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Abstract
In this article we consider the coupling of the vector multiplets to
supergravity in four dimensions with one supersymmetric charge.
Supergravity  theories  are  the  effective  theories  of  superstring
theories. We follow the so-called “geometric approach”, i.e. we
use  the  concepts  of  supersymmetry,  superspace,  rheonomic
principle and consider all fields as superforms in superspace.
Keywords: Differential  Geometry,  Supersymmetry,
Superspace, Supergravity, Superstrings,  Vector multiplet.

1. Introduction

In high-energy physics, theories with supersymmetry and
gauge  symmetries  inside  them are  often  analyzed.  It  is
therefore of great interest to find a generalization of gauge
theories  including  this  important  symmetry.  A  good
involved candidate is the vector multiplet, which is a set of
fields that can be represented in the superspace by a vector
superfield.
The scalar multiplets contain quarks, leptons and the Higgs
particles  together  with  their  superpartner,  i.e.  squarks,
sleptons and Higgsinos. The gauge bosons, on the contrary,
belong to vector multiplets (1,  1/2).  In analogy with the
ordinary Yang-Mills theory, the role of vector multiplets is
to “give locality” to some global symmetries groups of the
matter  Lagrangian.  The Lagrangian of  pure  supergravity
has normally local supersymmetry, but admits at most one
group of  bosonic global symmetries [1].
These symmetries are in bijective correspondence with the

isometries  of  the  Kähler  metric  ),(* zzgij   satisfying the

additional  requirement  to  keep  invariant  the  Kähler

potential  ),( zzG .  If  )()( zK i
  is  a  basis  of  holomorphic

Killing vectors for the metrics  ),(* zzgij , the holomorphic

condition means:

0)(0)( )()(
*

*  zKzK i
j

i
j  ;                                   (1)

*
)()( )(

*


ii KK  .                                                              (2)

The  vectors  )(
iK  are  the  generators  of  infinitesimal

holomorphic coordinate transformations:

)()( zKz ii


                                                                (3)

which  keep  invariant  the  metrics  ),(* zzgij .  The  vector

fields:

i
iKK 


)()(                                                                    (4)

associated to such Killing vectors close a Lie algebra:

  )()()( , 


 KhKK


                                                      (5)

and the vectors may be normalized so that  the structure
constants are fully antisymmetric:

 


 hhh  .                                                          (6)

As  the  metrics  ),(* zzgij  is  the  derivative  of  other

fundamental  objects,  so  Killing  vectors  in  a  Kähler
manifold are the derivatives of a convenient prepotential:

*

*

)( j
iji giK 


P  () ;     P  * () = P  () .                     (7)

It is therefore possible to define a Killing vector finding a

real function P () such that  *

*

j
ijgi  P () is holomorphic.

The form of the isometry transformation on fermions is:

j
i   iji zf

i
zK  


 )(

2
)()(  ;                            (8)

   
 )(Im

2
zf

i
.                                                     (9)

We  consider  thus  holomorphic  vectors  )()( zK i
  which

satisfy  the most restrictive condition of keeping invariant
the Kähler potential:

0)()(
*

*  
i

i
i

i KGKG .                                            (10)

In  the applications  to  particle  physics,  we can  have  the
situation in which the Killing vector is a linear function in
z:

j
j

iij
j

ii zTzzTK )()()( 


   .                             (11)
In this case Eq. (8) becomes:

 i j
j

iT  )( .                                                        (12)
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In the case of linear isometries, the prepotential of Killing
vectors is expressed in terms of the first derivative of the
Kähler potential [2-5]:

P  () = Gi i j
j

iT  )( .                                              (13)

2. The vector multiplet

If  we assume the existence of a  m-dimensional isometry
group S , it is possible to introduce m vector multiplets:

),(  A ,                                                                       (14)

that  belong to the adjoint  representation of  S .  A  is  a

bosonic 1-form,    is  a Majorana  spinor,  whose  chiral
projections are given by:

 
2

1
;

2

1 55 



 

 ;                                (15 a, b)

0)(   


  ;                                                             (16)

0)(   
  .                                                             (17)

We denote with ̂  the covariant derivative with respect to

Lorentz  transformations,  the  isometry  group  S  , Kähler
transformations and holomorphic diffeomorphisms [1]. We
fix:

 ii dzzˆ j
j

i zTA )( 
 ,                                                  (18)
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 ,                                               (19)
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
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i
Ahab

ab

24

1 ,      (20)

