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Abstract

In this article we consider the coupling of the vector multiplets to
supergravity in four dimensions with one supersymmetric charge.
Supergravity theories are the effective theories of superstring
theories. We follow the so-called “geometric approach”, i.e. we
use the concepts of supersymmetry, superspace, rheonomic
principle and consider all fields as superforms in superspace.
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1. Introduction

In high-energy physics, theories with supersymmetry and
gauge symmetries inside them are often analyzed. It is
therefore of great interest to find a generalization of gauge
theories including this important symmetry. A good
involved candidate is the vector multiplet, which is a set of
fields that can be represented in the superspace by a vector
superfield.

The scalar multiplets contain quarks, leptons and the Higgs
particles together with their superpartner, i.e. squarks,
sleptons and Higgsinos. The gauge bosons, on the contrary,
belong to vector multiplets (1, 1/2). In analogy with the
ordinary Yang-Mills theory, the role of vector multiplets is
to “give locality” to some global symmetries groups of the
matter Lagrangian. The Lagrangian of pure supergravity
has normally local supersymmetry, but admits at most one
group of bosonic global symmetries [1].

These symmetries are in bijective correspondence with the
isometries of the Kihler metric 8;°(%:7)  satisfying the
additional requirement to keep invariant the Kéhler
potential G(2,2) . If K'(4)(z) is a basis of holomorphic
Killing vectors for the metrics & (2,2) | the holomorphic
condition means:

o K@) (2)=0 = 8, K" (a)(2)=0; )

K" (@)=(K'@)". 2)

The vectors K'(q) are the generators of infinitesimal
holomorphic coordinate transformations:

52 =% K'(a)(2) (3)
which keep invariant the metrics gij*(Zj). The vector
fields:

Ka)=K'@@)?; @)
associated to such Killing vectors close a Lie algebra:
Ry Kipy Johas” Ko (5)

and the vectors may be normalized so that the structure
constants are fully antisymmetric:

hap” =hapy =hlapy]. (6)
As the metrics & (2) is the derivative of other

fundamental objects, so Killing vectors in a Kéhler
manifold are the derivatives of a convenient prepotential:

Kl(a):iglj 6_]-‘ @}a) ; @“*(a) = @”(a) . (7)
It is therefore possible to define a Killing vector finding a
real function @7y such that ig” o ;+ @ is holomorphic.
The form of the isometry transformation on fermions is:

5yi=c"0, Ki(a)(z)xj—éaa L@ (8)

v, =§s“ Im f,, (2)y . )

We consider thus holomorphic vectors K'(4)(z) which
satisfy the most restrictive condition of keeping invariant
the Kéhler potential:

aiGKi(a)+6l.*GK"*(a)=0. (10)
In the applications to particle physics, we can have the

situation in which the Killing vector is a linear function in
z:

Kioy=(T,) jz/ = 6z'=¢%(T,) ;2. (11)
In this case Eq. (8) becomes:
Sx'=e" (T2 - (12)
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In the case of linear isometries, the prepotential of Killing
vectors is expressed in terms of the first derivative of the
Kihler potential [2-5]:

@}a) = 7iaiG (Ta)ij Xj . (13)

2. The vector multiplet

If we assume the existence of a m-dimensional isometry
group S, it is possible to introduce m vector multiplets:
(A%, 2%, (14)
that belong to the adjoint representation of § . 4% is a
bosonic 1-form, 2% is a Majorana spinor, whose chiral
projections are given by:

gt gy g s g (15a,b)
A% =(2%) 103 (16)
2 %e=(A"")"y,. (17)

We denote with v the covariant derivative with respect to
Lorentz transformations, the isometry group § , Kéhler
transformations and holomorphic diffeomorphisms [1]. We
fix:

Vzi=d! + Aa(Ta)ijzj, (18)
@xizV)(iJr Aa(Ta)iija (19)
VA%e=dA%— %wab Vap A% +h% gy AP ﬂ.+%Q/1“., (20)

Vy.=Vy., @1
having assumed that the Kéhler weight of 1%, is the same
of that of gravitino; this is consistent with Bianchi
identities. In the following we will continue to write V
instead of v for simplicity. The idea is to replace the new
covariant derivative V eveywhere in the Bianchi
identities. For resolving the Bianchi identities in presence
of vector supermultiplets, it is necessary to write the
rheonomic parametrization of curvatures associated to 4“
and 2% . Indicating with g« the curvature of 42 :
def
F%=dA%+ h%pg, 4P A 47 | (22)

we write the following rheonomic parametrization:
param

F = FVoar’+ éﬂ?“.ymw‘wh
i_ °
+Ela YmWe V™ (23)

where the coefficient of the sector WAV defines the

supersimmetric partner 3* of 42 and it has been then

arbitrarily normalized. We write the rheonomic
parametrization of 2%, in the following way:
V%=V, 2%V a FD% 0y @y +iD%y, » (24)

