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ON FUZZY G-DOMAINS

A.R.ALIZADEH M.*

ABSTRACT. The fuzzy algebraic structures for the first time was studied in
1982 by Liu[16], so the subject of fuzzy rings presented and organazied in
1992 by Dixit[8,9]. In this paper on the first step we have pointed to the
general properties of fuzzy rings by applying of the papers Swamy[21], Kumb-
hojkar[15], Zahedi[23], Mukherjee[19] and zhang Yue[24]. In addition it was
produced some results and theorems related to the concepts of domains. Fi-
nally by expressing of the classic concept of G-domains from Kaplansky[12],
we have a new definition of the fuzzy G-Domains and their related properties
which will give us new resolutions.

1. ELEMENTARY CONCEPTS OF FUZZY ALGEBRAIC STRUCTURES

In this section, we first introduce some operations on fuzzy susets of a commu-
tative ring R and The set of all fuzzy subsets on R denoted by F(R).

Definition 1.1. Let pu, v € F(R). Define u+v , —p, p—v, pov € F(R) as follows:
1) (n+v) = sup{inf{u(y),v(2)}Hy, 2 € R,y + 2 =a} = V(yt2ma) (1(y) Av(2))

2) (=p)(@) = p(—=)
3) (n—v)(x) = sup{inf{u(y), v(2)}y, 2 € Ry —z = a} = V(y—oep)(u(y) Av(2))
4) (pov)(z) = sup{inf{u(y),v(z)Hy,z € R,yz = &} = V(yo=0) (1(y) A v(2))

Vx € R. u+v ,u—v and pov are called the sum, difference and product of p and
v respectively and —p is called the negative of p.

Since R is commutative, pv = vu, Yu, v € F(R).

Theorem 1.1 (18). Let p,v and § € F(R). Then the following assertions hold.
1) pov C pv.

2) v C &= v C uk.

3) ()€ = p(ve).

1) () (@ + ) = inf{ () (@), () (@)} = () A v(y), Va,y € R.

5) If R has an identity 1 and 141y Co, then p C pv.

6) 1,0p C p.
Definition 1.2. Let p € F(R) . Define " and p(™ € (F(R) as follows, where
neN,n>1:
pr=p o, pt=ptop !
and
=y 7 pm = (=1
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Definition 1.3. [1] Let R is a ring and A € F(R), we say A is a fuzzy subring of
R if for all a,b € R:

i) A(a—b) > inf{A(a), A(B)} = (A(a) A A(D)).

it) A(ab) = inf{A(a), A(B)} = (A(a) A Ab).

Definition 1.4. The A € F(R) is called an fuzzy subdomain of R if:

i) A is an fuzzy subring of R.

ii) For all z,y € R if A(zy) =0 then; A(z) =0 or A(y) =0.

It is obvious that A(zy) > inf{A(z), A(y)} (Since A is an fuzzy subring of R).

Definition 1.5. The set of all fuzzy subdomain of D is called by F(D), and for
each A, B € F(D):

i) (AN B)(z) = inf{A(x), B(x)} = (A(z) A B(x)).

i) (AU B)(x) = supl A(x), B(x)} = (A(2) v B(x)).

iii) (A.B)(z) = A(z)B(x).

iv) (A4 B)(z) = A(z) + B(z) — A(z)B(z).

v) (A® B)(z) =inf{l, A(z) + B(z)}.

vi) (A© B)(z) = sup{0, A(x) + B(x) — 1}.

Note 1.1. For every fuzzy subdomain A of R and for each t € [0,1] , A is called
"t — cut” or 7t — level set” of A.

~—~ =

Theorem 1.2. A is a fuzzy subdomain of R if and only if for all t € [0,1] the
t-level set of A; is a domain.

Proof. Suppose A is a fuzzy subdomain of R. Let a € A(R). Since A(0) > A(x),
Vre R,0€ A,. Thus A, # 0. Let z,y € Ay. Then A(z) > a and A(y) > a. Since
A is a fuzzy subdomain, A(zy) > inf{A(z), A(y)} = (A(x) A A(y)) > aNa = a.
Hence zy € A, and so A, is a subdomain of R. Similarly if a« < A(0), then A, is a
subdomain of R.

