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Abstract 

In this paper, we establish some sufficient conditions for 
oscillation of solutions of third order nonlinear neutral delay 
dynamic equations of the type 

( )2

( ) ( ( ) ( ) ( ( ))) ( ) ( ( )) 0a t x t p t x t q t x t
γ

γδ τ
∆

∆ − + = 
 

 
are obtained. 
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1. Introduction 

We consider the nonlinear neutral delay dynamic 
equations of the form 
 

( )2

( ) ( ( ) ( ) ( ( ))) ( ) ( ( )) 0a t x t p t x t q t x t
γ

γδ τ
∆

∆ − + = 
 
  (1) 
Throughout this paper we assume the following 
conditions:  

( )H γ  is a is a ratio of odd positive integers. 
( ), ( ), ( )a t p t q t  are positive real-valued, rd-continuous 

functions defined on the time scale interval [ , ]a b
(throughout ,a b∈T  with a b< ).  
0 ( ) 1, ( )p t p t tτ≤ ≤ < ≤  and ( ) ,t tδ ≤
lim ( ) lim ( )
t t

t tτ δ
→∞ →∞

= = ∞  are positive and 

0

1
1

( )t

s
a sγ

∞

∆ = ∞∫ and set ( ) ( ) ( ) ( ( )).z t x t p t x tδ= −  

Now, we state and prove some useful lemmas, which we 
will use in the proofs of our main results.  We begin with 
the following lemma. 

 

 

2. Main Results 

Lemma 2.1. Let ( )x t be a positive solution of (1).  Then 
there are only the following cases for 

( ) ( ) ( ) ( ( ))z t x t p t x tδ= −  satisfies. 

(i) 
2

( ) 0, ( ) 0, ( ) 0,z t z t z t∆ ∆> > >  

(ii) 
2

( ) 0, ( ) 0, ( ) 0,z t z t z t∆ ∆> < >  

(iii)  
2

( ) 0, ( ) 0, ( ) 0,z t z t z t∆ ∆< < >  

(iv) 
2

1( ) 0, ( ) 0, ( ) 0, [ , )z t z t z t t t∆ ∆< < < ∈ ∞  where 

1t  is sufficiently large. 

Proof:  Assume that ( )x t  is a positive solution of (1) on 

0[ , ).t t∈ ∞  Then  

     
( )( )2

( ) ( ) ( ) ( ( )) 0a t z t q t x t
γ

γ τ
∆

∆  = − < 
 

          (2) 

( )( )2

( ) ( )a t z t
γ

∆
 is decreasing and of one sign.  

Therefore 
2

( )z t∆  is also of one sign.  We have two 

possibilities; 
2

( ) 0z t∆ <  or 
2

( ) 0z t∆ >  for 1[ , )t t∈ ∞ by 

(2).  If we choose 
2

( ) 0,z t∆ <  then there exists a constant 
0M >  such that  

( )( )2

( ) ( ) 0.a t z t M
γ

∆ ≤ − <  

Integrating the above inequality from 1t to t , we obtain 
 

1

1

1 1
1( ) ( ) .
( )

t

t

z t z t M s
a s

γ

γ

∆ ∆≤ − ∆∫  
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Letting t →∞ and using (H), we get ( ) .z t∆ → −∞  But 
2

( ) 0z t∆ <  and ( ) 0z t∆ <  eventually, imply ( ) 0z t < .

 Thus for 
2

( ) 0z t∆ <  case (iv) may occur. 

 On the other hand if 
2

( ) 0z t∆ > , then ( ) 0z t∆ <  is of 

one sign.  If ( ) 0z t∆ > , 1t t≥ , then ( ) 0z t > .  So for 
2

( ) 0z t∆ >  only for the cases (i),(ii),(iii) may occur.  The 
proof is complete. 
Lemma 2.2.  Let ( )x t  be a positive solution of equation 
(1) and the corresponding ( )z t  satisfy case (ii) of Lemma 
2.1.  If 

              0

1

1 ( )
( )t v u

q s s u v
a u

γ∞ ∞ ∞ 
∆ ∆ ∆ = ∞ 

 
∫ ∫ ∫ ,     (3) 

then lim ( ) lim ( ) 0.
t t

x t z t
→∞ →∞

= =  

Proof.  Suppose that ( )x t  is a positive solution of (1).  It 

is clear that there exists a finite limit, lim ( )
t

z t
→∞

=  .  We 

shall prove that 0= .  Assume that 0> .  It follows that 
( ) ( ).z t x t<  Combing this fact with (1), we are led to  

