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Regular Elements of the Semigroup s, (o) defined
by Semilattices of the Class s,(x.s) when z, =2

Giuli Tavdgiridze , Yasha Diasamidze

In this paper we give a full description of regular elements of the semigroup By (D) which are defined by
semilattices of the class X, (X,8). For the case where X-is a finite set we derive formulas by means of which we can

calculate the numbers of regular elements of the respective semigroups. In this subsection it is assume that Z, =&
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Definition 1.1. An element « taken from the semigroup B, (D) is colled a regular element

of B, (D), ifin B, (D) there exists an element 3 suchthat ¢ foa=a.

Definition 1.2. A one-to-one mapping ¢ between the complete X — semilattices of unions

D’ and D" is called a complete isomorphism if the condition

(D))= U o(T')

T'eD,
is fulfilled for each nonempty subset D, of the semilattice D’ (see [1],[2] Definition 6.3.2).
Definition 1.3. Let o be some binary relation of the semigroup B, (D) We say that a

complete isomorphism ¢ between the complete semilatices of unions Q and D’ is a complete
o —isomorphism if

a) Q=V(D,a);

b) ¢(D)=0 for IeV(D,a) and ¢(T)a=T forall TeV(D,a) (see [1],[2] Definition
6.3.3).
Theorem 1.1. Let D be a finite X — semilattice of unions and « € B, (D); D(«) be the set of

those elements T of the semilattice Q =V (D, )\ {&} which are nonlimiting elements of the
set QT . Then a binary relation « having a quasinormal

representation of the form = | J (Y,“xT) is a regular element of the semigroup B, (D)
TeV(D,2)

iff V(D,a) is a Xl —semilattice of unions and for «—isomorphism ¢ of the semilattice
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V(D,a) on some X —subsemilattice D’ of the semilattice D the following conditions are

satisfied:

a) |J Y oe(T)forall TeD(a);

T’elj(a)T

b) Y ne(T)=@ for all nonlimiting element T of the set D(a). (see [1],[2] Theorem

6.3.3).
Theorem 1.2. Let R be the set of all regular elements of the semigroup B, (D) Then the

following statements are true:

a) R(D')nR(D")=¢ forany D',D"eZX, (D) and D' D";

b)R= |J R(D');

D'eZy (D)

¢)if X isafinite set, then [R|= Y |R(D’)| (see [1],[2] Theorem 6.3.6).

D'eZy (D)

Theorem 1.3. Let D={Z7,ZS,Z5,Z4,ZS,ZZ,21,f)}eZS(X,B) and z,=9. Then a binary relation
« of the semigroup B, (D) that has a quasinormal representation of the form to be given below is

a regular element of this semigroup iff there exist a complete «-isomorphism ¢of the
semilattice v (D,a) on some subsemilattice D' of the semilattice D that satisfies at least one of

the following conditions:

1) a=9;

2) 0!=(Y7“><®)u(YT‘?><T'), where @#T'eD, Y/ ¢{Q}, and satisfies the conditions: Y/ o2&,
Y no(T)2D,;

3) a=(Yyx@)u(YixT)u(YExT"), where @=T'cT’eD, YiY:¢{0}, and satisfies the
conditions: Y/ 2@, YUY 2o(T'), Y ne(T) 2D, Y. ne(T") = J;

4) a=(Y x@)u(YExT)u(YExT)u(¥ixT"), where @#T'cT"cT"eD, VY/,Y54 Y ¢{@}, and
satisfies the conditions: Y/ 2@, YUY 20(T'), Y/ UYIUYSoe(T"), Y ne(T)2D,
Yine(T) =D, Yine(T") =D ;

5) az(fo@)u(YT"xT)u(Y{fxT')u(Y{ixT")u(Yo“xlj), where Z, #T cT'cT"cD, Y Y2 Y5 Y (@},
and satisfies the conditions: Y/ 2d, YUY 20(T), YSUYSUY 20(T),
YUY O OYE oe(T"), Y ne(T)2@, Y ne(T) 2D, Yine(T") 2D, Y7 nD=O;

6) a=(Y; x@) (Y xT)U(YixT )Y x(T'UT")), where T\T" =@, T'\T'=@, Y Y ¢{2} and
satisfies the conditions: Y,* UY? 29(T'), Y, UY 20(T"), Y ne(T) 2D, Yine(T") =D ;
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7) =Y x@)u(YExT )oY xT ) U xT") U x(T"UT")), where, @=T'cT", @=T'cT", T\T" 2 D,
T"\T"2Q Y. Y. Y.¢{@} and satisfies the conditions: Y/ 2@ YUY 2T, YUY UY: T,
YUY UYL T YnNT 20, YnNT" 20, Y.nT" 20 .