VA% =V 2%V a FO%y Py —iD* y*, (25)
where F(M,, and F()e, are the self-dual and antiself-
dual parts of F*,, respectively:

Fep=F %+ FO% (26)
Eapea P4 =221 FD% (27)
For the following we will name “sector (m,n)” of an

equation between forms that sector which contains m
vierbeins V' e n gravitinos ¥ . From the Bianchi identity:

(VF")1,2)=0, (28)
we get:

2iF“ab!7'AV“w.AVb+éu7'Aym(aF“)“aby”b+ (29)
+iD®)y AV + él/7./\7m (@FO %y —iD*y* AV™ =0
From this we get:

(D' =D (30)
which is a real function, called “auxiliary field”, and:
2i(F(+)aab +F(_)aab)17' INGL/A AV 2iq F e, AN

/\5ma7bl//./\Vm+2iF(7)aab17./\5ma}/b‘//./\VmZO’ (31)
It follows:
a=1_ (32)

With regard to the curvatures of z' and 4', in accordance
to what stated before, we replace d with V . The definitions
of “gauged” curvatures of z' and 4’ become:

def param

R(z") =dd'+ A“(T,) 2/ =Vvz = Z'Vi+x'w.;  (33)

_def . i . . C ok . . param
Vil = Dy - SOx ATk 4 AT (T 1) =

param

= (Vi V+iZay v '+ 3" V.. (34)

The Bianchi identity of Z' has the same solution as before.

3. “Off-shell” parametrization of gravitino

At this point we solve the Bianchi identities of
supergravity in the presence not only of the Wess-Zumino
multiplet (scalar multiplets), but also of vector multiplets.
With the replacement of the new covariant derivative “V ”
instead of “d”, the parametrization of the gravitino
curvature is [6-8]:

Pe=Poap V" AV id, wo AVI+id, v pe VP +

+Sy 't AV (35)
The corresponding Bianchi identity is given by:

1 1 R
@p,+zRabAyabw,+ Egl-j*Vz’/\VzJ AW,=0, (36)

with the “off-shell” parametrization of g0 :
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RP=RE VAV 10 yy AVE+0y AVE - (37)

—iS T ny Py, +iST Ay Pyt —2i A7 Aygwa e

Since the parametrization of vz is the same of that in
absence of vector multiplets, the explicit form of the
Bianchi identity of gravitino in the sector ¥ A¥ AV has
that form; but it is different because in the case of only

*

Wess-Zumino multiplet it exists only a current 'y, z/

identifiable with 4, e 4’ fields, but now we can build also
the current:

Qup A% 7y AP (38)
It is therefore not more possible to write 4, = 0; we set:
Ay=0up A%y, AP° (39)
and therefore:

=—Q/3/1 -nlﬁ+8g Xrax’ (40)

Let's consider the sector (1,2) of Eq. (36):

2i Paay ¥ AT WAV =i ATV 0,110 Ap+ 7V (0,1) A AV =

_iy“bw,/\((V,V(o,l),A'a+x7'V'(071)A'a)/\Vb—yby/'/\ 41
* 1 _
AV ST "V ST IRV 4 TVacWe N W07+
. 1 i e
+l// °0 ac)/\Vb+ Egl]*l//. /\(y/,;(leb—l// Z'I Zlb)/\Vb:

The cancellation of the current i7® Ay y*® brings to:

S=ieeY?. (42)
In the 7, Ay"™y. sector we have:
i —_— i l}
ST AWt Ve ) 427 Vi (Vo Aa)
— Im 1 ac — Im
Yo NY '//-_3_271167/]/” e-b Ve NV Yo~
16 S Vim 1 Z7 bu/.w "y.=0. (43)

Multiplying both sides of Eq. (43) by " and considering
the gamma-matrices algebra, we get:

3 i
==Vio,1ye Ap+ E}/ab Vio,1ye 4

2
0% 3 J (44)
_gyac ot 4gy x 'Z- »=0>
with 4,, A4, and 6%, given by Egs (39), (40)
respectively:

Haf/b:—ZiJ/[a p cb- _H-}/bpac- , (45)

and Q5 fucntion of fields z', z' . In the sector of one-

index current of Eq. (36) we have lastly:

2ipegy= —ya (V0.1 4p)— ybn (Vo 47)-

ie
——VpVa X

o/
4 m(am G) e% +§ylmya 0 n;)_

1 . o
~28i 2y raz” =0. (46)

Eq. (46), by multiplication with y“, leads to the gravitino

equation of motion, which now includes also the coupling
to the vector multiplets. It is:

L e ie
207 peap= 21 (V00 ) +5 752" (0 G) eC? -

~g 2y 47 =0, (47)

having used the gamma-matrices algebra. The spinor
derivative of 4, results:

(V0.1 4)= V(0.1 (Qap A% 75 2P)=

=0 Oup 1 +0+ Qup ') A%y AP+ (48)
©)
+Q0,p (~4FPpny"+iDP ) A%

considering the parametrization of 1%, , 17* and:

Vo,1)e 1%°=0> (49)
Vo))" A%=0. (50)
The motion equation results:

207 Paap— 2i((0; Qup 2" +0 Oup 20 7 7 AP+

) o
+Q0pp (~4F Py y" +iDF yy) %)+ —Vb)( "0, G) €9 -

—gg 7' b Z'/ -0- (51)

4. Bianchi identities of 7' and '

We analize now the new Bianchi identities of the Wess-
Zumino multiplet [6-8]. In relation to y we have:

_def param
vy = @“z——Qﬂc T jedz! A (T ) =

param

= (V) V +iPay 'y + 3P Ve +illay® Py, . (52)
The Bianchi identity of R(z') results:
V2= FOT,) 2/ =VZianVi+ iZ g ny y® —
_WoAvli+Zipo~ (53)
The (0,2) sector brings to:
Plu=7'y; 89 '=free; L'up=0. (54)
From (0,1) sector it is possible to find the spinor derivative
of zi,:

: Cd S

Moy Zia)= S7, ;(’—Eyal“. T,z (55)
Vo Zia)e= Vo' -id 2+ idyy ax'-

i . o
LA T (56)

For Vi zi, similarly we get:
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Von Z au= S rar" —éyaia' @) 7
Mo, Z"*a)’z v, ;5"* -id, Zi* +idyyb, ;{i* -
a2y (58)
Let's consider now the Bianchi identity of »':
Vi =V, A VOiZlay ) (59)

We note that the auxiliary field $#” appearing in the
parametrization (59) generally does not coincide with the
found value without coupling to vector multiplets.
Therefore we write:

= SN+ A (60)
where 97°” ' is the expression in absence of gauge fields,
whereas A 9% has in general the form:

AP = Niyp(z2) A% 2P+ Myp(z.2)2% AP, (61)
which appears to be the rheonomic form compatible with

the rigid scale “- 1” and with the Kéhler scale “- 1”.
Computing the (0,2) sector of Eq. (59) and considering the

VeAYabVe sector, we get:

%Vz o7 —ia"zs*=0 . (62)
We have also:
Vo AGy1)e=0; (63)

=Vone( Nigp(z,2) A% 2P+ Migp(z,2) 2% AP0)=0 (64)
From Eq. (64), considering that Eq. (49) holds, it results:
Miap=0: (65)
\7 Niaﬁ=0~ (66)
Multiplying both sides of Eq. (66) with & we get:

Vi( & Nigp)=0 =V, N jq3= ON 5+  terms in
which it appears the Riemann affine connection with
indexes that are never “all starry” or “all not starry”. This

implies that all these additional terms are zero; It is
therefore:

ON ap=0, (67)
i.e. Vg p is an anti-holomorphic function.

In the sector i7® Ay®y*, considering the gamma-matrices
algebra, we have identically zero, and the same holds for
the term yy°* Ay y, 1%. (Ta)i*j z/. Also the term
Yap X' S W Ay®y® is zero because y, ' and
" Ary®y® have opposite self-duality. The study of the
sector w°Ay®y, brings to an implicit motion equation,

where we don't know the functions N'¢ s and ph .