( )( )2

( ) ( ) ( ) ( ( )) ( ).a t z t q t z t q t
γ

γ γτ
∆

∆  ≤ − ≤ − 
 

  

We get     

2

1

1( ) ( ) .
( ) t

z t q s s
a t

γ∞
∆  

≥ ∆ 
 

∫  

Integrating again from t to ∞, we have   
1

1( ) ( ) .
( )t u

z t q s s u
a u

γ∞ ∞
∆  

− ≥ ∆ ∆ 
 
∫ ∫  

Again taking Integrating 1t to ∞, we obtain 

1

1

1
1( ) ( ) .
( )t u v

z t q s s u v
a u

γ∞ ∞ ∞ 
≥ ∆ ∆ ∆ 

 
∫ ∫ ∫  

This contradicts (3).  Then 0= .  Moreover the 
boundedness of ( )x t yields limsup ( )

t
x t a

→∞
= ;

0 .a≤ < ∞   Then there exists a sequence kt such that

lim , lim ( )k kt t
t x t a

→∞ →∞
= ∞ = . 

If 0a > , choosing 
(1 )
2

a p
p

ε −
=  we see that 

( )( )kx t aδ ε< +  eventually.  Moreover 

0 lim ( ) lim( ( ) ( ))

(1 ) 0.
2

k kk k
z t x t p a

a p

ε
→∞ →∞

= ≥ − +

= − >  

Thus 0a =  and that lim ( ) 0.
t

x t
→∞

=   The proof is 

complete.  

Lemma 2.3. [5] Assume that 
2

( ) 0, ( ) 0, ( ) 0u t u t u t∆ ∆> ≥ ≤  for all 0[ , ).t t∈ ∞  

Then for each (0,1)∈  there exists an integer 0T t≥  

such that 
( ( )) ( )

( )
u t u t

t t
τ
τ

≥   for .t T≥  

 Lemma 2.4. [5] Assume that 
2 3

( ) 0, ( ) 0, ( ) 0, ( ) 0z t z t z t z t∆ ∆ ∆> > > ≤  for all

t T≥ . Then 
( )
( ) 2

z t t T
z t∆

−
≥  for t T≥ . 

 Lemma 2.5. [5] Assume that 
2 3

( ) 0, ( ) 0, ( ) 0z t z t z t∆ ∆ ∆> > ≤  for all .t T≥   Then 
2

( )( ) 1 .
( )

z tt T for t T
z t

∆

∆− ≤ ≥  

Now, we present the oscillation results.   For simplicity, 
we introduce the following notation  

          
0

*

1

*

liminf ( ) ,
( )

1limsup ( ) ,
( )

t
t

t

t
t

tp P s s
a t

sq P s s
t a s

γ

γ

∞

→∞

+

→∞

= ∆

= ∆

∫

∫









                       (4) 

Where
( ) ( )( ) ( )

2
s s TP s q s
s

γ γ
γ τ τ −   =    

   

   with

(0,1)∈  arbitrarily chosen and Τ large enough.  
Moreover for ( )z t  satisfying case (i), we define 

                

2

( )( ) ( )
( )

z tw t a t
z t

γ
∆

∆

 
=   

 
                                 (5) 

 and 
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( )liminf
( )t

t w tr
a t

γ σ

σ→∞
= and 

( )limsup .
( )t

t w tR
a t

γ

→∞
=         (6) 

Lemma 2.6.  Assume that ( )a t is non decreasing.  Let 
( )x t  be a positive solution of equation (1) 

(I) Let *p < ∞  and * .q < ∞   Suppose that the 

corresponding ( )z t  satisfies case (i) of Lemma 2.1.  
Then  

                    

11

*p r r γ
+

≤ −  and * * 1.p q+ ≤   (7) 

(II) If *p = ∞ or *q = ∞ , then ( )z t  does not belong 
under case (i) of Lemma 2.1. 