8) a=(Y, x@)u (Y xT)u(Yy xZ,)u (Y, xZ,)u (Y xZ, )u (Y, xD), where  Te{Z,Z}, Y Y7 Y Y, ¢{2}
and satisfies the conditions: Y/ 2@, YUY oe(T), YSUYSUY20(Z,),
YUY OYSOY 20(Z,), YOO U 00(Z), Y ne(T)2d, YinZ,#0 Y,'nZ,#d,
Y'NZ, #D

9)  a=(YxB)u(Y xZ)u (Y xZ,)u(Yy xZ,)u (Y xZ,)u(Ys xD), where  z,cz,, Z,cz,
Z,\2,#QD, Z,\Z, =D Y VY9 Yy ¢ (@) and satisfies the conditions: Y, 2@, Y/ UY 2 Z,
YUY U DZ, YUY Y 02, YENZ 2D, Y N2, 2D, YINZ, 2D, Yy nD#J;

10) @ =(Y x@)u(YexT )oY xT ) U(Yp x(T'UT"))u (2 xT"), where, T\T =@, T'\T'20J,
TUT"cT” Y/ YeY.e{@} and satisfies the conditions: YUY 2p(T'), Y/ UYi2e(T"),
Y np(T)2D, Yo ne(T") =D, Yine(T")+J;

11) a=(Y x@)U(Yy xZ) U (¥ xZs)u(Ys xZ, )u(Y xT)u(Ys xD), where Te{Z,Z}, YY" ¥\ ¢{d} and
satisfies the conditions:, Y,/ UYy 2 Z;, Y, UYS 2Z; Y/ UYS UY UY, UY 2o(T), Yo NZ, 2D,
VL 22 Y NT#D, Y, nD#Q;

12) a = (Y x @)oY xT ) O (YT ) O (Y x(TOT ) O (Y xT ) U(Yy e x (T'OT"OT™)), Where
TA\T"20, T\T'#@, T'cT", (TUT'N\T"2g, T"\(T'UT")2@, , YAYAYAYe . .¢[@ and
satisfies the conditions:, Y/ UY 2oe(T'), Y/ UYioe(T") YUY UYL 2e(T"),
Yine(T) =D, Yine(T)20 Yane(T") 2D ;

13)  a=(x@)u(YexZg)u(Yy xZ)u(Yy xZ, )oY xZ, )u(Y xZ, )u(Yy xD), where  Z,<Z,, Z,cZ,
Z\2,#2D, Z\2,#D, Z,cZ,, Z\L,#D, Z,\Z,#D, , Y, Y Y YY"V, ¢{@] and satisfies the
conditions: Y, 2Z,, YUY/ 2Z, YUY UYD2Z,, YUY UY, 2Z,, YSUYSUYSUYDZ,
YonZ#D, Yy N2, 2D,V nZ,#D Y'NZ D,

14) a =(Y xB)u(Yy x Zy ) U (Ve X ZgJu (Vs xZ, ) (Y xZ, ) o(¥ xZ,)u(Yy xD), where, Z,cZ,,
YEYE XYY ¢{@) and satisfies the conditions: YUY 2Z;, YUY 2Z;, YUY, LY 2Z;,
YONZ 2D, Y N2 2D, YN, #D Y nD#J;

15)  a=(Y;x@)u(Yy xZyJu (¥ xZs)u (Vi xZ, ) (¥ xZ,)u (Y xZ,)u(Ys xD), where Y Y YY)V ¢{d) and
satisfies ~ the  conditions: Y uY/2Z,, YUY 2Z, YUY UYSUY)OY, 2Z,,
| SSV) ARV ARV (ulV) A= VAR AN VAR JONA AN VAE IO NE ANQVAE JGE ANaVAE SN

16) a=(1y x@)u(¥y xZ (¥ xZ (¥ xZ, (¥ xZ, (¥ xZ, (1 xZ )oYy D), Where, ¥V YV Y efg) and
satisfies ~ the  conditions: Y o0 YAOYS 2Z,, YOOUYS 2Z,, YUY UYSoZ,,
\ESV) SV AV) V) Sla DA AN VAL 0 I AN VAR N ANQVAE N ANQVAE SUN

(see Theorem 1.1 in[3])
Lemma 1.1
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a) |R* (Q1)| =1;

b) m, (2\T\_1)'2\X\T'\;
|R Q)| =my (2" =1)- (371 2. (47T g 4T

e) m, (2" -1)-(37" - \T\T\).(4\T~w'\_3\r~m)_(5\6w~\_ 4\w\)_5\m\;

f) |R* (Qs )| = 2.my-(277 ) (2771 1) 4T

0) [R*(Q)|=2-m, (271 -2)-27 I (37T (7T g ) g

) R Q2 (27 (3512 ) 61

Q= -] (g s g0 g
DR (Q)=2-m, (277" -1) (2™ _1).(5\T*\<Tw>\ _4\T”’\(T’vT”)‘)-S‘X\T»«‘ ;

k) |R(Qu)| =2-my-(2""" ~1) (27" 1) (57" _4T"\Za).(ew" _5Dw"].6m :

)[R (Qu)|=my (277 =) (27 ) (T Q) g

)[R (Qu)| = m, (271 ~1)- 2Bl (gl i) (g8l g (42E _geal). 70,
)[R (Qu)| = my (2% —1)- (2515 1) (g1 2 ) (70 6P ) 7
0 Q=4 (24 - (4 ) 21 (g g 7

p) |R* (Q]_G )| _ (2\25\23\ _1). 0l25\2| .(2\25\26\ _1),(3\23\22\ _2\23\22\).(5\22\;\ _4\z2\z1\)_8\xu5\
(see Lemma 1.1 in [3])
1) Lemma 1.2. Let D={7,2,,2,2,2,2,2,D}e%,(X,8) and z, =@ . Then |R"(Q,)| =1.