5. Bianchi identities of F*

We analyze now the Bianchi identities of the vector
multiplet of significant interest [6-8]. Considering the Fierz
identities, the (0,3) sector gives identically 0 = 0; similarly
we can say for the (1,2) sector. The (2,1) sector gives the
)
. . o . .
spinor derivative of F%,; . Contracting (Vo) F¥ab) with

y®, we get:

) i . "
Vo Far )= 57" 7a Vs 27" = 618" 2%

3 3

_Z A%y pee T g, pae 63
2 Va 2 Va (68)
We note also that:
(+) 69)
Vo Fab)e= Vo Fab)s”
)
(V(O,l) Faab). = (V(O,]) Faab). 4 (70)
because:
=)
Vo Fab)e=0> (71)
(+)
Vo, Fa)*=0" (72)

6. Bianchi identity of gaugino

The Bianchi identity of gaugino is given by:

+)
200 _ : . 73
VA= Gy 9,y p gy by, 1 D7 V) (73)

Considering the (0,2) sector of Eq. (73) and of this the

sector Ve AVimWe , we get:

ilma *U. A :lab Im )
4}/ e S Y, VimWe 87 Y (V(Ojl).Faab)

7 L im 7 . 74
l//o/\ylml;[/o+ g}/ (V(O,l)oDa) Ve NVimVe ( )

Multiplying both members of Eq. (74) by 7im and using

the gamma-matrices algebra, we get:

N ) 3. (75)
P Ao E— = .
—3il% S = 5 V4 (V(O,]). F(lab)_ 2[ (V(O’l). DC{)

Let's do now the following ansatz, which is the only one

compatible with rtheonomy, Kahler weight “0” and scale
weight “- 17

DY = D Laﬁi}?ilﬁ-+ [_,a’[},'" }?i* AP (76)

Computing the quantity Vo D) v and using it,

togheter with Eq. (76) inside Eq. (75), we get the motion
equation of 1%°*. We can get the motion equation of 2%,

from the sector y, Ay®y* of the (0,2) sector of Eq. (73).
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Computing the spinor derivative of ¥ 212*, i.e. (V(0.1)e (¥
A%*)), in two different way:

a) using the motion equation of 3%°,

b) directly from the Bianchi identity of gaugino (it is the
complex conjugate of Eq. (73)) in the (1,1) sector, and
equating the two results, we get informations on the

introduced arbitrary functions L%g;, 9ap € N'ap.
Considering that S=ieexp(G/2) ,

W' = 2e(2" 0. G)exp(G/2),

and putting:

DN = (M~ P, (77
where @74 is the prepotential of the Killing vectors (Eq.
(7)), in the case of m multiplets, we get:

L%pi= —%(Mil)%@iMyﬂ' (78)

The M function is a harmonic function, i.e. the real part of
an analytic function:

M=_(f(@)+ (@), (79)
It is:

00 M=30,- F@), (80)
therefore:

N :%ak* 7G) 81)

The found results is generalizable in the case of m vector
multiplets as:

1 -
Nk*aﬂzzak* /aﬂ(z) (82)
With Qs all the unknown functions that appear in the
initial ansatz on the parameterization of curvatures are

determined in terms of the analytic function /up(2). To

determine this latter function, we analyze a sector in which
explicitly appear the auxiliary fields of supergravity [1].
We obtain:

Qaﬁ :Maﬂ: Refaﬂ . (83)

7. Conclusions

The obtained results from the analysis of the Bianchi
identity of the gaugino equation can be synthesized in the
following way:

- from the equation:
( V(O,l) (V A%° )).Equations = ( V(O,l) (V A%t )).Bianchi

of motion identities

we get, in the 1y, sector:

a) Bosonic terms:

L“ﬁiz—é(Mfl)“ya[Myﬁ- (84)

b) Bilinear terms in X x1¥.: we get an identically
satisfied equation with the previous positions.

C) Bilinear terms in y A1y, Zi*a .
010 M%p=0. (85)

d) Terms in A Abosonl y, :

1 - _
Nk*aﬁ':Zak‘ faﬁ(z)’ (86)
where:
Mz=Ref,p. (87)

e) ¥ AAA sector:
Qaﬁ = Refaﬂ . (88)

The equations of motion of ' and A%*, written in

implicit form, can be made explicit, having determined the
form of the auxiliary fields 397, p«,S,4,,A4’,.

To derive the equations of motion of all fields of the theory
it is easier to use the variational principle, writing the
complete Lagrangian which includes the interaction of the
system “‘supergravity + Wess-Zumino multiplets” with the
“vector multiplets”.

The complete theory of N = 1 supergravity, as effective
theory of the heterotic superstring compactified in 4
dimensions, ultimately contains two arbitrary functions: the
real function G(z,z), ie. the Kihler potential of the
Kéahler manifold of Wess-Zumino multiplets and the
analytic function fop(2). Information on them can be

obtained from the analysis of the fundamental superstring
theory, of which supergravity is the effective theory.

The presented results, obtained through a geometric
formulation of the coupling “supergravity + matter”, are in
complete agreement with the results obtained by means of
the superconformal tensor calculus in the components
approach [1,9-13].
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