  ˆ ,                                                                    (21)

having assumed that the Kähler weight of 
  is the same

of  that  of  gravitino;  this  is  consistent  with  Bianchi
identities.  In  the following we will  continue to  write 

instead of ̂  for simplicity. The idea is to replace the new
covariant  derivative    eveywhere  in  the Bianchi
identities. For resolving the Bianchi identities in presence
of  vector  supermultiplets,  it  is  necessary  to  write  the
rheonomic parametrization of curvatures associated to A

and  . Indicating with F  the curvature of A :

  dAF
def




 AAh  ,                                           (22)

we write the following rheonomic parametrization:

 ba
ab

param
VVFF  

m
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i  
2

m
m V

i
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  
2

,                                                        (23)

where  the  coefficient  of  the  sector  V  defines  the

supersimmetric  partner    of  A  and it  has  been then
arbitrarily  normalized.  We  write  the  rheonomic
parametrization of 

  in the following way:

 
a

a V  
    DiF ab

ab
)( ,                (24)

  a
a V      DiF ab

ab
)( ,              (25)

where abF )(  and abF )(  are the self-dual and antiself-

dual parts of abF  respectively:

ababab FFF  )()(   ,                                               (26)

ab
cd

abcd FiF  )()( 2   .                                            (27)
For  the  following  we  will  name  “sector  (m,n)”  of  an
equation  between  forms  that  sector  which  contains  m
vierbeins V e n gravitinos  . From the Bianchi identity:

0)( )2,1(  F ,                                                                (28)

we get:
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2
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2
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
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abm VDiF
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From this we get:
 DD *)( ,                                                                   (30)

which is a real function, called “auxiliary field”, and:
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
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bma VFiV   ,        (31)
It follows:

1 .                                                                              (32)

With regard to the curvatures of  zi and i , in accordance

to what stated before, we replace d with  . The definitions

of “gauged” curvatures of zi and i  become:

 i
def

i dzzR )(  
 ia

a
i
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i VZzzTA )( ;       (33)
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i  
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j

j
iTA  

 )(

param
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a
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a
i ZiV)( H   i  .                         (34)

The Bianchi identity of zi has the same solution as before.

3. “Off-shell” parametrization of gravitino

At  this  point  we  solve  the  Bianchi  identities  of
supergravity in the presence not only of the Wess-Zumino
multiplet (scalar multiplets), but also of vector multiplets.
With the replacement of the new covariant derivative “ ”
instead  of  “d”,  the  parametrization  of  the  gravitino
curvature is [6-8]:

 
b

b
a

a
a

a
ba

ab VAiVAiVV  '

a
a VS   .                                                              (35)

The corresponding Bianchi identity is given by:

D     ab
abR

4

1
0

2

1 *
*  

ji
ij zzg ,            (36)

with the “off-shell” parametrization of abR :
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 

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c

cab
c

dcab
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ab VVVVRR             (37)

   abSi *    abSi abcd
dcAi  

  '2 .

Since  the parametrization of  iz  is  the same of  that  in
absence  of  vector  multiplets,  the  explicit  form  of  the
Bianchi  identity of  gravitino in  the sector     has
that form; but it  is different because in the case of only

Wess-Zumino multiplet  it  exists  only a  current  
*j

a
i 

identifiable with Aa e A’a fields, but now we can build also
the current:





  aQ .                                                              (38)

It is therefore not more possible to write Aa = 0; we set:


 
  aa QA ,                                                       (39)

and therefore:
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2

1
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*

*
8
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a

i
ijg  .                         (40)

Let's consider the sector (1,2) of  Eq. (36):
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The cancellation of the current    lm  brings to:
2GeeiS  .                                                                    (42)

In the    lm  sector we have:

lm
lmi   8

)( )1,0( bA lmb
ai 

8
 )'( )1,0( aA

   lm
lmac 

32

1 ac
b    lm

lmijg *16

1


*j
b

i Z 0   lm .                              (43)