(see Lemma 1.2 in [3])

2) Now let binary relation « of the semigroup B, (D) satisfying the condition b) of the
Theorem 1.3 In this case we have Q, ={@,T'}, By definition of the semilattice D follows that

Q9 ={{®,D},{®,ZG},{®,ZS} (2.2,}(9,25}.(2,2,} {2.2,}}

It is easy to see |#(Q,,Q,) =1 and |Q(Q,)|=7 . Assume that
D{:{QD}: D; ={@.Zs}, D3 ={D,Zs}, Dy ={@.2,}, D5 ={2,Zs}, Dé:{gvzz}vaz{Qzl}
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Lemma 1.3. Let X be afinite set, D={Z7,ZG,ZS,ZA,ZS,22,ZI,5}eZs(X,S) and z, =2 . Then

R* (Qz )‘ = 7.(2"5‘ _1)2‘)(\'5‘ .

(see Lemma 1.3in [3])
c) Now let binary relation « of the semigroup B, (D) satisfying the condition c) of the

Theorem 1.3 In this case we have Q, ={@&,T",T"}, where T, T"eD and @=T'<T". By definition

of the semilattice D follows that

Qb ={{2.2,6),(0.2,,5].(0.2,,6).{8.2,,D}.(2.2,,5].(2.2,,5] (2.2,,2,}.
(8,26, 2,) (D, 26,2,}(D. 25,24} 18,25, 23}, {D.,25,2,} (D, 25,2} {@. 24, 2,
{2.2,,2,}.{@.,2,,2,}}

Itis easy to see |®(Q;,Qs)[=1and [Q(Q,)|=16.assume that
D/ ={@,2,,D}, D;={2,2,,D}, D;={@,Z;,D}, D;={@,2,,D}, D;={ D},
D ={@.2.D}, Dj={D.25,2,}, D§={.2.2,}, D4 ={@,26.2,}, D}y ={@.,Z5,2,},

Dy ={@,Zs.23}. D1, :{@25122}: Dis :{QYZS’Zl}' D1y :{6’24’22}’ Dis :{6’24121}’
Dl :{Q'ZSIZl}

Lemma 1.4. Let X be a finite set, D={z,,2,,2,2,2,,,.2,0}x,(X.8) and z, =@ Then
6

Q3)|=Z|R )| +[R(D})AR(DY)

—-|R(D}) " R( | |R )"R(D;)|-|R(D;)"R(D;)

~|R(D5)R( )R (D;)|-|R(D;)R(D;)
(see Lemma 1.4 in [3])

Lemma 1.5. Let D={7,,2,,2,,2,,2,,2,,Z,,D} e3,(X,8) and Z, =& . Then

R* (Qs)‘:m' ozl _q).[ 402 _ Pzl gxiof
+16.( 2%l _1 3\5\22\_2\5\22 .3‘X\D‘+
+16-( 2%l -
+16.( 2%l _1
+16.(2% _1
+16.( 2%l _1).
+16.22\%sl . (l7s] _q). 3\5\21\_2\5\4\ _
1692 (o2l _q) (402l _, Pz

.3\X\|5\_

3\5\23\ _2\5\23\ ‘3\X\D\ N
_ 3\5\24\ _2\5\24\ .3‘X\D‘ N
. 3\5\25\ _Z\D\zs\ .3‘X\D‘+
S\D\zﬁ\_z\t‘)\ze\ .3\><\f>\
3\X\D\+
3\x\D\_

_16- 22\l [olZa] _q). 3"5\21‘ _2"5\21‘

_16.2‘22\24‘ . 2‘24\ _1). S‘D\ZQ‘ _Z‘D\Z2
_16. 212\l (9lzsl _q). 3\5\23\_2\5\23\ .

.9X0] _
Jool
_16.2020\%sl [zl _1).[gP\2l _ o0z} gx1D] _

_16.224%l [ olzsl _1).[gP\%| _ oP\zi]") gx\D|
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d’) Now let binary relation « of the semigroup B, (D) satisfying the condition d) of the
Theorem 1.3 In this case we have Q, ={&,T',Z,Z'}, where T',.Z,Z'eD and @=T'czZcz'. By
definition of the semilattice D follows that

Qu% ={{®,z6,z4,|5}, @{2;,24.2,,D}, {©,25,2,,D}, {@,25,2,,0}, {@,Z5,25,D},

{@,25,2,,0}, {©,25,2,,0}, {®,2,,2,,D}, {®,2,,2,,0}, {@,25,2,,}

{®,25,24,Zz}, {®’ZS'Z4121}’ {@,25,23,21}, {® L, 24,2 } {® 2672411}
It is easy to see | (Q,,Q,)|=1 and |Q(Q,)|=15. Assume that

