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Abstract In this paper the properties of solutions of
nonlinear systems of parabolic equations not in diver-
gence form

\x|”% =uNnV (|Vu|p72Vu) + |z|ton |
|| L = 72V <|V1}|p—2VU) + |z|"ut,

are studied. In this work used: method of nonlinear
splitting, known previously for non-linear parabolic
equations and systems of equations in divergence form,
asymptotic theory and asymptotic methods based on
different transformations. Constructed asymptotic
representation of self-similar solutions of nonlinear
parabolic systems of equations not in divergence
form, depending on the value in the system of the
numerical parameters necessary and sufficient signs
of their existence. The main purpose of this paper is
to find conditions for the existence and non-existence
results for global solutions of parabolic equations not in
divergence form on the basis of the self-similar analysis.

Keywords nonlinear parabolic systems of equations,
not in divergence form, global solutions, self-similar
solutions, asymptotic representation of solution

1 Introduction

Consider in Q = {(t,z): t >0, € RV} parabolic
system of two quasilinear equations not in divergence
form

nau p—2 n
|| i uMv (\Vu\ Vu) + |z| v,

% =0V (|V’U\p_2Vv> + |z|"u®,

| ["

ultmo = up (¥) > 0, v|tmo =vo(z) >0, Vo € RN (2)

where n, p, vi, ¢ (i = 1,2)— the numerical parame-
ters set, V (-) = grad, (+), t and z € RN — respectively,
the temporal and spatial coordinates, u = u (t,z) > 0,
v = (t,x) > 0— are the solutions.

The numerical parameter n characterizes the variable
density of the nonlinear medium. The system of equa-
tions (1) describes the process of polytrophic filtration

in a nonlinear two-componential medium with variable
density. The system of equations (1) is called the system
of equations of polytrophic filtration, two-componential
nonlinear medium.

In this system u > 0, v > 0— means the pres-
sure, |Vu|’">Vu, |Vo[P ">V filtration flow, u%, v9—
power volume filtration sources.

The system of equations (1) describes many physical
phenomena [2-10]. In particular, at v, =2, p=2, ¢ =
3, n =0 for a single equation in (1) it is encountered in
plasma physics [2]. This problem, when N = 1, arises in
a model for the resistive diffusion of a force-free magnetic
field in a plasma confined between two walls {0 < z <
o0} . The magnetic field has the form By (cos ¢, sin ¢, 0)
with By constant and ¢ = ¢ (z,1).

In [3] Zhou and Yao are studied the Cauchy problem
(1)-(2) for p =2, n =0 and the absence of absorption,
proved the existence of a single viscous solutions, and
in [4] Wang is investigated the existence and uniqueness
of a classical solution of the Cauchy problem for p =
2, n=0.

In [5] Wang and Wei are considered a de-
generate nonlinear parabolic system with localized
source u; = u®(Au+uP (z,t)v?(xo,t)), vv =
VP (Av + o™ (z,t) u™ (z0,t)) . In [5] deals with blow-
up properties for a degenerate parabolic system with
nonlinear localized sources subject to the homogeneous
Dirichlet boundary conditions. The main aim of [5] is to
study the blow-up rate estimate and the uniform blow-
up profile of the blow-up solution. At the end, the blow-
up set and blow up rate with respect to the radial vari-
able is considered when the domain @ is a ball.

In [6] Zhi and Li studied the nonlinear degen-
erate parabolic system u; = v (uge +au), vy =
U2 (Vg + bv) with Dirichlet boundary condition . The
regularization method and upper-lower solutions tech-
nique are employed to show the local existence of a solu-
tion for the nonlinear degenerate parabolic system. The
global existence of a solution is discussed. The finite
time blow-up result together with an estimate of the
blow-up time are found. The blow-up set with positive
measure is analyzed in some detail.

