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Abstract: The most famous of the “Series = Product” Identities are
n2 0

- 1 (@%.4%.0%0%)x
For [g]<1, > =1] ,N#0,+2 (mod 5) = 122 0»
nzo(q,q)n n=1 1—qn (q‘q)oc

+Nn

0 qn2
20

n=0

“TT-—Y .n20+1(mod 5) = @2t
’q)n nal-q" (@D

where (¢; )n=I1}=1(1 = ¢), (@ Dx=T171(1 — )

and(ay, @z, ... as; @)= (A1 Qo (@25 Qoo -+ (As; @)oo

which are known as the celebrated original Rogers-Ramanujan Identity. These two identities
have motivated extensive research over the past hundred years. They were first proved by L. J.
Rogers in 1894 that was completely ignored. They were rediscovered without proof by
Ramanujan sometime before 1913. Also in 1917, these identities were rediscovered and proved
independently by Issai Schur. There are now many different proofs of these Identities. In the
ensuing decades, numerous identities that are similar to the Rogers-Ramanujan Identities has
been discovered by several eminent mathematicians like Jackson, W. N. Bailey, G. E. Andrews,
L. J. Slater, A.K. Agarwal, etc.

The Rogers-Ramanujan ldentities have two aspects: one analytical and the other is
combinatorial. In this present paper, some identities of Rogers-Ramanujan Type related to
modulo 6,7 and10 has been derived by using some general transformation between Basic
Hypergeometric Series and with the incorporation of some identities from Lucy Slater’s famous
list of 130 identities of Rogers-Ramanujan type.

Key words: Rogers-Ramanujan Identity, Slater’s Identity, Basic Hypergeometric Series,
Jacobi’s Triple Product Identity, Bailey Pair etc.
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1. Introduction:
For |g|<1, the g-shifted factorial is defined by

(a;q9)0 =1
(a; Q)n = [1725(1 — ag"), for n>1
and  (a; q)o = [Tiz1(1 — ag).
It follows that  (a; q)n T

The multiple g-shifted factorial is defined by
(a1,85,8m:0), =(a1;0),(@2;9),-(am:q),
(a1,82,8m:0),, =(21;0),,(@2;0),.(am;0).,.

The Basic Hyper geometric Series is

n(n-1)r
[al,az, ------- ,ap+1:q;XJ:i(al:q)n(az:q)n----(ap+1:q)nX”(—l)’“q 2
PEEP by, by e Dy = (@9),(br:q),(05:0), . (bp+riQ)n

The series ,,; ¢, converges for all positive integers r and for all x. For r=0 it converges only

when [x|<1.

Some definitions:

Ramanujan’s Theta function: Ramanujan’s Theta function ([4], P.11, Eqg. (1.1.5)) is defined as

f(a b)=Xw _,am®+D/2pn(=1/2 " for |ab|<1.

The following special cases of f (a, b) arise so often that they were given their own notation by
Ramanujan ([4], P.11):

@) =1 (g,9)
Y() =f (q,9%)
f(=a)=f(-q,—q%)
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Jacobi’s triple product identity :( See [7], P.2, Eq. (1.1.7))

For |ab| < 1, f (@ b) =(—a, —b, ab; ab),
where (a; w),=[[r=o(1 — aw™), and (ay, az, ... @r; W) 0o=(a1; W) 0 (A2; W) o vor - (A} W) oo
An immediate corollary ([7], P-2, Eq. (1.1.8), (1.1.9), (1.1.10)) of this identity is thus

f(—=9)=(4 Do

- @D
(GUHOES

¢(q)

w(q) - (9%;:9%) 0

49?0

Sometimes a linear combination of two theta series can be expressed as a single infinite product
as follows: (See [7], p-2, Eq. (1.1.12))

(Q,%) = f(—wx3, —w?x73) + xf (—wx 3, —w?x3)

_ fwx™Lx) f(—wx~2,—wx?)
- F(=w2,-w*)

1

= (—wx L —x,w; W) (Wx ™2, wx?3; w?),

2. We now list some general transformations. These can be derived as limiting case of

transformations between basic hyper geometric series. Let a, b, ¢, d, y and q €C, |q|<1.

Then
g (a,b;q)nq" ™ V/2(—cy Jab)™ _ (cv/abi@)e o (c/a,c/b;Q)nqn(n_l)/z(—V)n 2.1)
n=0 (€Y. T:Dn Do 10 (c.cy/ab,q;a),, '
qn(n—l)/z (_ y)n q(3n2—3n)/2(_by)n

2n=0"Gprmaam ¥ Deo Lm0 (o oo (2:2)
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q(m2+m)/2am qn(m2+m)/2(b)m

_b n’ n . (X)_ =\ ) (o) OO_
(=04 4™ o0 Zem=0 gy a4 Voo Lm=0 gy gy

5 (@Dna™ )" _ (507 soo (@:4%)na™ " (=b)"
=0 (g;)n(ab;q®)n  (@h;q%)e0 “™0  (4%42)n (0;02)n

(2.3)

(2.4)

The transformation (2.1) is a limiting case of a g-analogue of the Kummer Thomae-Whipple
formula (see [5] P-72, Equation 3.2.7) or (see [7] p-40, Eq. (6.1.2)). The proof of transformation
(2.2) is found in [6]. This transformation (2.2) is also appears in [7], (Equation (6.1.11) p-41).A
limiting case of a transformation due to Andrews [2] leads to the identity (2.3). This

transformation (2.3) is also appears in [7], (Equation (6.1.14) p-41). The identity (2.4) follows

from a result of Andrews in [3]. It is also appears as Equation (6.1.19) in [7].