Dl—{® Z5,24,D},D; ={@,25,2,,D},D; ={@,Z,,2,,D},D; ={2,Z5,2,,D},

5 ={2.25,25,D},0 ={@,25,2,,D}, D} ={@,25,2,,0},05 ={®,2,,Z,,D}, |
Dg—{g Zy 2y, } Dlo—{®,23,21,D},D1’1:{®,26,24,Zz},D1'2 ={2.2,2,,2,}
Dis ={D,25,24,2,),D{y = {D,Z5,24,2,} , D5 ={D,Z5,23,2,},

Lemma 1.6. Let X be a finite set, D={z,,2,,2,2,2,,,.2,D}%,(X.8) and z, =@. Then

R*(Q4)\—ZIR(D{)I—IR(D{)mR(D&)—IR(Dl’)ﬂR(D’)I—
-[R(D5) AR (D3| ~[R(D3) " R(D5)|~[R(D;) " R(D5)| -
~|R(D2)"R(D;)|~[R(Dg) "R(D; )|~ [R(D7) R(Dg ) -
~[R(D7)AR(Df, )|

(see Lemma 1.6 in [3])

Lemma 1.7 Let D={7,.2,,2,,2,.2,,Z,,Z,,D} e3,(X,8) and Z, =@ . Then
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R"(Q,)| =15-(2%"1 -1
+15.(2%\% ] 1
+15.(2%\7 1.
+15.(2%\7l 1
+15.(2%\4l 1
+15.(2%\Al _1).
+15.(2%\7l _q).
+15. (2251 1
+15. (2271 1
+15.(2%\4l 1

_15.3‘26\26‘ . 2‘26\27‘ -1
_15.3%6\%| (9lZ6\27 _1).9%\Zd| | (g2:\Ze| _ 9l2a\Ze] ),

_15.3‘24\26‘ . 2‘26\27‘ -1

(3%2\2 _ olz2\2,
(322 _ o2z,

(425 _ g2z,
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3\21\26 2\21\26) \D\zl\_B\D\zl\ 4
(32\Ze| _olza\zs) \5\24\_3\5\24

. 3‘23\25‘_2‘23\25‘ . 4‘5\23‘_3‘5\23‘ Wil

ATARP AT

32\z _ 2zl\z? 4\5\21\_3\5\21\_

4\15\21\ _S\D\zl\

.3‘22\2‘ (3‘22\24‘ 2‘22\24‘

_15,2‘24\26‘ . 2‘26\Z7‘_1 ,3‘Z1\Zl‘ (3‘21\24‘ 2‘21\24‘

_15.20%5\%s| (9lZs\Z] _q
-15. 2‘25\25‘ . 2‘25\27‘ -1

-15. 2‘25\25‘ . 2‘25\27‘ -1 .3‘21\23‘ . 3‘23\25‘ _2‘23\25‘

-1
-1
-1

o1 o1 o

(see Lemma 1.7 in [3])

lZa\Zs| (9lZ5\2a| _ 4

9l24\Zs] (ol25\Z1] _q). 52\ _(3\21\2 ol _9l21\24 ?
_2\23\25\ '(2\25\27\ _1).3\21\21\ _(3\21\23\ _ 2\21\23 )

.3‘22\2 ‘ 3‘24\25‘ _2‘24\25
_3\21\24\ ) 3\24\25\ _2\24\25\
,S‘Zz\zz‘ 3‘22\24‘ 2‘22\24‘)

4\5\22\ _3\5\22\

4\5\22\ 3 3\5\22

4\5\21\ _3\5\21\

AL\ (92026 _ol2\Z4]

(324\%6l _olza\z] ). 4\5\24\_3\5\24\ _4\xu5\+

(322\2s] _ glz2\ze[ . 4\5\22\_3\6\22\ .4‘X\D‘+

|x\D|

+
.4‘X\If)‘ N
[x\D| N
.4‘X\D‘ N
4\X\D\ N
_4\X\D\ N
.4‘X\D‘ N

‘4‘X\D‘

4\5\22\ _3\5\22\ .4\><\f>\ 3
4\5\21\ _3\5\21\ .4‘X\D‘ B
4\5\22\ _3\5\22 _4\X\D\ _

4\5\21\ _315\21)4X\D B
2 .4‘X\D‘ —

4\5\22\ _3\5\2

4\5\21\ _3\5\21\ .4‘X\D‘ B
4\5\21\ _3\5\21\ .4‘X\D‘ 3

4\5\22\ _B\D\zz\ '4\x\|5\ B

4\D\zl\ _3\5\21\ _4\X\f>\ 3

.4\5\21\_3\5\21 .4‘X\D‘
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e’) Now let binary relation « of the semigroup B, (D) satisfying the condition e) of the
Theorem 1.3 In this case we have Q, ={@,7,7',T7",D}, where T,T'7"eD and TcT'cT"eD. By
definition of the semilattice D follows that

Qs :{{® Zg, 2,25, } {Q Zg. 24,24, } {Q 257241227D},

(2,25,2,,2,,0},{2,2,2,,2,,D}}.