Multiplying both sides of Eq. (43) by lm  and considering

the gamma-matrices algebra, we get:
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with  aA ,  aA'  and  ac
b  given  by  Eqs  (39),  (40)

respectively:

 ibac 2/ 
[a   c]b   acbi  ,                                   (45)

and Q  fucntion of fields iz , 
*iz . In the sector of  one-

index current of Eq. (36) we have lastly:
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Eq. (46), by multiplication with a , leads to the gravitino

equation of motion, which now includes also the coupling
to the vector multiplets. It is:

ab
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2
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*
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having  used  the  gamma-matrices  algebra.  The  spinor
derivative of bA  results:

 )( )1,0( bA )1,0(
 

 )( 
  bQ

)(
*

*
i

i
i

i QQ    
  b                            (48)

)4(
)(

b
n

nb DiFQ  
 




 ,    

considering the parametrization of 
 ,   and:

 )( )1,0( 0 ,                                                            (49)
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The motion equation results:
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4. Bianchi identities of zi and i 

We analize now the new Bianchi identities of the Wess-

Zumino multiplet [6-8]. In relation to i  we have:
def

i   D  i kj
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The Bianchi identity of )( izR  results:
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a

ij
j

i VZzTF )( 
  

  ai
aZi
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The (0,2) sector brings to:

a
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a
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From (0,1) sector it is possible to find the spinor derivative
of a

iZ :
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For )1,0( a
iZ
*

 similarly we get:

63

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 3 Issue 8, August 2016 

 ISSN (Online) 2348 – 7968 | Impact Factor (2015) - 4.332 

www.ijiset.com 

)1,0(( )
*

a
iZ

  a
i

a
i

S
2

** *
*

*

)( j
j

i zT
;          (57)

)1,0(( )
*

a
iZ 

** i
a

i
a Ai  

*

' i
a

b
bAi 

  a
i

2

*
*

*

)( j
j

i zT .                                                   (58)

Let's consider now the Bianchi identity of i : 

 i2   a
a

iai
a ZiV( H   i ) .                    (59)

We  note  that  the  auxiliary  field  H i appearing  in  the
parametrization (59) generally does not coincide with the
found  value  without  coupling  to  vector  multiplets.
Therefore we write:
H   i =  H  ^ i + ∆H   i ,                                              (60)

where H  ^ i is the expression in absence of gauge fields,

whereas ∆H   i  has in general the form:

∆H   i =  
 ),( zzN i




 ),( zzM i ,       (61)

which appears to be the rheonomic form compatible with
the rigid scale “- 1” and with the Kähler scale “- 1”.
Computing the (0,2) sector of Eq. (59) and considering the

   ba  sector, we get:
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1
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4
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i
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We have also:
)1,0(( ∆H   i 0)  ;                                                      (63)
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From Eq. (64), considering that Eq. (49) holds, it results:
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l 0
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Multiplying both sides of Eq. (66) with *ijg  we get: 
(l *ijg 0)

iN l *jN  *jl N  terms  in

which  it  appears  the  Riemann  affine  connection  with
indexes that are never “all starry” or “all not starry”. This
implies  that  all  these  additional  terms  are  zero;  It  is
therefore:

0*  jl N ,                                                                 (67) 

i.e. *jN  is an anti-holomorphic function.

In the sector    ab , considering the gamma-matrices

algebra, we have identically zero, and the same holds for

the  term  a
a    

 j
j

i zT
*

)(  .  Also  the  term

Si
ba     ab  is  zero  because  i

ba   and

   ab  have  opposite  self-duality.  The study of  the

sector  
   a  brings  to  an  implicit  motion equation,

where we don't know the functions 
iN  and D .

5. Bianchi identities of Fα

We  analyze  now  the  Bianchi  identities  of  the  vector
multiplet of significant interest [6-8]. Considering the Fierz
identities, the (0,3) sector gives identically 0 = 0; similarly
we can say for the (1,2) sector. The (2,1) sector gives the

spinor derivative of baF . Contracting )(
)(

)1,0(



 abF  with

ab , we get:

 



)(
)(

)1,0(
ab

abF    ba
bai

2
*6 Si

  a
aA

2

3  a
aA'

2

3 .                                          (68)

We note also that:

 )( )1,0( abF




 )(
)(

)1,0( abF ,                                       (69)

 )( )1,0( abF 


 )(
)(

)1,0( abF ,                                       (70)

because:

0)(
)(

)1,0(  



abF ,                                                           (71)

0)(
)(

)1,0(  


abF .                                                           (72)

6. Bianchi identity of gaugino

The Bianchi identity of gaugino is given by:

 
2

 



   ba
ab

a
a FV

)(

( )
Di .               (73)

Considering the (0,2)  sector  of  Eq.  (73) and of  this the
sector    ml , we get:

*

4
S

i ml


    ml
mlba 

8

1
)(

)(

)1,0(



 abF

   ml
mli


8 )( )1,0(

D    ml .                  (74)

Multiplying both members of Eq. (74) by  ml  and using
the gamma-matrices algebra, we get:

 
*3 Si  ba

2

1




 )(
)(

)1,0( abF i
2

3
)( )1,0(

D
.         (75)

Let's do now the following ansatz, which is the only one
compatible with rheonomy,  Kähler  weight “0” and scale
weight “- 1”:

  DD 
  i

iL 


 
*

* i
iL .                     (76)

Computing  the  quantity  
 

______________

)1,0( )( D  and  using  it,

togheter with Eq. (76) inside Eq. (75), we get the motion
equation of  . We can get the motion equation of 



from the sector  
   a  of the (0,2) sector of Eq. (73).
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Computing the spinor  derivative of   , i.e. (  )1,0( (
 )), in two different way:

a) using the motion equation of  ,
b) directly from the Bianchi identity of gaugino (it is the
complex  conjugate  of  Eq.  (73))  in  the (1,1)  sector,  and
equating  the  two  results,  we  get  informations  on  the

introduced arbitrary functions iL 
 , Q  e 

iN . 

Considering that )2(exp GeiS  , 

H  i  = )2(exp)(2 *

*

GGge
j

ij  , 

and putting:

D )( 1M P   ,                                                   (77)

where  P   is the prepotential of the Killing vectors (Eq.
(7)), in the case of m multiplets, we get:

iL 
 




 MM
i

i  )(
2

1 .                                         (78)

The M function is a harmonic function, i.e. the real part of
an analytic function:

))()((
2

1
zfzfM  .                                                       (79)

It is:

)(
2

1
** zfM

kk
 ,                                                         (80)

therefore:

)(
4

1
** zfN kk  .                                                            (81)

The found results is generalizable in the case of  m vector
multiplets as:

)(
4

1
** zfN

kk   .                                                     (82)

With  Q  all  the unknown functions that  appear  in  the
initial  ansatz  on  the  parameterization  of  curvatures  are
determined in terms of the analytic function  )(zf  . To
determine this latter function, we analyze a sector in which
explicitly appear the auxiliary fields  of supergravity  [1].
We obtain:

  MQ fRe .                                                      (83)

7. Conclusions

The  obtained  results  from  the  analysis  of  the  Bianchi
identity of the gaugino equation can be synthesized in the
following way:

- from the equation:

( )1,0( ( motionof
Equations

 ))  = ( )1,0( ( identities
Bianchi

 ))  

we get, in the 1  sector:

a) Bosonic terms: 

iL 






 MM

i
i  )(

2
1 .                                     (84)

b) Bilinear  terms  in  1 :  we get  an identically
satisfied equation with the previous positions.

c) Bilinear terms in a
iZ
*

1  : 

0*  
M

il .                                                             (85)

d) Terms in  1boson : 

)(
4

1
** zfN

kk   ,                                                 (86)

where:     
M fRe .                                                             (87)

e)   sector:

Q fRe .                                                              (88)

The  equations  of  motion  of  i  and   ,  written  in

implicit form, can be made explicit, having determined the
form of the auxiliary fields H   i , D , S , Aa , A’a . 
To derive the equations of motion of all fields of the theory
it  is  easier  to  use  the  variational  principle,  writing  the
complete Lagrangian which includes the interaction of the
system “supergravity + Wess-Zumino multiplets” with the
“vector multiplets”.
The complete theory of  N = 1 supergravity,  as effective
theory  of  the  heterotic  superstring  compactified  in  4
dimensions, ultimately contains two arbitrary functions: the
real  function  ),( zzG ,  i.e.  the  Kähler  potential  of  the
Kähler  manifold  of  Wess-Zumino  multiplets  and  the

analytic  function  )(zf  .  Information  on  them can  be

obtained from the analysis of the fundamental superstring
theory, of which  supergravity is the effective theory.
The  presented  results,  obtained  through  a  geometric
formulation of the coupling “supergravity + matter”, are in
complete agreement with the results obtained by means of
the  superconformal  tensor  calculus  in  the  components
approach [1,9-13].
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