In [7] Lu is deals with positive solutions of the fol-
lowing quasilinear parabolic systems not in divergence
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form:

Uit = fz (Ui+1) (Aul + aiui) ; 7= ].7 2, ey — ].,
Unt = fn (u1) (Aup + apuy), ©€Q, t >0

with homogenous Dirichlet boundary condition and pos-
itive initial condition, where a; > 0 (i = 1,2,...,n) and
fi(i = 1,2,...,n) satisfy to some conditions are stud-
ied. The local existence and uniqueness of classical so-
lution are proved. Moreover, it is proved that: (i) when
min{ay, ...,a,} < A1 then there exists global positive
classical solution, and all positive classical solutions can
not blow up in finite time in the meaning of maximum
norm; (ii) when min{as, ...,a,} > A; and the initial da-
tum (w19, ugp, -, Uno) satisfies some assumptions, then
the positive classical solution is unique and blows up in
finite time, where \; is the first eigenvalue of —A in Q)
with homogeneous Dirichlet boundary condition.

In [8], Chunhua and Jingxue are concerned with the
self-similar solutions of the form

w(te) = (t+ )7 (¢ +1))af?)

for the following degenerate and singular parabolic equa-
tion in non-divergence form

% = u"div (|Vu|p_2Vu) ,m>1,p>1.

First established the existence and uniqueness of solu-
tions f with compact supports, which implies that the
self-similar solution is shrink. On the basis of this, also
established the convergent rates of these solutions on the
boundary of the supports. On the other hands, also con-
sidered the convergent speeds of solutions, and compare
which with Dirac function as t tends to infinity.

In [9], Raimbekov studied some properties of the so-
lutions of the Cauchy problem for a nonlinear parabolic
equations in non-divergence form with variable den-
sity |x\"a“ = umdiv (|Vu|p_2Vu> ,p > 1,0 <

m < @ZAWHEFPEn oceived  self-similar solution

Barenblatt—Zefdojzfich—Kompaneets type and methods of
the theory of comparisons prove the asymptotic behav-
ior of solutions in the case of fast and slow diffusion.
This article also gives some comparative numerical re-
sults for the case m = 0,m = 1 and m = 1, 5. Using this
result the author talks about the properties of the finite
speed of propagation of heat for divergent equations and
localization for non-divergent case.

Aripov and Matyakubov [10] studied the asymptotic
behavior of self-similar solutions of a parabolic equation
(1) for the case n = 0. Constructed asymptotic repre-
sentation of self-similar solutions of nonlinear parabolic
systems of equations not in divergence form, depending
on the value in the system of the numerical parameters
necessary and sufficient signs of their existence.

In this paper using self-similar approach we find a par-
ticular solution of the system (1), and it is proved this
solution asymptotic of compactly supported solutions.
The main purpose of this paper is to find conditions for
the existence and non-existence results for global solu-
tions of problem (1)-(2) on the basis of the self-similar
analysis [1,12].
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2 Self-similar system of equa-
tions (1)

Transform the system (1) to the relatively easy to
study mind. To receive this auxiliary system of equa-
tions is applicable to a system (1) the following trans-
formation

( ) =(+T)" " f(8),
)=( +T)" "¢ (8), 3)
=(t+7)""|zl,
where o = —11_‘;‘11;2 , Qg = —11_‘;7‘1122, T >0,
my o= 14 R o (py—2) =
as (p+v2 —2) , we get the self-similar system of equa-
tions
d daf P72 df
Y1 ¢1—N N—-1 n
e e (é e G| rees
+v€"+1df‘£ +EM " =0,
d del" °d @
'yg 1-N N—-1 90 ¥ n
I3 df <f df) + 0" o+
d
e e =0

The case n = 0 was considered in [10]. In the work
[11], the qualitative properties of solutions of system (4)
in divergence form are studied based on the self-similar
and approximately self-similar approach, one way of con-
struction of the critical exponent and property finite
speed of perturbation (FSP) for system (1) are estab-
lished.