It is easy to see | (Qs,Qs)| =1 and |(Qs )|=5. Assume that

D} ={@.,Z,24,2,,0}, D; ={@.,2,2,,2,,0}, D} ={@,25,2,,2,,D},

D; ={@,25,2,,2,,D}, D4 ={@,25,25,2,,D}

Lemma 1.8. Let X be a finite set, D={z,,2,,2,2,2,,,.2,0}%,(X.8) and z, =@. Then

(see Lemma 1.8 in [3])

Lemma 1.9. Let D={z,

Z6.25,24,25,2,,Z,,D} € Z,(X

R*(Qs)| =[R(D})|+[R(D3)|+[R(D3)]+[R(D;)|+[R(Dg)

8)and z, =2 . Then
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R (@)= 5.(2\ze\ _1).(3\z4\z6\ _ 2\z4\zs\).(4\z2\z4\ AT .gsﬁ\zz _4\5\22\).5\X\D\ N
+5.(2\z5\_1).(3\z4\ze\_2\z4\ze\).(4\zl\z4\_3\z1\z4\ 5Pzl _ 4Pz )
+5.(2\z5\_1).(3\z4\zsw_2\z4\zs\).(4\zz\z4\_3\z1\24\ 5Pzl _ 4Pz xef
+5.(2\z5\_1).(3\@\25\_2\z4\zs\).(4\zl\24\_3\z1\z4\ 5Pzl _ 4Pzl Y gxof
+5.(2\z5\ _1).(3\4\25\ _sza\zsw).(dzaza\ _3\z1\z3\). 5Pz _ 4Pz cfx ol

(see Lemma 1.9 in[3])

[x\D|
+

f') Now let binary relation « of the semigroup B, (D) satisfying the condition f) of the
Theorem 1.3. In this case we have Q,={T,T'T"T'uT"}, where T,T'T"eD and T<cT',T<=T",
T\T"=@, T"\T' =@ . By definition of the semilattice D follows that

Qe :{{Q’ZZ'ZDD}' {9.26,25, 24} {D.25,23, 21}, {D.24,25, 74, @{2712312215}}

It is easy to see | (Qs,Qs)| =2 and |(Qs )| =10. Assume that

D; =2,2,,2,,D}, D; ={2,2,,2,,}, D} ={@,24,Z5,Z, ,D;:{@,zs,zﬁ,zﬂ},
Di =12,2,25,2,}, D =1{0,23,26,2,}, Dy =12,24,25,2,}, 05 = (2,25, 24, 2, },
Dy ={@,2,,2,,D}, D}y =1@.,Z,,25,D},

Lemma 1.10. Let x be a finite set, D={z,,2,2,2,2,2,2,D}e%,(X,8) and z,=2. If by
R"(Q,) denoted all regular elements of the semigroup B, (D) satisfying the condition f) of the
Theorem 1.3, then

¥ (@)= 3 IR0} -[R (0 R (04 |-[R(02) R (-
~[R(D3) "R (D5)|~[R (D) R(D§)|-|R(D5) "R(D; )| ~[R (Dg) ~R(D5)| -
~[R(D})"R(Diy )| ~|R(D5) "R (D3)|

(see Lemma 1.10 in [3])

Lemma1.11. Let D={Z,,2,,2,,2,,2,,Z,,Z,,D} e %,(X,8) and Z, =@. Then

R*(Qs)|=10-(2%% 1) (2% -1 40 +20-(2‘Ze‘zﬁ‘ —1)-(2‘23‘26‘ —1)~4‘X‘Zi‘ +

+10.[276\%! _1).[9%\Zel _q .4\X\ZA\+20.(2\24\23\_1)'(2\23\24\_1).4\X\Zl\+

110 2%\5l 1. 9%\l _q .4‘“5‘
_5. 920 (522 _1)‘2\21\0\ ,(Z\zs\zz _1)_ JX2| g o2 '(2\23\22\ _1),2\22\0\ 'gzml _q). 40l
_5.9Z\0 [ 9lZ6\Ze| 1| 9lZ\Za| [ 9lZ5\Za| 1| 4X\2l _g . olZe\Zal (9l25\Ze| _q) . 9l26\Eil (9lZ6\Zi| _q) 42l
5.2 2 1)-2 2 1)-4 5-2 2 1)-2 2 1)-4
5922 (9l28\z] _1). 222 X2 g olz:\z) .(2\23\24\ _1).2\24\21\ .(z\ze\zs\ _1).4\X\Zl\ 3
5.9\ (922 _q ,2‘23\5‘ .(2\23\22\ _1).4‘)(\'5‘ _5. Z‘ZS\D‘ .(2\23\22\ _1).2\22\21\ .(2\24\23\ _1).4‘)(\'5‘

(see Lemma 1.11in [3])

2‘23\24‘ -1

g') Now let binary relation « of the semigroup B, (D) satisfying the condition g) of the
Theorem 1.3 In this case we have {T,7',7"7"7"uT"}, where T,T'T7".T"eD, TcT'cT", TcT' cT"
, T\T'=@ and T'\T = &. By definition of the semilattice D follows that
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Q; 9 ={<{@ 24129, 2y, } {@ Zg, 2,2y, é {@ Z5,22,Zl,D},
@,25.25,2,,0},{9,25,2,, 25,2,