Proof.  Part (I):  Assume that ( )x t  is a positive solution of 
equation (1) and the corresponding ( )z t  satisfies (i).   
Since that 0 ( ) ( )z t x t< < , we obtain  

   
( )2

( )(( ( )) ) ( ) ( ( )) 0.a t z t q t z tγ γ τ
∆

∆ < − <              (8) 

 Since ( ) 0a t∆ ≥  we have
3

( ) 0z t∆ ≤ .  So there exists a 

0T t≥ such that ( )z t  satisfies
2 3

( ( )) 0, ( ) 0, 0, ( ) 0z t z t z z tτ ∆ ∆ ∆> > > ≤ , for 
.t T≥   From the definition of ( )w t  and (8) we see that 

( ) 0w t >  and satisfies, 

 

1

1
( ) ( ( ))( ) ( )
( ( ))

( )

q t z tw t w t
z t

a t

γγ σ
γ

γ σ
γ

τ γ +
∆

∆

−
≤ − (9)  

From Lemma 2.3 with ( ) ( ),u t z t∆=  we have for   the 

same as in P  

1 ( ) 1 , ,
( ) ( ( ))

t t T
z t t z t

τ
τ∆ ∆≥ ≥


 

which with (9) gives 

1

1

( ) ( ( ))( ) ( )
( ( ))

( )
( )

t z tw t q t
t z t

w t
a t

γγ
γ

γ σ
γ

σ
γ

τ τ
τ

γ

∆
∆

+

  ≤ −   
   

−



 

Using the fact form Lemma 2.4 that 
( )( ) ( )

2
t Tz t z t∆−

≥  

we have, 

       

1

1( ) ( ) ( ) 0.
( )

w t P t w t
a t

γ σ
γ

σ
γ

γ +
∆ + + ≤

               (10) 

Since ( ) 0P t >
 and ( ) 0w t >  for  , ( ) 0t T w t∆≥ ≤  

and 
 

1 1
( ) 1

( ) ( )

w t

w t a t
γ σ σ
γ γγ

∆

+

−
≥   for t T≥ . 

This implies that 

1 1
1 1

( ) ( )w t a t
σ

γ γ

∆
 
  ≥ 
 
 

 

Integrating the last inequality T to t and using the fact that 
( )w t  is decreasing, we obtain 

 

              

1

1( )

1

( )

t

T

w t

s
a s

γ

σ
γ

γ

<
 
 ∆ 
 
 
∫

                           (11) 

which view of (H) implies that, lim ( ) 0.
t

w t
→∞

=  On the 

other hand, from the definition of ( )w t  and Lemma 2.5, 
we see that 
                         0 1.r R≤ ≤ ≤                                     (12) 
Now, we prove that the first inequality in (7) holds.  Let

0ε > , then from the definition of *p  and r, we can pick 

up 2 [ , )t T∈ ∞  sufficiently large 

*( )
( ) t

t P s s p
a t

γ

ε
∞

∆ ≥ −∫ 
  and 

( )
( )

t w t r
a t

γ σ

σ ε≥ −  for 

2[ , ).t t∈ ∞   Integrating (10) from t to ∞ and using

lim ( ) 0
t

w t
→∞

= , we have 

1

21
( )( ) ( ) ,

( )t t

w sw t P s s s for t t
a s

γ σ
γ

σ
γ

γ

+
∞ ∞

≥ ∆ + ∆ ≥∫ ∫
   

Using the fact ( ) 0,a t∆ ≥  it follows from (13) that 
1

1

* 1
1

( ) ( ) ( )( )
( ) ( )

( )t

t w t t s a s w sp s
a t a t

s a s

γ σ
γ γ γ σ γ

γ σ
γ γ

γε

+
∞ +

+
+

≥ − + ∆∫  

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 3 Issue 7, July 2016  

 ISSN (Online) 2348 – 7968 | Impact Factor (2015) - 4.332  

www.ijiset.com  

618 
 

and so 

    
11

* 1

( ) ( ) ( ) .
( ) t

t w t p t r s
a t s

γ
γ γ

γ

γε ε
∞+

+≥ − + − ∆∫         (14) 

From (14), we have 
11

*
( ) ( ) ( )

( )
t w t p r
a t

γ
γε ε

+
≥ − + −  

Taking lim inf of both sides as t →∞ , we get 
11

*( ) ( )r p r γε ε
+

≥ − + −  

Since, 0ε >  is arbitrary we get the result, 

 

11

*p r r γ
+

≤ −
                                   (15) 

To complete the proof of part (I), it remains to prove 
second inequality in (7).  Multiplying the   

inequality (10) by 
1

( )
t
a t

γ +

 and Integrating from 2t  to t, we 

obtain 

                 
2 2

2

1 1

1

( ) ( )
( ) ( )

( ) .
( )

t t

t t

t

t

s w s ss P s s
a s a s

s w s s
a s

γ γ

γ
γ σ γ

σγ

+ ∆ +

+

∆ − ∆

 
− ∆ 

 