Conversely, suppose 4, is a subdomain of R , Va € A(R)U{b € [0,1]]b < A(0)}.
Since 0 € A, , Ya € A(R) , A(0) > a, Va € A(R). Let z,y € R and let A(z) = a
and A(y) = b. Let m = a Ab, then z,y € A,, and m < A(0). Thus A,, is a
subdomain of R and hence zy € A,,. Hence A(xy) > m = aAb= A(x) A A(y).
Thus A is a fuzzy subdomain of R. (]

Example 1.1. If A(x) is defined as the following:

1 =0
1/2 z€30Z— {0}
A(z) = 1/3 x€6Z—30Z
1/5 x €27 —6Z
0 z€Z—-27%

Since Ay = 7Z, A% = 27, A% = 67, A% = 30Z and Ay =< 0 >, then; A(z) is a
fuzzy subdomain of R.

The following theorem is an easy consequence of Definition ”1.5” and Theorem
b2 1 '27’ .

Theorem 1.3. If A, B € F(D) then:
i) (ANB) € F(D)

ii) (AB) € F(D)

iii) (A+ B) € F(D)
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) (A® B) € F(D)
v) (A& B) € F(D).

” 77

Proof. We prove and the other assertions are similar.
Clearly, (AB)(—x) = (AB)( ), VzeD, and

(AB)(z +y) > (AB)(x) A (AB)(y), Vx,y €D

Let z,y € D and concider (AB)(zy). If z = )" | z;x} and y = Z?Zl Y;Y;, where
x;,x; € D for 1 <4 <m and yj,y4 € D for 1 < j < n, then:

m n

sz Z:ygyj =3 (@) (@)

=1 j=1

By the definition of AB, it follows that:
(AB)(zy) = NZy N2y (Almiy;) A Bxiy;)

> N2y Nz ((Alzi) A Aly;)) A (Ba) A B(y;)))
= N1 Njoy ((Azi) A B(x5)) A (Aly;) A B(yj)))
= (NZ1(A(zi) A B(x))) A (Nj=a (Aly;) A Bly;)))-

Consequently,

(AB)(wy) > (VIAT (Alw) A B@)las ) € D1< i <m, Y aga) = a})A
i=1

(VANTZ (A(y;) A BW))lyjo vy € D1 <5 <n, Y gy = y})
j=1
= (AB)(z) A (AB)(y).
Hence AB € F(D). O
Theorem 1.4. Let A, B and C € F(D), then AoB C C if and only if AB C C.

Proof. Clearly AoB C AB. Thus if AB C C, then AoB C C. Conversely,
suppose AoB C C. Let x € D and let = Y. | y;2i, yi, 2z € D, i = 1,2,..,n
Then

Clz) = C(Z Yizi) 2 Niza (yizi)-

i=1
Now
C(yizi) > (AoB)(yizi) > A(y:) N B(z) , Yi=1,2,...,n
Thus
Ni—1{A(yi) A B(2i)} < N {C(yizi)} < C(z)
Hence
VA (A(gi) A B(z))lz =Y wizi, n €N} <C(x)
i=1

That is AB(z) < C(x). Hence AB C C. O

Corollary 1.1. For each A, B € F(D), we have:

(A6B)C(AB)C(ANB)C(A+B)C (A B).
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Corollary 1.2. For any arbitrary family of fuzzy subdomains {Dy}aca € F(D)
we have:
D= () Da € F(D).
acA
Where (yep Do) = inf{Do(X)|z € D}.
Theorem 1.5. Let A, B and C € F(D) and B(0) = C(0). Then
A(B+C)=AB+ AC

Proof. Since BC B+C and C C B4+C, AB C A(B+C) and AC C A(B+C).
Hence AB+ AC C A(B+ (). Let x € D. Now