It is easy to see |(Q;,Q;)|=2 and |(Q,)[=7. assume
D ={@.,2,.2,,2,,D},D; ={3,2,,2,,2,,D}, D} ={@,Z,,2,,2,,D}, D; ={3,Z,2,,2,,D},

t =19,25,2,,2,, D}, D4 ={@,25,2,,2,, D}, D; = {@,25,25,Z,, DY, D8_{ 25,22,23,D},

Dy :{®,25,24,Z3, 1}' DlO:{@,Zs,Z3,Z4,Zl}

Lemma 1.12. Let x be a finite set, D={2,2,2,2,2,2,,2,0}<x,(X.8) and z, =@ If by R'(Q,)

denoted all regular elements of the semigroup B, (D) satisfying the condition g) of the Theorem
1.3 then

‘ Z|R )|-|R(D5) A R(D3)|-|R(Df) A R(Dg)| -
—|R (D3) mR (D) -|R(D3) " R(Dg)|-|R (D) "R(D;)| -
—|R D¢)NR( D8| |R R(D{O)|—|R(Dé)mR(D’)|

(see Lemma 1.12 in [3])

Lemma 1.13. Let D={z,,2,,Z,,2,,2,,Z,,Z,,D} e 3,(X,8) and Z, =@ . Then

~10.(2% _1 ) 2\(22021)\24‘ .(3\22\21\ _2\22\21\), 3\21\22\_2\21\22\).5‘X\D‘+

_|_1O 2‘26 -1} 2‘ 2,04 \ZG‘ \Zz\Zl\_g\Zz\A ( ‘21\22‘_ ‘Zl\zz‘ .5‘X\D‘+

+10- 2‘25‘ ) Zzﬁzl \ZS‘ 3‘22\21‘_2‘22\21‘ 3‘21\22‘ ‘Zl\zz‘ .5‘X\D‘+

(
{ {
+10. (2\25\ ) 22022 (3\22\23\_2\22\23\ (3\23\22\_2\23\22\ 5x0l
+10. (2\25\ 1) oll2:02)\24] (3\24\23\ A (3\23\24\_2\23\24\ 5X0]
5. 9l2\Zs| (lzs] _q) . ol(Z02)\2 3\ZZ\D (3\z2\zl\ 2\22\21\) 3\21\5\ (3\21\22\ o[22, S\X\D\
P ACA NP AR Y (A ALAR AL B ATA RPN 2 \zl\ 320|920z _ofz1\2,]) gX\D]

5. 92z (lzs] _q). 22z 3\21\0\ 3HZ1\ZzH 2”21\22\\ 3\2 \D| 3%\2| _oj2\2| 5\X\D\

2\ (Z,02)\2,| 3\21\0

34\0 (3%:Z) _zwzs\zz\).g,\m\ _

‘Zs‘ _1).

_5.9l2a\Ze| (5] 1) JN22n2)\2,| 2,0 (3\22\21 _ol2\z)| 3‘21\'3‘. Ju\Z| _ol2\2y] | ¥\0| _
_5.2\25\25 (

_5.9l2\z] | (2\25 ) 9%\Z| 5l \zz\) Aty S\zzxzs\_Z\zz\zs\)s\xxﬁ\_
_5.9lZs\2s| (2\25\ 1) 2\ 2,02 )\Zs| _3\22\0\ 92\2| ol \zl)

Z‘Zzﬁza)\zs‘.g‘zs\D‘ AR A AL A AR P AL AP AT A .S\X\D‘_

_5.9lZs\z] (2\25\ 1). 9l Zn2a02e| g2,z (3\24\23\_ \Za\zs\) ‘Z o[ ( \23\22\_2\23\22\)_5\X\D\

(see Lemma 1.13 in [3])

h’) Now let binary relation « of the semigroup B, (D) satisfying the condition h) of the
Theorem 1.3 In this case we have Q, ={Z,,T,Z,,Z,,Z,,D}, where T e{Z,,Z,}. By definition of the
semilattice D follows that

Qo ={{2.26,24,2,,2,,0},{2,25,2,,2,,2,,B}} .
It is easy to see | (Qs,Qs)|=2 and |Q(Qy)|=2. assume
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D; ={@.24.2,.2,,2,,0}, D ={©.24.2,,2,,2,,D),
D; ={@,25,2,,2,.2,,D}, D} ={2,25,2,,2,,2,,D}.
Lemma 1.14. Let x be a finite set, D={2,2,2,2,,2,Z,Z,D}x,(X8) and z, =2. If by R"(Q,)
denoted all regular elements of the semigroup B, (D) satisfying the condition h) of the Theorem
1.3, then

R"(Qs)] =[R(D7)] +[R(D3)] +[R(D3)|+[R(D3)| =
_ 4,(2\25\ _1),(3\24\26\ _2\24\26\),3‘(22021)\24‘ .(4\21\22\ _3\21\22\).
,(4‘22\21‘ _3‘22\21‘),6‘X\D‘ +4,(2‘Zs‘ _1),(3‘24\25‘ _2‘24\25‘ )
.3‘(22021)\24‘ .(4‘21\22‘ _3‘21\22‘).(4‘22\21‘ _3‘22\21‘).6‘)(\5‘_

