, 𝑥0) ‖   � 

And hence 

� 
‖𝑥(t, 𝑥0) − 𝑧(𝑡, 𝑥0) ‖    
‖𝑥̇(𝑡, 𝑥0) − 𝑧̇(𝑡, 𝑥0) ‖   � ≤ �

∈ 1
∈ 2

� 

So that the solution of (P)  is stable for all  t ∈ [0, 𝑇] 

V.Existence and uniqueness solution of (P) . 

           In this section, we prove the existence and uniqueness theorem of (P) by 

using  Banach fixed point theorem . 
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Theorem 5. (Banach fixed point theorem). Let the vector functions 

𝑓(𝑡, 𝑥, 𝑥,̇ 𝑦, 𝑦,̇ 𝑧) and 𝑔(𝑡, 𝑥, 𝑥,̇ 𝑤, 𝑤̇) of the  problem  (P) are defined and 

continuous on the domain (1) and satisfies assumptions and all conditions of 

theorem 1 . Then the problem (P) has a unique continuous solution on the domain 

(1). 

 

Proof .Let (C [0,T]  , ‖. ‖ ) be a Banach space and 𝑇∗ be a mapping on  C[0,T]   as 

follows :- 

𝑇∗𝑥(𝑡, 𝑥0) = 𝑥0 + 𝑥̇0𝑡 +  � � [𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 

and 

𝑇∗𝑥̇(𝑡, 𝑥0) = 𝑥̇0 +  � [𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0)
𝑡

0
, 𝐴𝑥̇(𝑠, 𝑥0), 

                            � 𝑔 (𝜏, 𝑥(𝜏, 𝑥0),
ℎ(𝑠)

0
𝑥

̇
(𝜏, 𝑥0), 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 

Since ∫ 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0)ℎ(𝑠)
0 , 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0) )𝑑𝜏  is continuous on the 

same domain (1) and also 

� � [𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇(𝑠, 𝑥0),

� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 

is continuous on the same domain . 

There fore   𝑇∗: C [0,T]   ⟶ C [0,T] . 

Now,  we  shall to prove that 𝑇∗ is a contraction mapping on C [0,T]   . 
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Let  𝑥(t, 𝑥0) , 𝑧(t, 𝑥0) be a vector functions on C [0,T] , then 

‖ 𝑇∗ 𝑥(t, 𝑥0) − 𝑇∗ 𝑧(t, 𝑥0) ‖ 

≤   � �  
𝑡

0

𝑡

0
𝑡∈[0,𝑇]
𝑚𝑎𝑥 | 𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0), 𝐴𝑥̇(𝑠, 𝑥0),� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0),

ℎ(𝑠)

0
 

𝑥̇(𝜏, 𝑥0), 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0) ) 𝑑𝜏 −  𝑓(𝑠, 𝑧(𝑠, 𝑥0), 𝑧̇(𝑠, 𝑥0), 𝐴𝑧(𝑠, 𝑥0), 𝐴𝑧̇(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑧(𝜏, 𝑥0), 𝑧̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑧(𝜏, 𝑥0), 𝐵𝑧̇(𝜏, 𝑥0)) 𝑑𝜏 | 𝑑𝑠 𝑑𝑠 

 

≤ Ή1𝑇2

2
 ‖𝑥(t, 𝑥0) −  𝑧(𝑡, 𝑥0) ‖ + Ή2𝑇2

2
 ‖𝑥̇(𝑡, 𝑥0) −  𝑧̇(𝑡, 𝑥0) ‖                           … 

(29) 

and  also by the  same method ,we have 

‖ 𝑇∗ 𝑥̇(𝑡, 𝑥0) − 𝑇∗ 𝑧̇(𝑡, 𝑥0) ‖ 

≤  𝑡∈[0,𝑇]
𝑚𝑎𝑥  � |𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0), 𝐴𝑥̇(𝑠, 𝑥0),

𝑡

0
� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0),
ℎ(𝑠)

0
 

𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0) )𝑑𝜏 −  𝑓(𝑠, 𝑧(𝑠, 𝑥0), 𝑧̇(𝑠, 𝑥0), 𝐴𝑧(𝑠, 𝑥0), 𝐴𝑧̇(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑧(𝜏, 𝑥0), 𝑧̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑧(𝜏, 𝑥0), 𝐵𝑧̇(𝜏, 𝑥0))𝑑𝜏 | 𝑑𝑠 

≤ Ή1𝑇 ‖𝑥(t, 𝑥0) −  𝑧(𝑡, 𝑥0) ‖ + Ή2𝑇  ‖𝑥̇(𝑡, 𝑥0) −  𝑧̇(𝑡, 𝑥0) ‖                       … (30) 

Rewrite ( 29) and (30) in a vector form 

�  
‖𝑇∗ 𝑥(t, 𝑥0) − 𝑇∗ 𝑧(𝑡, 𝑥0) ‖    
‖𝑇∗ 𝑥̇(𝑡, 𝑥0) − 𝑇∗   𝑧̇(𝑡, 𝑥0) ‖    � ≤ 

�
Ή1𝑇2

2
   Ή2𝑇2

2
  

Ή1𝑇 Ή2𝑇  
� � 

‖𝑥(t, 𝑥0) −  𝑧(𝑡, 𝑥0) ‖     
‖𝑥̇(𝑡, 𝑥0) −  𝑧̇(𝑡, 𝑥0) ‖    � 

            By the condition 𝜆𝑚𝑎𝑥 Ʌ < 1 , then  𝑇∗ is a contraction mapping ,thus by Banach 

fixed point theorem, then there exists a fixed point  𝑥(t, 𝑥0) in                                    

C[0,T] , such that  𝑇∗ 𝑥(t, 𝑥0) = 𝑥(t, 𝑥0) . 

There fore 
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𝑥(𝑡, 𝑥0) = 𝑥0 + 𝑥̇0𝑡 +  � � [𝑓(𝑠, 𝑥(𝑠, 𝑥0), 𝑥̇(𝑠, 𝑥0), 𝐴𝑥(𝑠, 𝑥0)
𝑡

0

𝑡

0
, 𝐴𝑥̇(𝑠, 𝑥0), 

� 𝑔 (𝜏, 𝑥(𝜏, 𝑥0), 𝑥̇(𝜏, 𝑥0)
ℎ(𝑠)

0
, 𝐵𝑥(𝜏, 𝑥0), 𝐵𝑥̇(𝜏, 𝑥0)𝑑𝜏 ] 𝑑𝑠 𝑑𝑠 

is a unique continuous solution of the problem (P) . 
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