3 Slowly diffusion case: p+~v;,—2 >
0, « = 1,2. A global solvability
of solutions

We prove properties of a global solvability of weak so-
lutions of the system (1) using a comparison principle

[13]. For this goal, we construct a new system of equa-
tion using the standard equation method as in [1,12]:

us (tx) = (t+T1)" " F(6), %)
+ () =(t+T) 2 (S),
where aq = qi;qjl , Qg = qi;;qfl , T'>0,

E=@t+T) Mzl ny=1+a1(p+mn —2).
In the case, oy (p+71 —2) =as (p+ 72— 2)

[

Al(aff’+?)+pfﬁlzv
P(6) = Ao(a— 5

p—1
ptn\  praz-3
+ b

1
)T i= 12,

_  Alptvi=2)P !
where a > 0, A; = ((17%)(1&”),,_1
by = max (0,b) .
We introduce the notations:
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k — (r—1¢qi  _p-—-1
¢ p+y3—i—2 p+vi—2’

m; = A7 ALY L i =1,2.

5_i—2
Theorem 1. Let p+v —2>0, ¢; > %,

B, — pEnt(lon)y;—2
v n(1—";) ’

_ N+n
n (1 =)

(1+qi) h;

1 +mia <0, i=1,2,
q1q2 —

uy (0,2) > ug (), vy (0,2) >vg(x), =€ RN,

Then for sufficiently small ug (), vo (z) the followings
holds

u(t,r) <wug (t,z), v(t,z) <vy (t,z) in Q, (7)
where the functions u (¢,2), vy (¢, ) defined as above.

Proof. Theorem 1 is proved by the method of com-
parison of solutions. As a comparison solution we take
the functions uy (t, ), vy (t,z) . Substituting (5) in (1)
we obtain the following inequality

— p—2 —
Fra-vd (sf“ o df) Fone" T+

d¢ d¢ d¢
+w£"+1f1‘§ +E"P" <0,
d dp [P dp )
ere g <5N‘1 d?’ d“g) + 0" Pt
+v£"+1fl—f +ef" <.
Given the specific form (6) of the functions

F(&), £(§) inequality (8) can be rewritten as follows:

N 1 h ptn\ k
B +n (1+aq) 1+m1(a*§%)1§07
n(l—m) qi1g2 — 1
n k
_ N+n (1+q2)h2+m2(a_€£t1> 2§0.
n (1 —12) qig2 — 1

ptn

k1
It is easy to check that m, (a — 5?*1) < myakt,

mo (a — fzj>k2 < moyak2.

Then according to the hypotheses of Theorem 1 and
comparison principle we have

u(t,z) <ug (t,x), v(tz) <vg(t,x) in Q,

if uy (0,2) > ug (z), vy (0,2) > vy (z), z € RN.

The proof of the theorem is complete.

4 Asymptotic of the self-similar
solutions

Next, we study the asymptotic behavior of the self-
similar solutions of the system (4). Self-similar solution
of system equations (4) will search for in the form

F©) = F©yn), (&) =5(&)z(n), (9)

where n = —In (a_gﬁ) LT = (a—f%)%y
P8 = (a s

n

a>0.

P
) PFHy2—2
)

Then substituting (9) into (4) for the function y(n) >
0, z(n) > 0 we have the following nonlinear system of
equations

d
Yy an (L1y) + a1 (n) y™ (L1y) + a1 (n) 29+

d
+a12 (1) <d§; + a0 (1) y> +as(n)y =0,
; (10)
272 % (L2z) + az1 (n) 272 (Laz) + asz (n) y©+

+age (1) (3; + az (1) Z) +az(n)z=0.

Here aio(n) = 155 ain(n) = 7(252)

N+n)(p—1) e —1)(1—;
ail(n) = ( +;D-i)-(7f )a—e*" - (pp+)’§i_2’)/) )
. — p—1 P _ (p=1 P omsin
aia(n) = a; pFn ) > aiz(n) = ptn ) a—e-7 >
— (p—1)qi -1 -
si=1+ Pf’Ysﬂtq—Q o pf’)’i—Q (Z =1 2)

Liy =% 4 awo o] (2 + a0 ()
dn 10\N)Y an 10\nMyl,

d P2y
ng:’ﬁ—kago (n)z‘ (d—;—kago(n)z).
There was supposed to £ € [, &1), 0 < & < &,

p—1
fl = qprtn.,

Therefore, the function 7(§) has properties: /() > 0
at £ € [£0,£1), o = n(&0) > 0, limg, ¢, 7(§) = +o0.