∫ ∫

∫




(16) 

 
By integration by parts, we obtain 

2

2

2

11
2

2
2

1

1

1

( ) ( )
( ) ( )

( )
( )

( )
( )

( ) .
( )

t

t

t

t

t

t

tt w t w t
a t a t

s P s s
a s

s w s s
a s

sw s s
a s

γγ

γ

γ
γ σ γ

σ

γ
σ

γ

++

+

+

∆+

≤

− ∆

 
− ∆ 

 

 
+ ∆ 

 

∫

∫

∫




 

Since ( ) 0,a t∆ ≥ we have  

( )1 1 1 1 ( )( )( ) ( )
( ) ( ) ( ) ( )

ss a s s s a s
a s a s a s a s

γγ γ γ

σ σ

γ σ∆+ + ∆ + ∆ +  −
= ≤ 

 
 

Hence, 

2

1

2

1 11
2

2
2

( )( ) ( )
( ) ( ) ( )

( 1) ( ) ( ) ( ) .
( ) ( )

t

t

t

t

t s P st w t w t s
a t a t a s

s w s s w s s
a s a s

γ

γ γγ

γ σ γ σ γ

σ σ

γ σ γ

+

+ ++

≤ − ∆

 
 + + − ∆     

∫

∫




 

Using the inequality 

( )

1 1

11
BBu Au
A

γ γ γ
γ

γ γ

γ
γ

+ +

+− ≤
+

 

with 
( ) 0,

( )
s w su A
a s

γ σ

σ γ= > = and 

( )( 1) ,sB
s

γσγ  = +  
 

 we get 

2

2

1 11
2

2
2

( 1)

( )( ) ( )
( ) ( ) ( )

( )

t

t

t

t

t s P st w t w t s
a t a t a s

s s
s

γ γγ

γ γσ

+ ++

+

≤ − ∆

 + ∆ 
 

∫

∫




 

It follows that 

      2 2

1
2 2

2
( 1)1

( )( )
( ) ( )

( )1 1 ( ) .
( )

t t

t t

t w tt w t
a t ta t

s P s ss s
t a s t s

γγ

γ γγ σ

+

++

≤

 − ∆ + ∆ 
 ∫ ∫


         (17) 

Taking the lim sup of t →∞  

* 1.R q≤ − +  

Combining this with (12), we have 

11

* * 1p r r r R qγ
+

≤ − ≤ ≤ ≤ − +   

which gives the desired second inequality in (7).  The 
proof of part (I) is complete. 

Part (II):  Assume ( )x t  positive solution of (1) and that 
the corresponding function ( )z t  satisfies (i).  First assume

*p = ∞ .  This is exactly as in the proof of the first part, 
we obtain (10).  Then 
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( ) ( ) .
( ) ( ) t

t tw t P s s
a t a t

γ γ ∞

≥ ∆∫ 
  

Taking lim inf of both sides at t →∞ , we obtain in view 
of (14) 

1 .r≥ ≥ ∞  

This is a contradiction.  Next we assume that *q = ∞ .  
Then taking lim inf and lim sup on the left and right sides 
of (17) respectively, we obtain  

0 R≤ ≤ −∞ . 

This contradiction completes the proof.  
Now we are ready to present the following oscillation 
criterion for equation (1). 

Theorem 2.7.  Assume that condition (3) holds and ( )a t  
is nondecreasing.  Let ( )x t  be a solution of (1).  If 

    
* 1liminf ( ) ,

( ) ( 1)t
t

tp P s s
a t

γ γ

γ

γ
γ

∞

+→∞
= ∆ >

+∫ 
          (18) 

Then ( )x t  is oscillatory or ( ) 0x t → as t →∞ . 
Proof.   Let ( )x t be a non-oscillatory solution of equation 
(1). Without loss of generality we may assume that ( )x t  
is a positive solution of equation (1).  We claim that ( )x t  
is bounded.  To prove this we assume, on the contrary, that 

( )x t  is unbounded.  Hence there exists sequence mt such 

that lim ;mm
t

→∞
= ∞  moreover lim ( )mm

x t
→∞

= ∞  and 

0( ) max{ ( ); }.m mx t x s t s t= ≤ ≤  

Since ( )t as tδ →∞ →∞ , we can choose m 

sufficiently large that 0( ) .mt tδ >   As that ( ) ,t tδ ≤  we 
have 

 0

0

( ( )) max{ ( ); ( )}
max{ ( ); } ( ).

m m

m m

x t x s t s t
x s t s t x t

δ δ≤ ≤ ≤
≤ ≤ ≤ =

  

Therefore for all large m 
( ) ( ) ( ) ( ( )) (1 ) ( ).m m m m mz t x t p t x t p x tδ= − ≥ −  

Thus ( ) .mz t as m→∞ →∞  So ( )z t  is positive and 
unbounded.  It follows from Lemma2.1 of (i) has to hold 
Lemma 2.6 (I) provides 

1 1/
*p r r γ+≤ − . 