Now we introduce some identities from the Lucy Slater’s famous list [9] of Rogers-

Ramanujan Type Identities. Each of them below that appears in [9] is designated with a “Slater

number” S.n.
0 DD (909 (see [7], Equation (2.6.5), p-13); (s.55 )
=Y (@9 ne1(@On o(-q)

guo _CMOR - _fa%2a%) (e 17], Equation (2.10.4), p-17): (
=0 (Ge)ni@n  fFC-a) =4 104), p-17); (S-40)
o _qCMU2 0 f(-q*—q°) - 17
Y=o D e , (see [7], Equation (2.10.5), p-17); (S.4¢ )

w n(n+1)/2,/_ n _Q 7’_ 2 . .
yo_ 4 (q)anlq) = (;’(_q‘;),(see [7], Equation (2.14.5), p-19): (5.g0)

n(n+1)/2,_ 7 _ i
yo_ 4 (q)zi D :Q;"(_'q;” , (see [7], Equation (2.14.4), p-19); (5.g1 )

w n(n+3)/2/_ n _Q 7,_ 3 . .
Yo o2 (q)zn-l(-lq) = E;I(—q{; ) (see [7], Equation (2.14.6), p-19); (5., )

qn(n+1) =Q(q1°,—

) q®) : _ .
Y=o - o (see [7], Equation (2.20.5), p-23); (5.94 )

qn(n+2) =Q(q1°,—

) q*) : _ .
Y=o - o (see [7], Equation (2.20.6), p-23); (5.9¢ )

(2.1)
(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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n(n+1) _
yo_ L0 Q@) geq [7], Equation (2.20.3), p-22); (S.00 ) 2.9)
(@2n f(=q)

3. Some ldentities of Rogers-Ramanujan Type related to modulo 10:
Replacing g by g2 in (2.2) we get

qn(n—1)(_ Y)n q(3n2—3n)(_by)n

0 — 2 co
z:n=°(bzqz)n(qz:qz)n (¥; 470 Zin=o (q%a2)n(D:q2)n(¥:9%n (3.1)
Setting b = q3,y = —q® in (3.1) we get,
w qn(n+2) 2 3 2 o q(3n2+3n)
= =(1- —q°;4%) 00 Qun=
Ln=0 (0%:9)n(4%9Dn (1= 47)(=4% 470 Zin=o (@%q%n+1(0%9Dn
which for g = q/? gives:
1 ZOO qnmt2)/2 ZOO q(3n2+3n)/2
A=) (~q/20)00 ZT0 @D @Dn 0 (G4 n41(@Dn
_f(_qz’_qg) H
_TQ)’ (on using (2.2))
_(@%4%4'%a4™ e
CHAE
= H%°=1ﬁ, nz 0, 2, 8 (mod 10) (3.2)

The equation (3.1) for b = q,y = —q gives

1 q"2 _

(3n2—n)
0 [} q
(-4:9%) oo Zin=0 (@:9*)n(a%a%)n Zin=0 (@%:9)n(q?:9%)n

which for g —» q/? gives:

1 qn2 /2 _ q(3n2—n)/2

(-4Y%9) 0 Zin=0 @Y%) @Dn Zin=0 (@:92)n(@:Dn
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% (on using (2.3))

_(a%4%4"%q4*) e
(4;9) 0

= [T5-1—, n% 0, 4,6 (mod 10) (3.3)
Also the equation (3.1) for b = g3,y = —q2 gives

3nZ+42n qnz +n

= Z‘?I?:O (

(-4%9H) q
49 2n+1

(1-q3) Ln=0 (@%9M)n(q3:9%)n

w (on using (2.7))

_(a7.4%.47%4%) 0 (a*,4%0*) oo
(49 0

Thus we have

2
(-4%9%) w0 g3ntn

(q%,9%%;,q2%) 0 (1-q?) Ln=0 @*:aMn(a3:9%)n

=[l5e1 =, 12 0,3,7 (mod 10)  (34)

Moreover the equation (3.1) for b = g3,y = —q3 gives

2 2
3n“+3n ne+2n
q q

= Z‘?I?:O (

(_q3iq2)oo
49)2n+1

1-q) Lin=0 (@%49)n(q%q)n

w (on using (2.8))