Further, in what follows the auxiliary system of equa-
tions (7) is investigated in the following limited:

: _ 0
nginoo aij(n) = Qjj

(i=1,2j=0,1,2,3,4)

are exists, finite and nonzero, those 0 < ’a%’ < +o00.

Through the introduction of transformations (3), (9)
and properties  — 400, study of the solutions of (1)
reduced to the study of the solutions of (10), each of
which is in a neighborhood +4oc satisfies the inequalities

y(n) >0,y +aw(n)y #0,

2(n) > 0,7 +az(n)z #0 .

We now study the asymptotic behavior of positive, have
nonzero a finite limit as 7 — +oo solutions of (10).

5 The main results

We introduce the notations:

i3 = prapa o (0= 1,2).

Let y(n) = y° +0(1), 2(n) = 2" +0(1) at n — +oo
and is performed the equality (14+¢1) (11 +p—2) =
(1+g)(r+p—2).

Then are valid the following theorem:
Theorem 2. Let s; = 0, s5 = 0. Then the self-
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similar solution of equation (1) has the asymptotic

wa (t,7) =y (T + £) Tk x

o \FR T
(=) ), e "

VA (t,x) (T+ )ﬁlﬁx

o\ BT
x<a<w> >+ (1+0(1)),

-1

at |z| — arie (t+T)7, where 0 < 10 < +00, 0 < 20 <
+00 and 3°, 20 are the respectively roots ws, ws the sys-
tem of nonlinear algebraic equations

Ci1 ,wp‘i“"h

Theorem 3. Let s; = 0, s > 0. Then the self-
similar solution of equation (1) has the asymptotic at
-1
lz| = avm (t+T)7 form (11), where 0 < y° < +o0,
0 < 2% < 400 and 9°, 2% are the respectively roots
w1, wy the system of nonlinear algebraic equations

P+v1— q1 __
c11wy + crowy + c1zwy =0,
+ —
021w’2’ 2 + CooWo = 0.

Theorem 4. Let s; > 0, ss = 0. Then the self-
similar solution of equation (1) has the asymptotic at
—1
lz| — ar (t+T)" form (11), where 0 < y° < +oc,
0 < 2% < 400 and y°, 20 are the respectively roots
w1, ws the system of nonlinear algebraic equations

p+v1— _
criwy + crpwy; =0,
+ —
CQlwp ks -|- Co2W3 + 02310112 = 0.

Theorem 5. Let s; > 0, s > 0. Then the self-
similar solution of equation (1) has the asymptotic at
—1
lz| = avie (t+T)7 form (11), where 0 < 3° < +o0,
0 < 2% < 400 and %°,2° are the respectively roots
w1, ws the system of nonlinear algebraic equations

p+v1— _
criw) + crawy =0,
+ -
021wp 72 + coowy = 0.

The proof. Assuming that the system (10)

91(n) = Ly, 92(n) = Loz (13)
obtain the identity
91(7) = —ax1 ()91 (n) — ara(n)y 97 (n)—
_ q1 __ 1—-71
| aiz(n)y "z a14(7f R
V5(n) = —ag1(n)d2(n) — azz(n)z~ 205" (n)—
—as3()2" Y — aza(n)z' 2.
Now consider the function
g1 (A1) = —ani (AL — ara(n)y~ " A 7T —
—ayz(n)y "z — au(n)y' ", 15)
92(Aay ) = —asi (MAz — aga ()2~ A 71 —
—a23(77)2 Y2 <Z2 _ a24(77) 1— —72
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where \; € R, (i =1,2).

Suppose first s; = 0 (i = 1,2). Then the func-
tions g;(A;,n) (¢ = 1,2) preserves a sign on an interval
[m71, +00) C [no, +00) for each fixed value \; (i = 1,2),
different from the values satisfying the system

—adihi —a, (yo)i’h)\lﬁ —af3(y°) ()" -
—aly(y*) " =0,
—adi A — a3, (2°) T2\ T — a3 (%) (y*) " -
— ag4(z0)1_72 =0.

Now let s; > 0 (i = 1,2). It is easy to see that the
functions g;(A;,n) (i = 1,2) for each fixed value \; (i =
,2), different from the values satisfying the system

Yy iy 0 (,0\1=7 _
App—1 — a14(y ) =0,

_a(l)l)‘l - a(1)2 (Z/O) )
(zo) .