Using the inequality 

1 1/ 1
1 /

( 1)
Bu Au B A

γ
γ γ γ

γ

γ
γ

+ +
+− ≤

+
with A = B = 1 and

u r= , we obtain that  

* 1 .
( 1)

p
γ

γ

γ
γ +≤
+

  

Which contradicts (18).  So we conclude that both ( )x t
and ( )z t are bounded.  Lemma 2.1 now implies that for 

( )z t  either (ii) or (iii) holds. 
If the case (ii) holds then Lemma 2.2 ensures that 
lim ( ) 0.
t

x t
→∞

=  On the other hand if the case (iii) holds 

then there exists a finite lim ( ) 0.
t

z t c
→∞

= − <   We know 

that 0 ( )x t<  is bounded, so  

limsup ( ) , 0
t

x t a a
→∞

= ≤ < ∞ . 

We claim that 0a = .  If not then there exists a sequence 

kt such that lim ( ) , lim ( ) .kk k
x t and x t a

→∞ →∞
= ∞ =  It is 

easy to see that for 
(1 ) 0,
2

a p
p

ε −
= > we have 

( ( )) .kx t aδ ε< +  Moreover             

0 lim ( ) lim( ( ) ( ))

(1 ) 0.
2

k kk k
c z t x t p a

a p

ε
→∞ →∞

> − = ≥ − +

= − >
 

This is a contradiction.  Thus 0a =  and lim ( ) 0.
t

x t
→∞

=  

This completes the proof.        
 Corollary 2.8. Assume that condition (3) holds and ( )a t
is non decreasing.  Let ( )x t be a solution of (1). If  

 
2

1

( ) (2 )liminf ( )
( ) ( 1)t

t

t sq s s
a t s

γ γ γ

γ γ

τ γ
γ

∞

+→∞
∆ >

+∫       (19) 

then ( )x t is oscillatory or ( ) 0x t → as t →∞ . 
Proof.   We shall show that condition (19) implies 
condition (18).  First note that for any (0,1)∈ there 

exists an integer 1t such that 1( ) ( ),t T t t tτ τ− ≥ ≥ . 
Therefore, 

 
2 2

1
( )( ) ( ),

2
tP t q t t t

t

γ γ

γ γ

τ
≥ ≥

 .                (20) 

On the other hand, (19) implies that for some (0,1)∈  
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2

2 1

( ) 1 (2 )liminf ( )
( ) ( 1)t

t

t sq s s
a t s

γ γ γ

γ γ γ

τ γ
γ

∞

+→∞
∆ >

+∫ 
,   (21) 

Combining (20) with (21), we obtain (18). 
Theorem 2.9. Assume that condition (3) holds and ( )a t is 
non-decreasing. Let ( )x t be a solution    of equation (1). If 

                                    * * 1,p q+ >                                (22) 

then ( )x t  is oscillatory or satisfies lim ( ) 0
t

x t
→∞

= . 

As a consequence of Theorem 2.9, we have the following 
results. 
Corollary 2.10. Assume that condition (3) holds and ( )a t  
is non decreasing.  Let ( )x t  be a solution of equation (1).  
If 

          0

1

*
1limsup ( ) 1,

( )

t

t
t

sq P s s
t a s

γ +

→∞
= ∆ >∫ 

                 (23) 

Then ( )x t  is oscillatory or satisfies lim ( ) 0.
t

x t
→∞

=  

As a matter of fact we can again slightly simplify function 
( )p t

  in (23). 

Corollary 2.11. Assume that condition (3) holds and ( )a t  
is non-decreasing.  Let ( )x t  be a solution of equation (1).  
If 

           0

21 ( )limsup ( ) 2
( )

t

t
t

s s q s s
t a s

γ
γτ

→∞
∆ ≥∫                   (24) 

Then ( )x t  is oscillatory or satisfies lim ( ) 0.
t

x t
→∞

=  

The proof is similar to that of Corollary 2.8 and hence the 
details are omitted. 
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