(A(B+CO))(x) = VINZ (A(y) A(B+C) (2i))|yi, 2 € D, 1 < i <n,n €N, Zyzzz =}

= VAN (A(yi) A (V{B(ui) A C(vi)|ui, vi € D,yug +v; = 2

WMyi,z € D, 1 <i<mn,née N,Zyizi =z}
i=1
= V{1 (A(yi) A B(ug) A C(v;))|ug, viys € D1 < <im,

n €N (yiu; + yiv;) = x}
i=1
< V(N1 (A) A B(u)) A (Nea (Ai) A C i), o7, v, yil € D,

1) Y
l

1<i<l,1<k< s,s,nGN,Z(ygungzs:ygv;ﬁ) =z}
i=1 k=1
= V{(AB)(a) A (AC)(b)|a,b € D,a+ b=z}
((AB) + (AC))(x).

Corollary 1.3. If D is a commutative domain then for each A, B € F(D):
(AB) = (BA)
Corollary 1.4. For each A,B,C € F(D)
if ACB then AC C BC

2. Fuzzy G-SUBDOMAINS

Remark 2.1 (kaplansky). Let D be an integral domain with quotient field K, the
following two statements are equivalent:

i) K is a finitely generated ring over D.

ii) K as a ring, can be generated over D by one element.

Definition 2.1. An integral domain satisfying either (hence both) of the state-
ments in Theorem 72.1” is called a G — domain.

The name honors Oscar Goldman. His paper [11] appeared at virtually the
same time as a similar paper br Krull [13]. Since Krull already has a class of
rings named after him, it seems advisable not to attempt to honor Ktull in this
connection. G — domains were also considered by Artin and Tate in [4]. Further
results concerning the material in this section appear in Gilmer’s paper [10].
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Example 2.1. 1) A field is a G — domain.

2) A pricipal ideal domain is a G —domain if and only if it has only a finite number
of primes( up to units).

3) A Noetherian domain is a G — domain if and only if it has only a finite number
of non-zero prime ideals such that all of which are maximal.

Definition 2.2. Let D be a G — domain, A is a fuzzy G — subdomain of D if for
all x,y € D we have:

i) A is a fuzzy subdomain of D(i.e. A € F(D)).

ii) If K be the quotient field of D, then K = D[u~!], for some 0 # u € D.

Theorem 2.1. Let A be a fuzzy G — subdomain with quotient fuzzy subfield K and
let B be a fuzzy subring lying between A and K, then B is a fuzzy G — subdomain.

Proof. If K = A[u™!] be the quoitent fuzzy subfield of A, then K = Blu™'] is
also the quotient fuzzy subfield of B, therefore B is a fuzzy G — subdomain.
O

Corollary 2.1. If A be a fuzzy G — subdomain with it’s quotient fuzzy subfield of
K, then For 0 # u € A we have:

K= A[u_l]

Theorem 2.2. Let A, B € F(D) be arbitrary members, if A C B and B is algebraic
on A and B as a fuzzy subring above A is finitely generated, then:
A is a fuzzy G — subdomain if and only if B is a fuzzy G — subdomain.

Proof. Let K , L be the quotient fuzzy subfield of A , B. Suppose first that
Ais a fuzzy G — subdomain, say K = Alu~!]. Then Blu~!] is a fuzzy subdomain
algebraic over the fuzzy subfield of K, hence is itself a fuzzy subfield, necessarily
equal to L. Thus B is a fuzzy G — subdomain.

Conversely, We assume that B is a fuzzy G — subdomain, L = Blv™!] and B =
Alwy,wa, ..., wg]. The elements v~ wy,ws, ..., wy are algebraic over A and conse-
quently satisfy equations with coefficients in A which lead off, say

aw ™M+ ...=0

bw +..=0  (i=1,..k)
Adjoin a= 1,071, ..., b,;l to A, obtaining a fuzzy subring A; between A and K. The
field L is generated over A by wy, ..., ws, v~ 1. Of course these elements generate L
over A;. Now over A; we have arranged that w1, ...,ws, v~ ! are integral. Hence
L is integral over A;. Therefore, A; is a fuzzy subfield , necessarily K. So K is a
finitely generated fuzzy subring over A and A is a fuzzy G — subdomain, as required.