_(a%49%4*%4®) 0 (a%9*%,0%*")

(49 0
So, we have
Ca%D0 g @ e 1 o046 (mod 10) (3.5)
(1-0)(@24%:q2%) 0 “70 (a2:42)n(q5%qHn L 1-q"’ P '
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And, finally setting b = q3,y = —q? in (3.1), it yields

3n2 n2+n

q - Zoo q
m@4an 70 (4:02)n(a%:0%)n

(=4% 4% Xm0 o

nZ+n

:Zoo q
=0 (q;q)2n

_Q@*°-q) .
T (on using (2.9))

_(@%.2.4"%0*)0(a%.9%4*N e

(@00
Thus we have the following identity
(=4%4%) oo ¢ 1
— )" =[I;;=1——,n#0, 1,9 (mod 10 3.6
(qs.qlz:qz")oozn‘o(q:qz)n(q‘*:q‘*)n =1 = % ( ) (3.6)

4. Some ldentities of Rogers-Ramanujan Type related to modulo 7:

Again, replacing g by g2 in (2.3) we get

mZ+m qn(m2+m)(b)m

_ho2n. 421 o a a™ — (a2 2 o
(ba™5 4™ o0 Lem=0 pgmgimy i (205 9 )0 20 agagmy gomgamy (41)
The equation (4.1) forn = 2,a = g%and b = —q? gives

qm2+3m (_1)mq2(m2+2m)

6. 4 o — (a4 o2 0
(@754 o0 Zm=o gy i (A5 4 )0 Zm=0 a3y, amgm

This, after some simplification gives

2 2
(-3%9%) 0 (—1)Mmq2(m*+2m) MM (_g2,02)

0 — 00 q
(1-42)(q59%) o0 Lim=0 (=a%02)am (@49 m Lim=0

(@%9®) 2m+1
Now taking ¢ — /2 and writing n in place of m, we obtain the following identity:

(_1)nq(n2+2n) q(n2+3n)/2

(—4;Dn
(@D 2n+1

%) 2n (4%9%)n

(-4%9 o
ey —

(1-9)(q%4%) oo n=0
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G -
BEam—. (on using (2.6))

_(a*4%.07:47)0(2.0*%:0™ 00 (-0 D0
(4:9) 00

0 1
(@040 (4 Do =177

where n# 0, 3,4 (mod 7) (4.2)
Again, settingn = 2,a = land b = — 1/qZ in (4.1) we get on some simplification,

the following equation:

(-)mg?m”

;%) 2m (@%59")m

(_qziqz)oo

_ 200 qm(m+1)(_q2;q2)m
(a%9%) oo m=0

@%4%)2m

Z‘;‘%:O (_qz
This equation for ¢ — q*/? gives the following identity:

(—4:9) 0

(CHM

2
(-1)"q" —yo q" /2 (—q;q),
) n=0

o0
Lim=0 (~2:@)2n (a%0%)n (@D 2n

_0@’ -9 -
=D (on using (2.5))

_(0%4.47:07)00(a°.2%4 00 (=D w0
(4:9) 0

0 1
:(qS, q9; q14)oo(_q; Q)oo Hn:ll__qn:

where n# 0, 1,6 (mod 7) (4.3)
Moreover, the equation (4.1) for n = 2, a = 1,b = —q? gives

(-42:0%)c0 2"0 (_1)mq2(m2+2m) o qm(m+1)(_qz;q2)m
(@%a%) 0 =™ (=q%4%)2m (@%50)m m=0"" (4%42)2m+1

(4.4)

Taking g — q/? in (4.4), it yields
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CODe g DRI e q"D/2(—giq)n
(@00 0 (~a:@)2n (@%a%)n  “™0  (@dDan+a

7 _ .2
S = ) (on using (2.4))

_(@%4%47:07)00(3%.0M 50 ) 00 (- 0:9)e0
(4:9) 0

==(¢%, 4" 4™ o0 (= D)oo [T7=1 70
where n# 0, 2,5 (mod 7) (4.5)
Lastly, taking ¢ — q*/? in the transformation (2.4) and then setting
a=—q?b=—q, itgives

1 2 2 1

(-G oo o (—qZ;q)nqg ™ +2™/2 _ o g t/2(—q2;q1/2),
1 n=0 . . - 4an=0 1

(4Z,9) 0 (CHARGUH (ql/ZFQ)n+1(q2;q1/z)n

Now using the identity (2.1) after replacement of g by g2, it gives the following
identity:

P00 g Gana ™ _ Qo a™H (—qia)n
@aDo "0 (@%q*n =0 (4:4?)n+1(@:Dn
_f(=a-q%
(=)
_(@.4°4%0%) 0 (-:Dw
CHAR

. (-4%4%) w  (CqGq)aq™ ™ 1
Thatis, — ey L0 =[] =, n20,1,5(mod 6)  (4.6)
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