0 0 (,0\772y iy 0
_a21>\2 — a22 (Z ) )\217 1 — a24

preserves a sign on an interval [ns, +00) C [19, +00) .
And in the case s; < 0 (i = 1,2) the functions
gi(Aiym) (i = 1,2) rewritten in the following form

g1(A1,m) = —ann ()i — a12(77)y—’71/\1ﬁ_
_a13(77)y1771 (yilqu - a14(n)a;31(77)) ,

71
92(A2,m) = —a21 (M) A2 — az2(n)z" 2 A7 T —
—azs(n)z' 772 (27 'y® — aza(n)azg (n)) .-

i . — _=10-y)
From here mean ngrfoo an(n) = Pl
i . - p—1 i _ —
nggloo (112(77) - ,‘Y(p_l'_n) ’ UETOO 013(77) = 00,
. ) _ ) L_l p . . .
nginoo ais(n) = O‘Z(m—n) (i =1,2) implies that the
functions g;(A;,n) (i = 1,2) preserve sign on the in-

terval [12, +00) C [no, +00), where \; # 0 (i = 1,2).
That means the functions g¢;(A\;,n) (¢ = 1,2) for all
n € [ni, +o0) (i = 1,2) satisfy one of the inequalities

9i(Ai;n) >0 or gi(Ain) <0 (i=1,2).  (16)

Suppose now that for the functions ¥;(n) (i = 1,2)
limit as 7 — 400 does not exists. Consider the case
where executed any of the inequalities (16). In view the
oscillation of the functions ¥;(n) (i = 1,2) straight line
9; = A\; (i = 1,2) its graph intersects the infinite num-
ber of times in the interval [n;, +00) (i = 1,2). But this
is impossible, since on the interval [n;, +o0) (i = 1,2)
rightly one of the inequalities (16) and, therefore, the
identity (15) follows, that the graph of the functions
9i(n) (i = 1,2) intersects the straight lines ¥J; = \; (i =
1,2) only once on the interval [n;, +00) (i = 1,2). There-
fore, for the functions ¥;(n) (i = 1,2) are exists limit at
7 — +00.

By assumption, y(n) =y°+o0(1), z(n) =2°+0(1) at
7 — +o0, and the functions 9;(n) (i = 1,2) identified in
accordance with (13) and has a limit at n — +o00. Then
y'(n) and z’(n) has a limit at n — +o0, and is equal to
Z€r0.

Then

I1(n) = ‘ +aio(n Z/‘
|p

(%‘Z + a0 (n) y)
= |a10y0 afoy’ +o(1 )27
e
Pa(n) = |4 + azo (1) 2|
(

= |a3020’p72a8020 +o(1)

(3727 + azo (n) Z)
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at 7 — 4oo and by (14) derivative of functions
%(n) (i = 1,2) has a limit at 7 — 400, which is obvi-
ously equal to zero.

Therefore, it is necessary in order to

lim
7—+00

(anamia0) + aralay 07 7)) +

+ lim (az(n)y "2 + au(n)yt") =0,

7—+00

lim
n—+o00

(ana(m0200) + azmla)=0F T () +

+ lim (a23(n)z—72y!h 4 a24(77)2;1—72> =0.

n—+00

From here easy to be convinced in the fact that at
s; < 0 (i = 1,2) system (13) can not have solutions
(y(n), z(n)) with a finite non-zero limit, at n — +oo,
and at s; > 0 (¢ = 1,2) for the existence of such solu-
tions is necessary, order to comply with the conditions
of the theorem 2,3,4,5.

Consequently, by the transformations introduced by
(3) and (9), self-similar solution of the system equation
(1) has an asymptotic at |z| — a%(t+T)7 and has
the following form

-1

pin\ pia;—2
0 1+ay |‘T| Pt '
UA (t,x) 2y (T+t)1—qlfl2 a — m

+

p+n p*,p,y;,z
’L}A(t,I’)ZZO(T+t)11:;i2q2 a— =l 2 .
(t+T)"

The theorems are proved.
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