O

Corollary 2.2. Let A be a fuzzy subdomain and u be an element located on a fuzzy
subdomain contaning A, if Alu] is a fuzzy G — subdomain then:
A is fuzzy G — subdomain and u is algebraic on A .

Theorem 2.3. A is a fuzzy G — subdomain if and only if for each t € [0,1], A; is
a G — domain.

Proof. Let A be a fuzzy G — subdomain of D and t € [0, 1], since A(0) > A(x),
Vx € D, then: 0 € Ay, therefore A; # (). Now let z,y € Ay, since A(z) > t, A(y) >t
and A is a fuzzy subdomain of D, then:

A(zy) > inf{A(x),A(y)} = Alx) NA(y) >t At =1
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= Azy) >t = xy € Ay
Futhermore:
Al —y) 2 inf{A(z), A(y)} = A(x) NAy) 2t At =t
S Alz—y)>t=r—-—yc A
On the other hand, for the quotient field of K related to D, we have K = D[u~!],
for 0 #u e K.
Therefore V¢ € [0,1] , A; is a domain.
Now since 4; is a subdomain of D and for some 0 # u € k, K = D[u™!], so
Ay <D= AT <Dl = K

Therefore by Corollary ”2.2” u is algebraic on D and D is a G — domain too.

Conversely, let A; be a G—subdomain of D, for eacht € A(D) U {b € [0,1]|b < A(0)}.

Since 0 € A4, Vt € A(D), then A(0) > t, ¥Vt € A(D). Let z,y € D and let A(z) = ¢4,
A(y) = t2 and let t3 = t1 Aty then, z,y € A,,, therefore t3 < A(0). Hence A, is a
subdomain of D and so zy € A;,. Now we have:

A(zy) > t3 =11 ANta = A(z) N A(y)

And since A has the G — structure, therefore A is a fuzzy subdomain of D.
O

Example 2.2. Let Q be the Rational numbers, since for each prime number2,3,5,7, ...

the extended fields Q[v2], Q[v2,v3], Q[v2,V3,V5] and Q[v2,V3,v/5,V7] are
G — domains too. If we define the A(x) as the following:

1 z€Q
1/2 zeQval-Q
1/3 z€Q[v2,V3] - Q[V2]
1/5 e Qv2,v3,V5
1/7 x€Q[V2,V3,V5,VT - Q[V2,V3,V5]
0 z€Q[V2,V3,V5VT7,.]=R
Ay is a G — domain as the follows:
J=R A, = QW2 v3,v5 V7], 4y = V2 V3, VA,
Q[v2] and Ay = Q, therefore A is a fuzzy G — subdomain

A(z) =

Since for each t € [0,
Ao = Q[vV2,V3,V5,
A1 =Q[V2,v3], A
of R.

1,
V7,

It is suggested that further research in this direction is likely going to reveal
additional properties of fuzzy G — ideals associated to fuzzy subdomains and thus
contribute to our understanding of how such structures defines on the underlying
fuzzy G — subdomains.

References

[1] A.R. AL1zADEH M., Some Properties of G-Primary Ideals, FAR EAST JOURNAL OF MATH-
EMATICAL SCIENCES (FJMS), Vor.45, No. 1, (2010)81-88

[2] A.R.AL1zADEH M. AND R. Mousavi, Classification of primary fuzzy ideals and their ap-
plications, 1ST NATIONAL INDUSTRIAL MATHEMATICS CONFERENCE(NIMC2014), 28 MAY (2014).

[8] A.R.AL1ZADEH M. AND S. YAZDANPANAH, Characterization of Fuzzy ideals in Commutative
Algebra, 1ST NATIONAL CONFERENCE OF MATHEMATICS AND ENGINEERING SCIENCE WITH APPLIED
KNOWLEDGE APPROACH, 26 DEc. (2015).