(see Lemma 1.14 in [3])

i) Let binary relation « of the semigroup B, (D) satisfying the condition p) of the Theorem
1.3). in this case we have {@,z;,2,,2,,2,,D}, By definition of the semilattice D follows that

Qo ={2, 25,24,23,21,5} It is easy to see |®(Qy,Q)=2 and |Q(Qy)=1. If D;={2,Z2,,2,72,D},
then R*(Qy)=R(D;),

R*(Q) HR (Dj)|and
R'(Qy )‘ _ (2\25\ _1).2\ Z30Z,)\Z| .(3\23\24\ _2\23\24\).(3\24\23\ —2‘24\23‘)6‘“5‘

i) Now let binary relation o of the semigroup B, (D) satisfying the condition j) of the
Theorem 1.3 In this case we have Q,, ={T, T T"T'uT" Z}, where TcT', TcT", T\T"=2Q,
T\T'#@, T'UT"c Z. By definition of the semilattice D follows that

Qu ={{2.25.25,24,}.,{8,25,2,,2,,0}{2,2,,2,,2,,5},
(0.26,25,2,,2,}, {©.25.25.2,,,}} '
It is easy to see | (Q.Q )| =2 and |0 QlO )|=6.If
D ={@.,Z,.Z;,2,,D}, D; ={@.Z;,Z,,Z,,D}, D; = {2,
D, ={2.,2,.2,.2,,0}, D ={2,2,,2,,2,,D}, D; ={@,Z

D;Z{Q,ZG,ZS,ZNZZ}, 8 {@,25,26,24,2} DQZ{Q,ZG,ZS, 4,Zl},
D£0:{®125'ZG'Z4121}

Then
R™(Qo)= (( 1))UR(D2) R(Dé)UR(QA))UR(Dé)UR(Dé)U. ..(1)

UR(D;)UR(D§JUR(D; JUR(Dy,
(see Definition 1.9).
Lemma 1.14. Let x be a finite set, D={2,2,2,.2,,2,,,Z,D}<x,(X 8) and z, =@ . If by R*(Q,)

denoted all regular elements of the semigroup B, (D) satisfying the condition j) of the Theorem
1.3 then

"(Qu) ZR )=[R(D) AR(D;) - [R(D;) AR(D;)|~[R(D;) nR(D;)|~[R(D;) nR(D;)|
(see Lemma 1.15in [3])

Lemma 1.15. Let D={z,,2,,Z,,2,,,,Z,,Z,,D} e %,(X,8) and Z, =@ . Then
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R* (Q].O) :10.(2\25\26\ _1).(2\zs\z5\ _l).(S\D\z,,\ _4‘0\24‘).5‘X\D‘ N
+10.(2\za\23\ _1).(2\4\26\ _ )-(S‘D\Zl‘ _4\5\21\).5“\[5\ N
+10.(2\23\z‘,\ —l)~(2‘z4\z3‘ (S\D\zl\ 4\0\21\) 5\><\|5\ +

_5.9%\2 .(zwze\zaw _1).2\z3\z4 (zwzg\ze _ (5\0\21\ _4\5\21\).5\X\D\ _
5. 9%\ (szg\zsw ) olz6\2 (zwze\zaw ) (5\0\21\_4\5\21\)_5\X\D\_
5. 922l (sza\zaw ) oz (zwzs\m ) (5\0\21\_4\5\21\),5\X\D\_
5.9%\2l. (zwza\m 1) olzz| (zwz il _ ) (5\0\22\_4\5\zz\),5\m\_

(see Lemma 1.16 in [3])

k') Now let binary relation « of the semigroup B, (D) satisfying the condition k) of the
Theorem 1.3 In this case we have {@,z 2,2, ,T,D} where Te{z,,z,}. By definition of the
semilattice D follows that Q.8 ={{2.%.25,24,2,,0}.{2.25,25,2,,2,, B} .
It is easy to see |®(Q;,Q;)[=2 and |Q(Q,)|=2. If
D} ={D,26,Z5,24,2,,D}, D5 ={@,25,Z5,2,,Z,,D},
D; ={@.,Z4,25,24,2,,0}, D} ={2,25,24,2,,Z,,D}.
Then
R*(Qy)=R(D{)UR(Dy)UR(D;)UR(D;). (1)
Lemma 1.16 Let x be a finite set, D={z,2,2,2,2,,2,2,D}x,(X.8) and z, =@. If by R*(Q,)
denoted all regular elements of the semigroup B, (D) satisfying the condition k) of the Theorem
1.3 then

R"(Qu)|=[R(D))[+[R(D3)|+|R(D3)|+|R(D;)] =
+4.(2\z5\z6\ _1).(2\z $\Z| _1).(5\z \2| _4\z2\z4\).(6\0\22\ _ 5\0\22\).6\X\D\ N
+4.(2\zs\ze\_1).(2\26\25\_1).(5\21\24\ 4\21\24) ( g0\l _ ‘D\Zl‘).dx\li‘.
(see Lemma 1.17 in [3])