333



IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 3 Issue 7, July 2016
ISSN (Online) 2348 — 7968 | Impact Factor (2015) - 4.332
www.ijiset.com

ON FUZZY G-DOMAINS 7

[4] E.ARTIN AND J.T.TATE, A note on finite ring extentions, MR 13 427, Pp. 74-77 (1951).

[5] M.F. AT1YEH, I.G. MACDONALD, Introduction to Commutative Algebra, ADDISON-WESLEY,
READING, MASSACHUSETTS, (1969).

[6] P. BHATTACHARYA, Fuzzy Normal Subgroups and Fuzzy Cosets, INFORMATION ScI 34, Pp.
225-239 (1984).

[7] P.S. Das, Fuzzy Groups and Level Subgroups, J. MATH. ANAL. APpPL. 84, Ppr. 264-269
(1981).

[8] V. N. Dixit, R. KuMAR AND N. AjMAL, On Fuzzy Rings, Fuzzy SETS AND SYSTEMS 49,
Pp. 205-213 (1992).

[9] V. N. Dixit, R. KUMAR AND N. AJMAL, Fuzzy Ideals and Fuzzy Prime Ideals of a Ring,
Fuzzy SETS AND SYSTEMS 44, Pp. 127-139 (1991).

[10] R.GILMER, The cancellation law for ideals in a Commutative Ring, CANAD. J. MATH.
17, Pp. 281-287 (1965).

[11] O.GoLDMAN, Hilbert Ring and Hilbert Nullstellensatz, MATH. Z. 54, Pp. 136-140 (1951).
[12] 1. KAPLANSKY, Commutative Rings, ALLYN AND BACON,BOSTON, (1974).
[13] W.KRULL, Jacobsonsche, Hilbertsche, Nullstellensatz, MATH. Z. 54, Pp. 354-387 (1951).

[14] R. KUMAR, Fuzzy Subgroups Fuzzy Ideals and Fuzzy Cosets Some Properties, Fuzzy SETS
AND SYSTEMS 51, Pp. 345-350 (1992).

[15] H.V. KUMBHOJKAR AND M.S. BAPAT, On Prime and Primary Fuzzy Ideals and Their
Radicals, Fuzzy SETS AND SYSTEMS 37, Pp. 237-243 (1990).

[16] W.J. L1u, Fuzzy Invariant Subgroups and Fuzzy ideal, FUZZY SETS AND SYSTEMS 8, PP.
71-79 (1982).

[17] P. MAROSCIA, Some results on G-domains, BOLL. UN. MAT. ITAL. B 17, Pp. 1166-1177,
(1980).

[18] J.N. MORDESON, AND D.S. MALEK, Fuzzy Commutative Algebra, WORLD SCIENTIFIC
PUBLISHING, SINGAPORE, (1999).

[19] N.P. MUKHERJEE AND M.K.SEN, Prime Fuzzy Ideals in Rings, FUZzy SETS AND SYSTEMS
32, Pp. 337-341 (1989).

[20] I. RamaswaMy, T.M. VISWANATHAN, Overring Properties of G-Domains, PROC.AMER.MATH.
Soc., voL.58, Pp. 59-66, (1976).

[21] K.L.N. SwaMY AND U.M. SWAMY, Fuzzy Prime Ideals of Rings, J. MATH. ANAL. APPL.
134, Pp. 94-103, (1988).

[22] L.A. ZADEH, Fuzzy Sets, INFORM. CONTROL 8, Pp. 338-353, (1965).

[28] M.M. ZAHEDI, Fuzzy Algebra (Groups, Rings, Modules), Pu.D. THEsIS, KERMAN UNI-
VERSITY, KERMAN, IRAN (1990).

[24] ZuANG YUE, Prime L-Fuzzy Ideals and Primary L-Fuzzy Ideals, FUzzY SETS AND SYSTEMS
27, Pp. 345-350 (1988).
Author

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, UNIVERSITY OF YASOUJ, YAsouJ, IRAN
E-mail address: aalizadeh@yu.ac.ir

334