I’) Now let binary relation « of the semigroup B, (D) satisfying the condition I) of the
Theorem 1.3 In this case we have {T,T' 7" T'UT"T"T'UT"UT"}, where T'\T"=@, T"\T' 20,
(T'OUT"N\T" =@, T"\(T'UT") =2 . By definition of the semilattice D follows that
Qudy ={{@,ze,zs,z4,zg,zl} (2,24.2,,2,,2,,0},{9.2,,25,2,,2,,0}
It is easy to see | (Qy.Qp)| =1 and [(Qy,)| = 4. If
Df ={@,24,25,24, 23,2}, D} = {@,25,23,2,,2,,0},05 = {2,2,,25,2,,2,, D)
Then
R*(Qiz)=R(Df)wR(D;)UR(D3) ...(1)

Lemma 1.17 Let x be a finite set, D={z,2,2,2,,2,,2,2,D}x,(X8) and z,=2. If by R*(Q,)
denoted all regular elements of the semigroup B, (D) satisfying the condition 1) of the Theorem
1.3 then
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(see Lemma 1.18 in [3])

Lemma1.18. Let D={z,,2,.2,,2,,2,2,,2,,2,,D} € ) and z, =@ . Then

R* (le): 3. 2‘26\23‘ ~1) z‘zs\ze‘ ~1) 3‘23\24‘ _2‘23\24‘) G‘X\Zl‘ +
+3.- Z‘Za\zz‘ -1)- 2‘26\23‘ ~1)- 3‘22\21‘ _2‘22\21‘ 6‘X\D‘
+3.(2%\% _1).(92\2l _1). (372l _ o2zl g0l

_3. 2\24\(z5u23)\ (z\za\zg\ _1)'(2\23\22\ _1>'<3\22\z1\ _2\22\21\ ) ) 6\X\D\

(see Lemma 1.19in [3])

m’) Let binary relation « of the semigroup B, (D) satisfying the condition p) of the Theorem
1.3 In this case we have {@,2;,2,,2;,2,,2,,D}, By definition of the semilattice D follows that
Quda ={2.25.2,,25,2,,2,,Df It is easy to see

|‘1) Q13'Q13)|: and |Q Qs |: .
D; ={@,Z5,24,25,2,,2,, D}, then R*(Q;)=R(D;),

R*(le)‘:|R(D1')| and

R"(Qu )‘ - (2\25\ _1).2\(Zmzz)\zs\ .(3\24\23\ _2\24\23\).(3\23\22\ _Z\Za\zz\).(4\zz\zl\ _3\22\21\).7\“5\;

n') Let binary relation « of the semigroup B, (D) satisfying the condition p) of the Theorem
1.3 In this case we have {@,2,,25,2,,2;,Z;,D}, By definition of the semilattice D follows that
Quda ={02,25,2,,2,2,D} It is  easy 1o see |0(Qy Q) =4
D} ={@.Z.Z5,24,25,2,, D}, then R*(Q,)=R(Dj),

and  |Q(Q,)|=1. If

R (|- (D) and
R (Qu )‘ _ (2\25\23\ _1).(2\25\26\ _1)_(3\23\24\ _olzz| ) .(7\6\21\ g j _ 7\X\D\;

") Let binary relation « of the semigroup B, (D) satisfying the condition p) of the Theorem
1.3 In this case we have {@,z,,25,2,,2,,2,,D}, By definition of the semilattice D follows that
Qsd ={9.25.25.2,,2,,2,,D} It s easy to see
D} ={@.,Z5,25.24,2,,2,,D} , then R*(Q;s) =R(D)),|R

|(D Qs. Q15)|: and | (Q15)|: .
"(Qs)|=[R(D})| and

R* (le )‘ - 2.(2\25\26\ _1).(2\26\25\ _1).4‘ Z,nZ,)\Z,| .(5\22\21\ _4\22\21\).(5\21\22\ _4\21\22\).7‘)(\'3‘;
) Let binary relation « of the semigroup B, (D) satisfying the condition p) of the Theorem
1.3 In this case we have {@ 26.25,24,23,2,,74, } By definition of the semilattice D follows that
Queda ={9.26.25.2,,2;,2,,2,D} It is easy to see |®(QqQq)=1 and Q(Qe)|=1. If
D} ={@.Z5.25,24,25,2,,2,, D}, then R*(Qs)=R(D{),|R
R (Q )‘ _ 2_(2\26\23\ _1). N zan2)12,| .(2\25\26\ _1).(3\23\22\ _)z:\z) ).(5\22\21\ _4\22\21\).8\X\f>\

Let us assume that

f—Rw (@R 0 HR H HR HRQv)H Q)
R Qe QR (0 R (@) @ ()[R @

*(Qu)|-R(Dp)and

AR @)+
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Theorem 1.4. Let Dex,(X.8) and z,=@. If x is a finite set and R, is a set of all regular
elements of the semigroup B, (D). Then [R,|=r,.

Example 1.1. Let X ={1,2,34},then D={1234}, 7,={234}, Z,={1,34}, Z,={2,4}, Z,={3,4},
Z,={4} Z, ={3},Z, ={@} and we have |R,|=1550.
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